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ABSTRACT

The distribution of electrons belonging to an ionized system depends upon the collective
long-range interactions and the extent of degeneracy. As the charge density can be expressed
in terms of spatial Fourier components, it is seen that at finite temperatures the components
of low wave numbers are suppressed whereas those of larger wave numbers remain unaffected
thus leading to partial ordering. The extent of partial ordering depends upon the degree of
degeneracy, i.e. higher the degeneracy lesser is the ordering. The effect of this partial ordering
caused by long range interactions and the modification produced by degeneracy has been con-
gidered while calculating the Thomson’s Scattering coefficient. This modified scattering co-
efficient changes the values of radiative opacity significantly in the two stellar systems considered.

INTRODUCTION

The consideration of long range interactions in ionized gases which are
in thermal equilibrium modifies the physical processes in which the electrons
can act together coherently. Omne such example, where an appreciable change
is brought about, is Thomson’s Scattering of e.m. radiation by free electrons
which is an important cause of opacity in deep interiors of some stars.

As the efficiency of such collective processes depends upon the way the
electrons are distributed in the gas, it is important to know whether the distri-
bution is entirely random or not. = In the case when the distribution is entire-
ly random one can simply add together the effects of individual electrons
to get the total effect. If the long-range interactions between the electrons
are incorporated in the study of an ionized gas, treated classically, it is
found (Kahn 1959) that -the electron distribution no longer remains random.
The partial ordering thus produced modifies the cross-section of Thomson
Scattering. '

It is of some interest from the astrophysical point of view to investigate
the effect of such collective interactions in the degenerate systems, as such
degenerate conditions do prevail in the interior of some stars. It is our
purpose in this paper to assess the importance of degeneracy on the effective
cross-section of Thomson Scattering and to investigate how far the total
radiative opacity is thus modified.
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I

Consider an assembly of N electrons enclosed in a volume V. If the
electrostatic interactions between the electrons are ignored, the distribution is
entirely random and the charge density is given by

p(r) =en(r)
and
> N - .
n(r) = 218(1'-—(1,,) .. .. .. N )]

where 8( 7 ) is Dirac’s delta function at a position r and a, represents the
position vector of nth electron. Within the volume we may expand

8(r)=7+7§cosk.r .. .. .. o {2)

where k is a wave vector with components as integral multiples of 2«/a, 2#/b
and 2=/c; a, b and ¢ define the boundaries of volume ¥. Thus

n(7)=§+-§-§,‘kcos(7$.7—ek) B
pk=[(Zcos;.;,,)2+(Esin—lg.;,.)2]% @

The electron density has been expressed above in terms of discrete number of

orthogonal modes. The density and the potential distribution are related by
the Poisson’s equation

-

V24(r) = —4nen(r) R £53)

Viewing the distribution function of n( r ) we can express the potential distri-
bution in the form

.¢=¢o+§¢kcos(7c>.7—ek’) T

Substituting this in the equation (5) and comparing the different corresponding
harmonic terms

-

—k2¢y, cos E—l; .—;——e,,’) = —dr .ép.ke cos (k -_;""fk) .. )]

and we also see that ¢, is arbitrary, but that does not affect our analysis
since it can be regarded as zero and at any moment a uniform potential of a

desired value can be superimposed upon the system without in any way
altering our results.
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The equation (7) is to be valid for all 7, 80 ¢’;, = ¢, and therefore

87e
4’"=JT2"V"" .. .. .. .. .. (8)

The electrostatic potential energy in the Ath mode is

—> = = 4pe? .
a}fecﬁk(r)nk(r)dr = k—g%p.kz .. .. .. ..o {9)
$u(r) and ny(r) represent’ the contribution of Ath mode to the electrostatic
potential and the electron density respectively. The electrostatic energy in
the kth mode given by

4ne2 2
wv Fe

however, shows that the lower modes (the modes with low value of k) are
expected to contribute large amounts of electrostatic potential energy to the
total. This results in suppression of certain lower modes which may other-
wise contain unexpectedly high electrostatic potential energy. The distri-
bution no longer remains random, and the partial ordering thus introduced
is the direct consequence of electrostatic interactions among electrons. The
extent of suppression depends upon the value of ., which, as we shall see
later, depends upon the degeneracy of the system under consideration and the
distribution followed by it.

i1

Scattering of a beam of radiation by an assembly of electrons arises out
of interaction of the radiation with the harmonic components of electron
distribution in the assembly. When an electromagnetic radiation with
frequency », or a wave number k, falls upon an electron, the equation of
motion of the electron (neglecting the relativistic effect) is

m,E = —eBje— ‘+- % T .. .. .. 1oy
with the solution (ref. )
__eky ., 1
e T R 9}
where
2 e?
K= 3 m,c3 Yo

and the current j per unit volume at a point represented by a position vector

r (x,y,2)is

> el _'“1—51{
Jn _en(r)me Tk

(12)
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When the incident radiation is along Oy axis, the electric field ¥ at a
remote point B on a line with direction cosines I, m, n will be coplanar with

Oy and perpendicular to (/, m, n) line. The contribution to E from an element
of volume dV at (z, y, z) is given by an expression

1 .
d . 1—m2)2 - o >
;ﬁ](@‘, Y, 2) (_C_;nﬂ_)_ exp {zko . (R—r)} .. .. (13)
where
lR—T] = R—(lx+my+nz)

up to first order.

While finding out the total electric intensity at the point R, we shall
suppress the time-dependent term e™' and neglect the damping factor K as
it is too small to be taken care of.

Hence the re-radiated field

1

—+ 2 1-—m?2)2 . ,

E(R) = JV—;—L—(} n(z, y, 2) (—c—z%b——) exp {iko[R—(lz+my+nz)]} Eoeo*

dxdyiz ..o (14)
and
<|EPE> = ( EARE 432 Eo < ]J. z, y, 2) exp {iko[(1—=1)x—my—nz]}

dodydzz > . .. (15)

- Kahn (1959) has evaluated the above and he arrived at the expression

1—

<|Ep> =" 2"11){2 Be<p{k20-D1}>. .. .. (1)

The scattering cross-section for the assembly of N electrons can be found
by integrating the above over a sphere of radius R and dividing by E?

a =
N om2ct

4
il f < p2(2ky sin 0'5) > (14 cos26) sin 046 .. o (17)
and the scattering cross-section per electron is

4
o= N%Le—,mfo <pu2(2kg sin 0/5) > (14cos28) sin 6dF. S (18)

Thus we see that the value of ¢ depends upon < u? > and this will now be
evaluated in the next section.

11T

Perhaps the easiest way to calculate the mean square amplitude of various
modes of density distributions is to consider an assembly of N electrons in
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a volume V added up one by one. The kth component of density at a point
r , when there are N electrons in the assembly, is given by

2FI(IN) cos (i.—;_e(zv)) O 0 1)

N in the small bracket shows that there are N electrons in the assembly.
Now let another electron be added to it at a point with position vector a, and
the new kth component at r will be

2u(N+1)

7 cos( r—e(N+1)) == [F-(N) cos( r—e(N))+cosk (r—a)] (20)

k subseript in p has been suppressed for the sake of convenience. The square
amplitude of the new component is given by

(B +1)]2 = 2+ 14260 0s (E.a—e@)] .. .. @D

and averaging over all possible positions of @

<BAN41) > = BN +1426(N) < cos (F.a—e(N)) > .. (22)

- —

If the distribution had been.entirely random < cos (k .a—e¢) > = 0
since all possible positions of @ would be equally probable, and
' <HEN41) > =p(N)4+1.. .. .. .. (23)

But the presence of electrostatic interactions will not allow all the positions
of (N + l)th electron to be equally probable and thus the expectation value of

cos (k a—E) will not vanish.

The electrostatic potential at the posxtlon @ is given by

&(N) cos (k . a—e)

and the electrostatic potential energy of the electron would be

dNoos(F.a—e) .. . . .. (28

To determine the expectation value of cos (k.a—e) one has to know

the probability of an electron to have potential energy given by (24), which
would g1ve us the probablhty of the electron to be at that point. The expec-

tation va.lue of cos (k a—e) can be determined from the expression of prob-
ability of an electron having an eleetrostatic potential energy given by (24).
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As the electrons follow F.D. distribution, the probability P for an electron to

have electrostatic potential energy ¢(N) cos (k . g—e¢) is given by

Pa ) pp
2 - - —
e
_ “ . 2p”dp O=k.a—c .. (25)
| JEES e [;%L+e¢(zv) cos @}/k’r]

where A is the degeneracy parameter. When 4 — 0 the electron gas tends
to behave as a classical one following Maxwellian distribution. For such a
case the probability P is proportional to

exp [ —ed(N) cos OkT] =1— ep(l) cos O

kT
so that _
f c0s © [1— e‘/”c(g) cos@] i
<cos®>="2Y ¥
J [l— etll)c(T )cos@] de
| 4
_ %)
- —% kT
dme?u(N)
=TT (26)
and so
87mel
< N+ > = p2(N)+1 = o (V)
= (M) (1=2)+1 e
where
_ 8me2
A= BRVET
Taking average over-all possible particle-distributions
< PN+ >~ < p¥(N) > = =A< p2(N) >+1 .. .. (28)
~and : : ‘ _
< p(N) > =< pt(N—=1)> = =A< p¥(N-1) >+1 .. (29

Subtracting (29) from (28)
< pAN 1) >—< p2(N) > = (1=){ < p¥(N) >~ < p¥N-1) >} (30)
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Making use of the above reduction formula, we arrive at
< BN +1) >—< p3(N) > = (1-2)"p(1)
= (1=2" . ..o@aD
or

<) > =3 [1-1=-2"]

1y ¥ -1
—,\[N’\ D) Az]

_ (N-1)
i)

or

4n(N—1) 2] , (32)

2 = — e
<s >‘N[l BVET ¢

But when the electrons do not form a classical gas, i.e. when the value of A
is appreciable, we have to calculate the corresponding value of < u? >,
For an electron gas following F.D. statistics, the expectation value of

- -

cos (k. a—e) is given by

® prdp
J cos @d@J 1+%exp[{pz,'2m+e¢(N) cos O }/kT]
< c0s® > ="~ °

(33)

® p*dp
Ld ® L 1+% exp [{p%/2m+e(N) cos 8} /kT]

We shall make use of the following substitutions:

.= W)
kT

exp (p—y)=¢ and £+l =a

® u2du
j 08 GdGJ 1+4exp [u2—n+a cos 6]
< cos @ > = S

u2du
fdGJO 1+exp [u2—n+u cos O]

wuze (n—u2) dus cos 848
R oxp (—uZ)+-exp (« cos 6)

_—ul = n2 A=
y =u? = p22mkT, expn) (34)

(35)
e

L u exp (p—u?) duj exp (n—u?)+exp (« cos 6)
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f cos & d O _ cos O®d O
exp (n—u?)texp (x cos @)~ £+14acos O

_' cos &d 6
~ Ja+a cos @

_TE L (36)

and also

i8 .
feXP (n—u?)texpacos @ a - x .. (37)

So the numerator of (35)

o f * u2 exp (n—u?)du
2 J, [14+exp (n—u?))?

_ ﬂfm du
T4 ), l4exp (ut—9)

ZCE J/-uo y‘*dy
8 J, 14exp (y—m)

=—"§a1—t(n)
=—1’83‘1’*(n) PR £: )

and the dgnominator of (35)

—n r u? exp (n—u?)du
o 14exp (n—u?)

_wr yidy

~2), T+exp (y—n)

=%I,,(n) s (39
Hence

< o080 > = —aj2 1t .. (4D)

Ii(m)
Substituting this value of < ces @ > in (22) and proceeding as before, we get

_ v 1o @ =De Iifn)
<n2>—N[1- EVET I*(’r)] .. . .. (41
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and in particular when the value of 4 is much sma,llér than one, the calcula-
tions for << u2 > become simpler as shown below:

® u2du
f cos Gd@fo 1+1/4 exp (u2+« cos 6)
u2du
f d@f 141/4 exp {24« cos O)

fcos 0d @f u2 exp[ —(u2+a cos @][1—4 exp { —(u2+« cos 6) } +42 exp
o v
f a

<cos@>—

0| u?exp[—(ut4acos@)][1—4exp { —(u2+xcos B) } +A42 exp
0

{—2(u2+a cos 0} ]du

{—2(u%+« cos ©)} ] du

- 8/2
fcos@d (2] [2\/2 oxp (—a cos ©)— A exp (— 2« cos @) + A2 (—3) exp (— 3« cos @)]

. EY)
fd@[2\/2 exp (—« cos 0) — 4 exp (—2x cos O)4 A2 (g-) exp {—3« cos @)]

3/2
z\/il, — AI( Za)+( ) I1(3%)

3/2 : (42)
2\/210<«)—A10<2a)+ (3) Io(3%)

I («) is Bessel’s function of nth order of imaginary argument. When « is
small

-3 ‘j‘fj%]
(= 53t5val

< o8O > ==

= —a/2[1—035364 +02642] . . (43)
So that '
_ 4m(N—1)e?
<#2>—N[1_—WL] (44)
where L = 1—0-3536 44026 A2,
Thus
—De2 T
<pt>=N {1 - %WL] (45)
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where
L =0 for random distribution
=1 for classical gas
= 1035364 402642 for small 4 (F.D. gas) .. .. (46)
and '

I (n)
= for F.D. gas
Li(n) &

Knowing the values of < p2 > one can substitute them in the expression for o
and calculate the corresponding values of the Thomson Scattering cross-

section. To avoid the spurious divergence introduced by the term s_'—%Oﬁ in
1
< p? > near g == 0 one should calculate the oy, (Kahn 1959)

4 m
Cox = N_::}_c_‘l f 0< £%(2kg sin 8/5) > (14 cos26)(1 —cos §) sin 0d
_ 8met 2a(N—1)e? ]
= rics [1_ imTr— L e @

where L is given by (46).

Thus we see that the effective Thomson Scattering coefficient is modified -
in the degenerate systems. The effect of degeneracy seems to oppose the
effect of collective interactions, i.e. it reduces the Kahn’s correction to the
Thomson Scattering coefficient. The study seems to indicate that the electrons
when they constitute a degenerate system are less susceptible to the influence
of long range interactions than when they constitute a classical system.

Discussion

There are certain cases of stars where the contribution of Thomson
Scattering forms a significant part of the total radiative opacity, the rest
being the contributions from free-free and free-bound transitions. In such
cases, as is shown in Tables I and II, the radiative opacity is modified
by the changed effective Thompson Scattering, the change being calculated

on the assumption that the system constitutes a black body at T°K..

0-2898 . R
The wavelength of maximum intensity is A = 77— and this corresponds to

the wave number k&g = i = 21-687.

It is seen that in the model star of 10 Solar mass the value of ;7-; AL is

rather small and therefore the radiative opacity is not affected, but as we

proceed to the stars of lower masses, say M = 2-5 MO the values of n/s8 and

A are appreciable enough to give a significant cha.nge in the second place of
6B



SCATTERING COEFFICIENT IN DEGENERATE SYSTEMS 315

decimals of radiative opacity. The change is all the more pronounced when
the stars of still lower masses are considered.

TABLE. T #*

Model star of 2'5 Solar mass in the initial main sequence state
M L
Mo 7

(Composition: Hydrogen 90 per cent, Helium 9 per cent and Heavier Elements 1 per cent)

R
5. — 21 15
,LQ—ZIZGndRO 15°9

Radiative
r/R Log T Log p opacity Corr;(acted
X

0-16 7-172 1-499 0-955 0913
0-20 7-112 1-384 1-10 1-05
0-24 7-049 1.235 1-25 1-20
0-28 . 6-984 1-059 1-42 1-36
0-30 6-952 0-963 1-49 1-43
0-34 6-886 0.780 1-66 1-60
0-38 6-820 0-546 1-83 1-78
0-40 6-787 0-436 1.92 1-87

* The data of columns 1 to 4 is taken from Schwartzchild (1958),

Tasre II

Model star of 1 Solar mass in the initial main sequence state

M L R
—M—6—10,-I:6~0578 andR—6-1021

(Composition: Hydrogen 90 per cent, Helium 9 per cent and Heavier Elements 1 per cent)

Radiative
r/R Log T Log p opacity Corrected
X X
0-00 7-093 1-886 1-42 125
0-04 7-086 1-871 1-47 1-30
0-08 7-064 1-829 1-63 1-45
0-10 7048 1-796 1-75 1-57
0-14 7-009 1-711 2:07 1-87
0-18 6-960 1-597 2:52 2:30
020 6-934 1-530 2:77 2-55
030 8-792 1:116 4:26 4-02
040 6-646 0-628 594 573

From the above tables one observes that though the total change in the
radiative opacity remains fairly constant throughout the interior of the star,
the relative change becomes smaller and smaller as we proceed to the outer

regions.
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The above study suggests that the effect of long range-interactions should
be taken into account while constructing various stellar models in the rele-
vant range.
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