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ABSTRACT

In the present paper we have discussed the superposability and self-superposability of the
flows of incompressible non-Newtonian fluids with variable coefficients of viscosity and cross-
viscosity. We have given some examples of flows which are self-superposable and also ef flows
which are not superposable. We have deduced the known conditions of superposability and self-
superposability of Newtonian and non-Newtonian liquids with constant coefficients of viscosity
&s particular cases. At the end we also derive the corresponding conditions for pseudo-plastic
and dilatant fluids.

In the present paper we derive the conditions of superposability and self-
superposability of general non-Newtonian fluids with variable coefficients of
viscosity («x) and of cross-viscosity (8) in the three-dimensional flows and in
the axi-symmetric flows. We deduce the conditions under which the general
theorems of superposability, which are always true in the case of Newtonian
and non-Newtonian fluids with constant coefficients of viscosity, are true. We
find the velocity fields which characterize the most general poloidal and toroi-
dal, Newtonian viscous, superposable motions. We notice in the case of
general non-Newtonian fluids that the velocity fields, due to a source and a
symmetrically placed sink of the same strength, are not superposable though
they are each self-superposable. We also find that Couette flow is an example
of a physically possible self-superposable flow in a general non-Newtonian
fluid.

§1. Let (py, g1, 2,) and (pg, §a, 2;) refer to pressure, velocity vector and
external force potential of two flows of an incompressible fluid of uniform
density p, variable viscosity coefficient «, and variable cross-viscosity coeffi-
cient 8. The two flows are said to be superposable (Ballabh 1940) if an
additional pressure = can be found such that (g, 4+, p;+ps+7, 2, + ;) is
also & possible motion of the fluid with the necessary modification in the ini-
tial and boundé.ry conditions. .

The equations of motion for a non-Newtonian fluid are given by

% s ontm v (042) 4! |
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and
v.g=0, ..
where
® = curl g,
T being the stress tensor given by
where F is the rate of strain tensor, U is the idem tensor and
a=f(II,III), B= $(II, III)

11, III being the second and the third invariants of X.

(1.2)

(1.3)

The vorticity equation is obtained by performing the curl operation

n (L1):
P%H{VA(G/\&)} =vAlv .[aE+B(E.E)]}. i,

The first flow is governed by

oq q

Brang = —v (2t24%) +1 v i, )+ v - ThlEs . E)
and

V.4, =0;

the second flow is governed by

0g,
—a—t?+a,2/\'qz——v(92+ +5 )+ v. (f2E2+ V .[$2(Es.Ep)] ..

and
V.4, =0,..

while the added motion is determined by

oyt
[p—l e 0+,

a ,_ . _ S
35 (T1H8)+ @1+ @) N\ (3 +8) = —V
P, 1 |
+§(ql+qz)2] +; v. [f1+2(E1+Ez)]+; V .[$142(E1+ Ey) . (E1+E2)].
On subtracting the sum of (1.5) and (l..7) from (1.9) we get
. _ - - 1
D1AGet+@ NG = —V (%‘Hh ‘92)+; V  [(free=Ff1)E1t (f112—F2) Ee]

+’1—, V [br4a—1)(Ey1 - E1)+(b140~s) (s Ep) -

+¢1.2(81 - Ey+Ey - By))
which determines the adjustable pressure =,

(1.4)

(1.5)

(1.6)

(L.7)

(1.8)

(1.9)

(1.10)
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Here the suffix 1 4+ 2 denotes the quantity for the added flow so that

fi=fUIy, 11L); fo= flIy, I115); frie= f(IIy,q, I1I,,,)

$1 =91y, I115); $g=¢p(I1y, I115); $1,0= $(I11,,q, I11,,).
The necessary and sufficient condition for the superposability of two flows ( P1,
g1, £) and (pg, §s, £2,) is

1
curl {971 A@s+ge /\‘1"1+;, V (11— FD)E1+ (fria—f2)E,
+(P1r2—1) (B: . By)+(S142—b2) (B2 - By)

+¢1+2(E1.E2+E2.E’1)]}=O. . . .. .. (1.11)

The necessary and sufficient condition for the self-superposability of a flow
(p, g, 2) is

curl {(1/\6)+% Y - [(m—f)E +(2n—¢)(E -E’)]} =0, .. (L12)

where »
m(II, IITy = f&II, 8111y .. .. .. (l13)
wlIl, I1I) = $(4lI, 8IIT). .. .. .. (L14)

In particular, if we have
o« = f(II, III) = ag+kII
B=d¢(II, II1I) = By+hllI,
where «,, By, k and k are constants, the necessary and sufficient condition for
the superposability of two flows (py, g1, 2,) and (pq, gs, 25) is
- - 1
curl i91A52+42/\¢7’1+,—, V k(I.E,+11,Ey)
+r[1I(Ey . E()+11\(Eg. Bo)+ (111 +11:)(E, . Eo+Es . By)]
+2¢, o[ K(Ey+Eg)+ME 1+ Ep) . (E1+ )]
+Bo(E; .E2+E2.E1)]} = 0. N O B )

The necessary and sufficient condition for the self-superposability of a flow
(p, ¢, 2) is

curl {q/\a+% V .[SKIIE+TRII(E . B)+Bo(E .E)]} =0, .. (L16)
where
€1, 2 = €11, 1€11, 2222, 1820, 2+ €33, 1633, 2
+2e19, 1612, 2+ 2€23, 1623, 2+ 2€13, 1213, 2 (1.17)
and '

€5 =11 when II;=II;.
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Putting h =k = 0, we get the conditions of superposability and self-super-
posability in the case of non-Newtonian fluids with constant coefficients of
viscosity, namely

cur] {a]_ /\62+62/\E’1+%9 A4 .{E’]_.E2+E’2.E1]} =0 . (118)

and

curl{q/\w+B°V(E'.E')}=0.. .. .. (L19)

obtained by Srivastava (1956).
Taking B, = 0, we get the corresponding conditions for Newtonian viscous
fluids as obtained by Ballabh (1940).
We find that" steady, general non-Newtonian, incompressible, self-
superposable flows are characterized by
PYANBAGY = VALV .{fE+$E.E)}]
=} VAIV.{mE+20(E.B)}] .. .. (1.20)
and
v.§g=0 .. .. .. .. ..

When f and ¢ are constants, these equations reduce to

v A(@Ag) =% VALV .(E.E)],

VA(V .E)=0 oL . L. (1-22)
and j
V.g=0,

which do not contain the first coefficient of viscosity. For Newtonian viscous
incompressible fluids, the self-superposable motions are characterized by

<7/\(¢?»/\§)=0\l
VAV .BE)=0} . (1-28)
v.§=0)

Superposability and self-superposability of irrotational flows :

In the general non-Newtonian fluids, unlike the case of non-Newtonian
fluids with constant viscosity and cross-viscosity coefficients, we find that two
irrotational flows are not always superposable and every irrotational flow is
not always self-superposable.

The necessary and sufficient condition for the superposabﬂlty of two flows
(P1, v £1) and (py, o, 25) is

cuwrl { V (freo—f1) . B1+ V (frez—S2) . B2+ V (br42~¢1) . (B1 . BY)
+V(¢1+2"¢2)-(Ez-E2)+V4’1+2-(El-Eszz-El)} =0, .. (1-24)
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while the necessary and sufficient condition for the self-superposability of an
irrotational flow is
curl { V(m—f) . E+V (2u—¢) . (E.E)} =0 .. .. (1.25)
An example of a self-superposable rotational flow is the physically possible
steady Couette flow in which « = «4 (I)",

and
B = Bo+By(I1)+Be(ID)24 ...,

=]

As a simple example of an irrotational self-superposable flow we can take
the flow due to a source or a sink.

where

§2. The following three general theorems are true for Newtonian and non-
Newtonian fluids with constant coefficients of viscosity :

1. If g, and ¢, be superposable and if both ¢, and g, be also self-super-
posable then any linear combination of g; and §, is self-superposable.

2. If ¢, and ¢, and q,+¢, be each self-superposable then g, and g, are
superposable.

3. If g; and ¢, be superposable and also g3 and g, be superposable then g,
and any linear combination of ¢, and g, are superposable.

We find that these theorems are not in general true in the case of general
non-Newtonian fluids with variable viscosity coefficients.

We find that if ¢, and g, be each self-superposable and the condition

curl { . [k 1, Ey 4 I1,E\)+3h[I1,(E, . Eo)+1I4(E, . E)]
ter, o [26(B +Eo) 4 6h(E +By) . (Er+E)I]} =0 .. .. 21)
be satisfied, then
if g,+¢, is self-superposable, ¢, and ¢, are mutually superposable and
conversely.
If g; and g, be superposable and also §3 and g, be superposable then g3 and
g, +4g. are superposable if
curl [ 7 . {2¢, o [kEg+h(E; . Eg)]+h(I I +2¢1, o+ 2€1, 5)(Ez . Es+ By . Ey)
F AL Lo+ 2¢;, 3+ 2¢5, sWE; . Eg+Eg . Ey).
LI+ 25, 34 2¢5, (1B . Es+Es . E)}l=0. .. .. . (2.2)
In deducing the above conditions, we have assumed that
o = ay+kIl and B = By+rIl.
The two-dimensional source with velocity potential m log » and the two-
dimensional sink with velocity potential —m log R are each self-superposable,

where
r2 = (x_.c)2+y2 ; .Rs = (x+c)2+y2, . .e . (2.3)



322 (MI1SS) S. L. RATHNA & (MISS) G. K. RAJESWARI: SUPERPOSABILITY

Bui the velocity fields due to the source at (c, 0) and the sink at (—c, 0), in the
case of the fluid with variable viscosity, are not superposable.

Similarly the three-dimensional source with velocity potential g’ and the

three-dimensional sink with velocity potential — 71—'; are each self-superposable,

where

72 = 224y2+(2—c)? ; R = 224924 (24c)2, .. .. (24)
but the velocity fields due to the source at (o, 0, ¢) and the sink of same
strength at (0, 0, —c) are not superposable unlike in the case of the Newtonian
viscous and non-Newtonian fluids with constant coefficients.

§ 3. Superposability of steady axi-symmetric flows in general non-Newtonian
Sfuids

Let (r, 8, 2) refer to a cylindrical co-ordinate system in which the z-axis is
taken to be the axis of symmetry and » is the distance from the z-axis. The
velocity components at any point are given by u, v, w in the directions of
r, 8, z increasing respectively, where u, v, w are functions of r and z only due
to the assumed axial symmetry.

Equations of steady motion in cylindrical co-ordinates are

ou , Ou %\ 0OP, , 0P, , P,—Py
P(”’E +w§;—-——)-— or + dz +_T*’ . (3.1)
- Ov ov  no 0Py 0Py 2Py
p(n D0l 42 22 0P 2Py . 32)
0 ow' oP,, , P,
P(ua_'lf.'.w.gl;.)) = + az + 7 s . . .o (3.3)
and \
ou u Ow
5;—*—;-'—-5;:0, .- .. .. .. (34)
where
P,.,. P,g P,., ) 1 0 o0 €rr €y Eyp
(P,a Py Pg,) =—p (O 1 O)+a (ear €9  €fe
Pzr P:b st 0 0 1 €zr €z6 €ee

€rr €r§ Erp\ [Crr €4 €y
+Beo- e ep|leor € es). .- (3.5)
€er € €pp €er €2 €Epg

Expressing the velocity components %, w in terms of the Stoke’s stream
function ¢(r, 2), we have

Y |
M w-—;é;. v .3 ‘e (3‘6)
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We further take
v = X(r, 2). .. .. .. .o (3.7

The conditions of integrability of the equations of motion are
oM (¢ E:‘l') 2px g_x = alty +28 { <¢., }_E;L/‘)
—2H (gf Iiz‘ﬁ) 5 Ez‘/)z'*'aﬁ [r ar( ¢)‘ rl“zE4‘/’]
#ar () —oa (51.5) - 5 3 (om |

19 9«
+R(a, E2))+E?) . B2a— ZM( = 81‘)

sl 32 oo B (1)

(3. 3) (25 ()
s BB 2 %) (e]
SR @) 2 (F )-S5
w4 (FL) b3 ot o)+ (o5 (5 —2) )
+gﬂ{ M(x ax)+4 3 @ (1 a¢)

r’or) 2 9z or\r or

4 9 (9 6%) zz( ?f) . 38
—ﬁé(az oroz) ~ 12 or E2¢'52 } o o h 35)

M, rx) = ar? (V‘Zx—- &) +8 {TZM(stU,)—:)
o (34,29 e (3. 3) 120 (3.2

wonledon () (20

- E2¢{3B8A+BB Ox x)} ox %408 eel .. (39

dr 0z or  r +2 9z 9z 02°

and
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where
_p#L e 10
TR ror
fﬁ
s o= (!
and

dfog , df og
Bl =t as

The conditions of superposability of two physically possible flows are
Ee E2 ) 0
[ (‘l‘lr lpz) M('ﬁz,%)] —2p-5= ax1X2 —2p—== ax2X1
" 4 B2
= (fire=F1) E¥1+(frea—Ff2) B4+ 41, o -9 2 b=z
2 4[], -3l
_4Q1,2('a';"rT +- 3y 12 F, E¢152
X d 0
+,”?Q1’ 2 (sz’ ;) _27Q1, 2 (a: i) ['aizc L] X] e

5| % mn] -2[Zweme] VerGTh B
+ & (frra—To, %)+ B2 frya—=f) - B+ BY frya—f) %
~or{u (% 2 i) v (P2 2 )
(1% L) - (2.2 )
3, a8 v (.
us2.3) o (33 0t
- (@), oe (3 (B [2 (43,
+3(#),. 5 5@ )L R G ).
-2 [2(6-89)).. -5 15) CE)L.
v |55 5] b+ (3), e ()

+
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il 1 T T YR Ot 2R
+- (%)1 201 )2 (aaﬂ-;/‘ ¢)+7'M (¢1+2 —¢1 3 (2%%1 "‘Ezll‘l) )
+rM (¢1+2 b2, 2( o l'lle'z‘rl’z) )

—rM (¢1+z ) (a ¥ E2¢2+3_zbg E2¢1)) .. .. . .. (3.10)
and

PM (1, TX0) +pM (g, 132) = r*(fr40—f1) ( VX — -f-é)
+12(f1y2—f3) (v%— —2)+¢1 2{’291 2(V id f)
#20us (3 8 v (3. 5 [m 0. 3]
4R (f1+2—f1 )+7SR (f1+2°‘f2 *)

#2(3), 0 (o 0) 2 (53, [ ).,
(G834 5 2

—r[Eng,(%’;‘—’;‘)]l'z}‘.. N - % 15

#1201, o T(H), S())
= $12M(TGr+e), Shdn)) —$1 M (D), S
—$eM (T(gs), S(4s), '
(O 2@ (T, ) = [01hs) + O P(Ts-+ ), Sih142)
~CUM(T (). S(61)—Clds) M(T(a), S(b)

where

and

(CW)y, oL T(), SW)],, o = [CW1)+Oe)IT W1+ bs) - S(hy+1he)
' —C(%)T(ll‘i)S(%)—C(¢2)T(¢z)5(¢s)-
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The conditions of self-superposability of a physically possible flow are

0

e M (¢ E‘;é[") ~2px 3 = (m—f)E4)

S e I R EC

—~@‘—l’ E4«/;+r2M(E2x ) 2M(g)r‘ ’r‘) 3 g’:

—5 % b= 22 e + Ry, 520+ B, 59

(2 ) (1, i)
2B (6 L)+ (2 Lnmn)
2 (2n—9), 3—;0) —Bxen—4). B4

A2 (s o) (8. G o)
RN AT
B o (3 )22 )l

A a (o i u (T )

+rM(n -3, = (%‘«f—E&ﬁ)) TM(’4zaafE¢) .. .. (3.1:2)'

o

mm

and

M6, ) = rim—p) (v~ &)
ot s (02) o (2. 2)

+2rM (a¢ g")+2R(¢ ax)$+r3R(m—-f )
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o u ) o (B s

0 a¢ ax

5, (2 ¢){ "3

—rB2) . (—-—’;‘)} N . S 1))

Putting (i) « = constant, X=8=0, (ii) X 0, o = constant, 8 = 0, (iii)
« = constant, 8 = constant in (2.11, 2.12) and in (2.13, 2.14) we obtain the
conditions of superposability and self-superposability obtained by Bhatnagar
and Verma (1957), Lakshmana Rao (1957) and Rathna (1960) respectively.

The necessary and sufficient conditions that two axi-symmetric irrota-
tional flows (¢, X,) and (4,, X,) are superposable are

2l (38, Z5or) v (L%, 2
-M (; a—a*l/;l, %M) - (i aall;z aazf1+2 fz)}

A o) se (2.

—r 2 a9 (b2g 2 4]

0z’ or

+Qy, » (atlS a'p)% +2r(x)1, 2 @1, 2 ();‘r %Z‘.S)
b R )
R
(), oL ) e, £

z )) .. . .. .. (3.14)

’agar(f“z fl);— (x7> +ar(fl+2 fz)ar( )%

,,2[ (’az)],,g' e .. 315)

From (3.14) and (3.15) we seo that when « and B are constants, two physically
possible irrotational motions (4,, X;) and (ys, X;) are always-superposable.

+rM (¢1+2 ¢2, =

and
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The necessary and sufficient conditions that an axi-symmetric irrota-
tional flow (4, X) is self-superposable are

o (. Smr)-n (. 2]
wa gl gm=een (. G 59)
+M(£m%%)}+2r<xw( 5 7)
(2n ¢>{ (aarai) 'aaz(g_f%/’)}
-f#56Y) - 26 52

802 (8% a2¢) .
v (5;52’2"‘“")“1” (7= 5G)=0 - om

5 0 (m—f (_) } = 4XR (2n —9, g‘/‘) | . oo (30

From (3.16) and (3.17) we see that when the coefficients of viscosity and cross-
viscosity are constants an irrotational axi-symmetric flow (4, X) is always
self-superposable.

4 9

and

§ 4. Case of variable viscosity coefficient

Generalizing Ostwald’s formula, Tomita (1959) gives the relation between
the stress and rate of strain components for the pseudo-plastic (n > 1) and
dilatant (» < 1) fluids in the form

T=—pU+g"68, .. .. .. .. (4l)

where
1 -

O=I1" and 1”' is constant.

In this case the mnecessary and suﬂicient~ condition for the super-
posability of two flows (p;, g1, 1) and (s, Ge, 25) is given by
1/n
- _ [
curl {91 /\u"z+22/\u71+—P1> \'% -[(@1+2—91)E1+(91+z—92)E'2]} =0, (42)

while the necessary and sufficient condition for the self-superposability of such
a flow is
llﬂ 1-n

1w
curl{q/\w+—-’f v. [(411)2”—(11)2"‘ E}=o. ce . (43)



IN NON-NEWTONIAN FLUIDS 329

§5. Steady axi-symmetric poloidal and toroidal superposable velocity fields

For a Newtonian viscous incompressible flow the necessary and sufficient
conditions for the superposability of two axi-symmetric flows (4,, X;) and
(2, Xz) are

B2
. [M(lh,T%)+M(¢2,E:f‘)]=2xz%’§+2xl% B
and
M@y, X))+ Mg, rx1) =0. .. .. .. (52

Let ¢, and g, represent poloidal and toroidal velocity fields respectively.
We now define two funetions ; and X, such that

- __1 alﬁl_ - 1'a¢1-

QI - ; _a-z— l"r+0 1‘0'—; '5;' % .. . o (53)
and

Go = xz'ie, .. .. .. .. . .. (5.4)

The necessary and sufficient condition for the superposability of a steady
poloidal flow (4,) over a steady toroidal flow (X,) is

My, rX5) =0. .. . . .. (5.8)
The condition of integrability for a poloidal motion is

rM(¢1,%2~;ﬁ‘)=§E4¢p . . .. (5.6)

the other condition being automatically satisfied.
The conditions of integrability for a toroidal motion are

Xz
2Xy52 =0, e .. (67
and
V2X2=’§‘22‘- .. .. . .. (5.8)
From (5.7) and (5.8) we get
x,=Ar+g, .. - .. .. (5.9)
where A and B are constants,
and from (5.5) and (5.6)
E*y; =0. .. .. .. .. (5.10)
Integrating (5.10), we have
¢y = (I4m log r)r24-nrt+4s, .. .. .. (6.11)
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where I, m, n and s are arbitrary constants. Thus the most general steady
viscous poloidal and toroidal superposable velocity fields are given by

g = —‘{k+4nr2+2m log r}s,, .. .. .. (5.12)*
where & = 2l+m and
gs = (Ar+1~:) ig. .. . . .. (6.13)

Similarly the most general steady viscous axi-symmetric and toroidal
superposable velocity fields are given by '

g1 = —{k+4n242m log r} i,+(Tr+—T'S—') oo, .. (5.14)*
and
Go = (Ar+173) 9. .- .. .. .. (5.15)
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