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ABSTRACT

Recently, Gortler gave an important method to solve the problem of boundary layer flows
with suction. The method is generalized to include a wider class of suction velocity distribu-
tions. A number of cases, treated by other workers, follow as particular cases. The aim is
achieved by splitting the stream function F(¢, ) into two parts, the first part satisfies the
boundary conditions corresponding to no suction and the second part satisfies the boundary
conditions corresponding to suction. Then, the stream function is resolved into unmiversal
functions, giving rise to no such difficulty as experienced by Gortler. In particular, the zeroth
order approximation is free from suction parameter.

Recently, Gortler (1957) has used the method of universal functions to
solve the problem of boundary layer control. He takes
vo(x) = 2¥m-1) kZ'o o,z* @t .. .. .. (LD
for suction velocity distribution when the velocity distribution in the main
flow is given by
Ux) = a* k%'o upgtnty), .. . .. (12
1If we take oy == 0 and 0 < m < 1, the suction velocity is finite through-
out and then it is possible to obtain the solution in terms of universal functions,
which are independent of the suction parameter.
. For the case m > 1, the suction velocity at the leading edge remains
finite but the solution of Skan-Falkner equation, giving zeroth order approxi-
mation, depends upon o,. As such his universal functions depend upon
this parameter. In order to avoid this difficulty, he has considered only
the case oy = 0.

The aim of the present note is to examine, if we can associate with the
outer velocity distribution (1.2), a more general class of suction velocity
distributions. In particular, we solve the boundary layer problem with the
following suction velocity distribution :

an
volz) = z'kl.' vt D), .. .. .. (1Y)
=0
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We break the stream function F(¢, %) into two parts, one part satisfying
all the boundary conditions corresponding to no suction, while the other part
satisfying all the boundary conditions corresponding to suction. We then
resolve the stream function into universal functions. This method enables
us to have even the zeroth order approximation free from suction parameter.

2, TRANSFORMATION OF BoUNDARY LAYER EQuaTioNs

Boundary layer equation for the viscous incompressible flow is

ou Ou ldp 02
am-l. ay —;dz-l-v'a?i, , e s . (2.1)

and the equation of continuity is

ou av

3213, i (2.2)

where z, y are the distances measured along and perpendicular to the surface
of the body from the forward singular point of the flow; u, v are the components
of the velocity in the corresponding directions and U(x) and v are the outer
velocity and the kinematic viscosity.

The boundary conditions are

and u=0,v=1vy(z)fory =0, } 2.3)
u— Ulz) for y— oo, :
vo(%) < 0 corresponds to suction and vy(z) > 0 to injection.
Using the substitutions
i = i, 15=v\/Rewhere Re=—‘£’, t
) Uo v
Vi I £ X
-_ % __yVBRe 5 . Ul ;
T=1,0="7 ,U(ac)—-—U0 ,

where U, is the characteristic velocity and L is the characteristic length.
The equations (2.1) and (2.2) reduce to

L0 04 = o azu
au+av )
07
and the boundary conditions (2.3) become
’lf= (1, iz= ’50(.5:) for § =0, (2.6)
G- U(@Z) for j—» o
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Dropping the bars and employing Gértler’s transformations :

E=J-ZU(x)z!x, R e 61
0
n= ——Q@L—} . (2.7ii)
z2f U(x)dx}
0
and taking
Yz, y) = V2 FE ), .. .. .. (2.80)
2U" (x) f U(x)dz
ﬂ(§)=—02(0r’ . (2.8ii)

the equations in (2.5) reduce to the following single equation:
: 2
_ann+Fan+ﬁ(§) (1—F,) =2¢ {F,)an—FfF
and the boundary conditions (2.6) become
F")(E: 0) = O: F")(§> w) = 1’

F(£, 0)-+28F (£, 0) = 7(§),
where .. .. .. (2.10)

_ vo(@) f : !
Y(€) U(:v){z OU(x)dx} .

3. RELATIONS BETWEEN B, AND #,

nd s (2.9)

Let the outer velocity distribution in dimensionless form be

U(r) = x”'lg'ou,xl("'“). e
For the case m = 0, U(x) corresponds to flows around contours with cuspidal
point at the leading edge x = 0 including flows along flat plates at zero
incidence with arbitrary outer pressure distributions. For the case m = 1,
U(x) corresponds to flows around symmetrical bodies with rounded noses
-at forward stagnation point z = 0, including the case of a circular cylinder
placed with axis perpendicular to the direction of the flow.
From (2.71) and (1.2) we have
amtl = ]

m+1, 20 i+1
so that by Lagrange’s inversion formula

¢= ualmt) N ¢ X))

1o o
$=§;HIZ'U1§'. O ¢ X
=0
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From (2.8ii), (3.1) and (3.3) we have

O

B(¢) = l_oﬁ,gl, .. .. .. .. (34)
and then from (2.8ii) we have
U¥z) Z B¢ = 2U" () f U@)dz. .. .. .. (3.5)
=0 0
Equating the coefficients of like powers of z, we get
2m
Bo =1’ mFE —1
Bl = (m+2')a’1;
8 1 5 8
By = (m+l){ m;— 2“2— m2+ “12} ,
By = (m+1)2 {g%t}za3—(10m+l4)ala2+llm;16 a13} \
where
u.
%=

4. THE RELATIONS BETWEEN ¥y, AND % , v,
Let the suction velocity distribution in dimensionless form be

vo(x) =z T vttt | | .. .. .o {(40)
=0

Then the suction function can be expressed as

z" E’ ,lel(r+1)
=0 Pt B t
V) =~ — {2 z ——-x’(""“)}. .. .. (4.2)
am & ygimty U mtlicoltl '
I=0
Using the inversion formula given. by (3.3) and putting r':_ll =K
; m
(a positive integer), (4.2) can be written as
Y(E) = \/ég‘“’;): of. e (43)
=0

For the case K =1, i.e. » = m, we can easily express o;in terms of %
and v, by equating like powers of z in the identity

Ulz)y(€)= —vo(z)1/2E. )
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We obtain the following relations :

o= —by, .. .. .. .. .. . .. (45a)
oy = (m+1)[—by+abg], ... .. .. .. .. (4.5b)
oy = (m+1)2[—by+8a1b1 +bolaz—3al)l, .. .. .. (4.5¢)
o3 = (m+1)3[—bg+2a;b+b;(~—§a’ %“é)
+bo(§a3 —10aias+as)), .. . (4.5d)
where
u, v,

7

a. = — b, = i __ .
(o)™ T (ug) M

7

5. Tuak SERIES SOLUTION OF BOUNDARY LAYER PROBLEM

To find the solution of equation (2.9) with the boundary conditions
(2.10), we assume

Stk-1

© , 2l+1
F(¢,n) = 12'0 [F;(n)§ +Gas1(n)é ] : . .. (8.0)
2

where K is some positive integer.

The conditions (2.10) yield the following conditions on ¥, and

2041

F0) =0, F(0) =0 for {=0,1,2,...)

, , ) - .. (5.2
Fo(oo)= 1, F{wo)=0for 1=1,23,...
and
Gy yr(0) =7y, Gy, (0) =0 for 1=0,1,2,3, ...
2 2 2 (5.3)
Gy, (0)=0 for 1=0,1,2,8,...
2 N
where
o,=V2+K)ry,, .. .. .. (B54)
g

and dash denotes differentiation with respect to % only.
It is evident here that the boundary conditions on ¥, correspond to the

: G
case of no suction and the boundary conditions on the coefficients 3‘%‘3

bear the effect of suction. Clearly the choice of the form of the second part
of stream function is suggested by the form of suction function y(¢).
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We get the following recursive system of dlﬂ-'erentml equations in F
by comparing coefficients of ¢.on. both s1des of (2.9) ‘after substituting (5.1):

Fy 4+ FoFi4By(1-F) =0 .. . .. (5.50)
F”’+F0F’—2(BO+Z)F;F;+(1+2Z>F’Fz

_p,(F2—1)+ 2 (30+2,)FF, i+ Ty BFF,

=14=0 boj-i

I-2K41 (- 2K+1) j < I —
z BGsii1 G —4K-2j+3 "J.?l (A+2)FF,
T2 2 h

I1-2K+1 2541 "
+ jfo [Bo+2(K 14+ )}Gz,_u_ G21-4K+3_j
3

2

1-2
g [1+2(K 1+2'7+1)]G. & ... (5.5b)
ji=0

2j+1 2-4K+3 .
SR S

i=1 i=0

forl > 1.

G
Also the differential equations determining 2’2_+3 are obtained by comparing

21_*_11(1

coefficients of ¢ on both sides of (2.9) after substituting (5.1):

2141 2111
2I+I+F0G21+1 [ﬁo"‘(K 14+ +)]F9y+1+[1+2(]( 14+—r— + )]FG

0 2l+1
T2

! 2141 L
=2 2 [ﬁ0+(K 14244 ”FG2J+1 25 By
= = T"’

2l+1

i » 1 —2]+1 ,
- 2 (1+2.7')F].Cr*2l+1 - [1+2(K—1+——~— FG ,
i=1 S-i =1 5-i
forl >0 .. .. (8.5¢0)
where

i 4 ’ » .
Poppq = %’Fi Gopin y and » is any integer.
Tz p)

The first equation (5.5a) is non-linear and is the well-known Skan-Falkner
equation. The equations (5.5b) and (5.5¢) for F, and G.g+_1 respectively
are linear. They also form a recursive system of ordinary dii?ferentia,l equa-
tions thus enabling us to deftermine F, and thzi_x functions successively.

It is to be noticed that, unlike the Gortler’s case, the solution of equation

(5.5a), determining the zeroth order approximation, is free from suction para-
meter.
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Taking r = m, Le K = 1, the first six hnea.r differential equations for the

coefficients Ga+1 and F, are ag follows: "
EE

MiGl=o0, .. .. . L (56a)

LiF] = ﬂ,(F"—-l)+ 3041 —2G*G .. e .. (5:6D)
MGyl = 28, F G, +2(Bo+3) F —2F,@ 3G, .. (5.6¢)
Lol Fy) = B,(F—1)+B,(2F, F l+m)+(,30+2 J(FI+26,6;)

—20,G{—3FF, ~46,G, .. o .. (5.6d)

MGy = 28,F G, +28,(F G, + F\G))
+ (28, +5)(F. G +FG) —2F.@
—3F1G;-4F1G§—5F2C{, . . .. .. (5.6e)
Lo[F3) = By(Fy—1) +B2F, F; +G7)
+Bi[2F F,+26,G,+F]
+(Bo+3)[2F F+ 26,0, + G ]—26.6,

—3F\F,—4GG,—5F.F—6G.6]. .. .. .. (56
where
Liyl = 4" +Foy"—2(Bo+1)Fo'y’ +(21+1)F,"y,
Myas 1) = 9"+ P2 (Bt 2552 Fiy +204 Dy,
6. RESOLUTION INTO UNIVERSAL FUNCTIONS
We express the coefficient functions Gy, Gy, .... and F, F, ... as linear

combination of other functions in such a way that when these expressions
are substituted in (5.6) the resulting system of equations obtained by com-
paring the various terms is free from the conditions of the particular problem
and hence they can be integrated once for all. To achieve this purpose,
for any fixed value of 8,, we get

=79, .. . . .. (6la)

=Bf1+730 - e e e e (6.10)
Gy = .g,+ﬂ1th,*+vf.;1“_*, N A
Fy=Bofo+B fut+bimhy y+rrgutrine - - .. .. (61d)
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Gy = T'g}"'ﬁl‘r‘hl,l+ﬁf'r}hu,&+ﬁ11'ihl’“}+ﬂz'r&h2,*+'rf‘rig*ﬂ+'rfgﬂiﬂ, (6.1¢)
Fy = Bofs+BiBofra+B fin+Berhy !
HBir, gy By By
i Ty e e L (60

Substituting (6.1) in (5.6), we get the recursive system of equations
determining f’s, g’s and &’s as follows:

l=0
o Mylg;] = 0.
l-——-_l v
Lif)=Fj-1,
Lig,,] = (Bo+ 1)9;2—2959;,
My[g,]1 =0,
My[h, ;] = 2F g+ (2Bo+3),9,—2f 19, ~31g],
Mifg,,) = (250"'3)-‘7;&9;"29;&95* 39,49,
l=2

|

Lyl fo] = Fg—1,
Lol ful = (Bo+2) f+2F f, =31, ;.
Lohn, 4] = 2(Bo+2) (£1 933 +9, by ) +2F o 90, —g, by )49,
—~3 (f19,,+9,,/1) —4g:h, .,
Ls[g,y] = 2(Bo+2)9, 9, —2 (9,9, +29,9;) ,
Le [g}m] = (Bo+2) (9;:"'23; g ;}i) —29; g;ﬂ
~30;3 953 ~40, 9331 »
M. [9,]=0,
M [k 4] = (2Bo+5) f, 9, +2F 9, —4f, 9, —3 g, .
M, [k, ] = @Bo+5) (f1 By y+9, f1,)+2(Fo b 4119, =9, fi)
—3f1h;, 3 *Ml,;f: -59;f11 ’
M [k, 0] = 2Bo+5) (f g4y +933 By +0, By 4)
+2 (Fo 049, 93 =0 b7, )
=3 (f195,+95 5 ,) =4 (F1 0 +o b))

"59§ "l,w
8B
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M, [hy )= (2Bo+5)fo9,+2 (Fo9, —fr9,) ~5f29; »
M, [qy, ] = (2Bo+5) (9,,93+94, ;) —29,49,
~39,,9y —49,, 9, —59, 9 »
M9, ]= @Bo+5) (9,3 933493 9s) —29, 944

=393 93y — 49 Ty 59, I -
=3

Ly(fsl = F -1,
L[ f12) = 2(Bo+3) f1 o+ 2 Fo (f,41,) -3f1f; —5f1fy
LY f1y] = 2Be+3)if 1y 2P of 1 =3, S = 5 funs
Lyh, u] = 2(B°+3)(f219;&+9;h;, &)+9;2+2(F tlﬂ;f‘g;h;, )
~359,,— 5 95— 60, ;-
Lk, ] = BoA3)@ 1k, 43+ 2031200+ )
+2(Fihy y+f I toh =gk )
—3(fhy 1) — 4k P
=5(f 1k, 3y +93S0) —693h, -
Lk, ] = 2Bo+3)fi0,+93k, 41,19
+2(F Gyt 99—k ) =310,
—4(hy 950301, ) =5 93— 693 5,
Ly ] = 2(Bo+3)(/f FanF by, okt i)
+3+ 2P 99, )
—3(f gna+ 90t 1) — 4, 9 H s, )
—5(f {013 I, 1) — 695y, 3
Lfgyun] = Bo+3)(20,955 T 20951 H90)
~20 91— 309 i~ il
=50~
L gyyue] = 280+ 0+ 9i0im+ 9inss)
—20,91— 30490 — 4019 9 i)
~ 8033914~ 6919144,

339
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L3[g“] = (ﬁo+3)9;2"49g9;,
L{9,9,] = 2(Bo+3)9,9;—29,9;—69,9; -
Further universal functions corresponding to higher order approximation
can be calculated in a similar way.
- The boundary conditions for f’s, g’s and k’s are as follows:

f(0) =0, f'(0) = 0, f'(0) = 0
g...(0)=0,9g...(00=0,¢9...(0)=0
B (0)=0,k...(0)=0k.. (0)=0

except

Gyeg (0)=1,.9,,,(0)=0, gy, (00) =0for1=0,1,2,...
= 5

2 Z

As seen from the boundary conditions the auxiliary functions f’s, ¢’s
and k’s are universal functions. ,

It can be observed that the functions f’s are the same as obtained by
Gortler in the case of no suction and the rest of the functions are to be deter-

mined afresh. In a subsequent paper the tables for some of these universal
functions will be published.
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