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ABsSTRACT

Two particular models are considered for the radial pulsations of an infinite cylinder with
a magnetic field parallel to its axis. In the first model, the density of the cylinder is taken to be

2
uniform throughout, while in the second one it varies as 1 — 1%2 where r, B are the distance of
any particle from the axis and radius of the cylinder respectively. The magnetio field also

2
varies as 1 — -}2—5 in both the cases. The characteristic frequencies and the relative amplitudes

are obtained. The periods for the two cases have been compared and it is found that the results
are in agreement with those of a previous paper (Gurm. 1961).

1. InTrRODUCTION

Along with other problems on the Gravitational Stability in presence
of a magnetic field, Chandrasekhar and Fermi (1953) initiated the consideration
of adiabatioc radial oscillations of an infinite cylinder of uniform density and of
infinite electrical conductivity with a uniform magnetic field along the axis of
the oylinder. Lyttkens (1954) reconsidered the problem with a magnetic
field varying as the square root of the pressure inside the eylinder and zero
outside it. Chopra and Talwar (1956) and later on Bhatnagar and Nagpaul
(1957) investigated the above ¢ase with an extra superimposed uniform field
throughout the space; the latter pair of authors extended the investigation
to the case of finite conductivity. In a previous paper (Gurm 1961, referred
as Paper I) we considered a model with a varying density and the field varying
as the square root of the pressure inside the cylinder and zero outside it. In
Lyttkens’s case, it was observed that the relative amplitudes in presence of
magnetlo field were the same a8 in case of no magnetie field, but it i is not so in
case of Paper I.

In the present paper, we mvestlga.te two particular models which yield
algebraic solutions. In one model the density is taken to be uniform while
in the second it is given by ;

P = py (1—29), .. .. .. )
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where « is the ratio of r, the distance of any particle from the axis in the
equilibrium state, to R, the radius of the cylinder, and p, is the value of density
at the axis of the cylinder. In both the cases, the magnetic field ‘H’ is given
by

H=H, (1—22), |
where H, is the value of the field at the axis. The conductivity of the material
is taken to be infinite. The characteristic periods and the relative amplitudes
are obtained for both the cases. The corresponding periods of pulsation of
the two models for the different modes have been compared. It is found that
the periods for the varying density case are greater than the corresponding
periods of the uniform density case for low values of the axial field while for
the high values of the axial field it is vice versa. The results are in corres-
pondence with the observations made in Paper 1.

2. THE EQUATIONS OF PULSATION

The equation of the radial pulsations of a cylinder of infinite conductivity
under adiabatic conditions is (Paper 1)

@)  3—Mdy (wzp 2M') _
wmt a1 =0 ®)
where
2 He
P'_P+(;—l)~8—;, . . . . . o (4)
2 r OH?) | _,
M={pgr-—-(;-—1)§;—37}-rP, .o .e .o .o (5)
. 1 2 r 0H2)
M ——{—(;—l)pgr'l'(;—l)g;-—a?}—‘P, .o . (6)
He
P = the total pressure—p+—" . . .. oo (M

7 == the relative amplitude = 8{;

and ¢, 9, P are the equilibrium values of the density, gravity and gas pressure
respectively at a distance r from the axis, 8 is the amplitude of displacement,
w = 2nv where v is the frequency, y is the ratio of the speclﬁc heats of the
material of the eylinder.

Also 8P and 3H, the amplitudes of the variations in P and H following
the motion, are given by the relation

8P=—(yp+%2)(2n+r‘%), e ®
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and
oH 1ld '
The equation (4) is to be solved under the boundary conditions
r=0atr=0, .. .. .. .. (10)
and
P=0at r=R. .. .. .. .. (1y

Both the conditions are equivalent to the condition that the relative amplitude
7n should be regular throughout the interval (0, R) includifig the centre and the
boundary in the cases under consideration.

3. MobEL 1. Uniform Density

We consider the radial oscillations of a eylinder of uniform density with a
magnetic field given by the relation (2) parallel to the axis of the eylinder.
The field becomes zero as we approach the boundary of the cylinder and
satisfies the condition

HY=H%=9 2
on the boundary, thus avoiding the surface currents. Here the superscripts

(¢) and (e) stand for the interior and exterior of the cylinder. The total
pressure, P, should be continuous across the boundary of the cylinder, i.e.,

{P(‘)+(—%§;—))f }mﬁm = @8_:7)23’ (13)
as the density outside is zero. Hence {P®}_ . is zero and we have
PO=P® =0 .. .. . .. (19
In view of the above relation, for the present model, we have
‘P=aR@p(1=4%) .. .. .. .. (15)

After changing over to x from r, the relations (4), (5) and (6) give
P = Tlé #R*GPH(1—2%) (12+ B—Ba?),

2422+ 4 Ba¥(1 —x2)

M= (I1—?)(12+ B— Bz?)’

and

oM _ . 13p+4B(1—at)
=t (I—28)(12+ B—Ba% ’
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where
B=? (f —1) HY{(=*P6R), . (16)
5 . .. ..
and
2
B=2— 7

With the help of the above relations, the equation of pulsation (3) becomes
(1—-2:’)(12+B—Bx3) dzq

+}c {3(12+B)—5(12+2B)z2+73x4}‘(%’c

+(J48BxB =0 .. .. .. .. .. .. (a7
where
12wt
J—m—ﬂﬂ —8B. .. .. .. .. (18

[

The equation (17) has regular singularities at the origin, at x = 41 and at
+.J(1+12/B). To find the regular integral in the interval 0 < z < 1, we follow
the method adopted in Paper 1. '

The roots of the indicial equation are —2 and 0. To avoid the singularity
at the origin, we choose the later. Thus we have the solution:

_ 7 = X agja?
where the coefficients are given by the relations:
8(12+Blag+Jag =0 .. .. .. .. (18a)
24(124B)ay—{12(12+2B)—J } ag+8Bag =0 .. .. (18b)

........................................

(2j+2)(2j+4)(12+ B)agj,s
—{2j2j+4)(12+2B)~J } ay;
+252j+2)Bagi_g=0 .. .. .. . .. .. (18)
where j is a positive integer.
Writing N, ; = ay;,9/a,;, Wwe have

o 2j(2544)(124+2B)—J 2j(2j+2)B 1 an)
T 27+2)2j+4)(12+B) ~ (2j+2)2j+H(12+B) N;’
Suppose that N, (and thus N,,, also) tends to the limit A asj tends to
infinity, Taking the limit of (19) we have

12+2B ‘B
T124B T 124B

‘,\ "
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with roots 1 and —-—lj—— It can easily be seen that if N, tends to the limit

12+B
1, the series for # diverges at & = 1. For n to be regular in the interval 0 <
<1, N; must tend to the limit ——s 12 BiB This restricts the choice of the

frequencies of the pulsation.
The relation (19) may be written in the form

2j(25+2)B
. _ (2@ +4(12+2B)
‘V’_zj(2j+4)(12+2B)—J " oo .. .. (20)
@+2@j+4(12+2B) Y

By a successive application of this, we get a convergent continued fraction
for the representation of ¥, In pa.rtlcular we can get a continued fraction
for N,. But from (18a) we have

J

Ni=—gi355)" (21)
Equating these two values of N,, we have finally
8B 24B
J 24(12+B) _  48(12+B) o -
8(12+B) " 12(1242B)—J ~ 32(2+2B)—-J T
24(12+B) 48(12+B)

The equation (22) gives the admissible values of J. It has been solved for J
with different values of B starting with B = 0. For the details of numerical
method and further references, one may refer to Lamb (1932) and Prasad
(1949). 'The values of J for the first three modes are given in Table la. The
5

value of y is taken equal to 3 In Table 1b, we give the values of 7,/T,,
where 7T, and 7', are the periods of pulsation for the nth mode with and
without magnetic field respectively.

TABLE la
5
Value of J sdtisfying the equation (22), y = 3
B Mode 0 1 2
o* (1] 144-0 364-0
1 —5:3571 144-41901 394-2491
2 —10-7582 144-6003 404-0100
5 —27:4761 144-1708 430-7949
10 ~b56°1345 | ' 140-7127 ..
20- —112-4523 e .

* For B = 0, the values are taken from Lyttkens (1954).
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TaBLE 1b
Values of T'u/Tng

B Mode 0 1 2
0 1-000 1-000 1-000
1 0-938 0-975 0-978
2 0-885 0-953 0-958
5 0-778 0-896 0-907

10 0-660 0-856 .

20 0-536 .

The coefficients aq, @4, ag, . . . are given by
ag—_—'-Nlao,aa4:.Nl.Nzao,aoleNgN:;ao... . .. (23)

" The series for the relative amplitudes, 7, for the first three modes for the
particular case B = 5 are given below: )

0th mode:
7 = {1 +0:202022 4 0-045024 4 0-010728 4+ 0-0026828 4+ 0-00072:10 4 0-0002212 4 . . .),

1st mode:
7 = a6o(1 —1-060222— 0409424 —0-12502°— 0035828 — 0-0100x10
— 00028212 —0-0008x14 —0-0002228— _ . ),

2nd mode :
N = ag(1 — 3167622+ 1-1970x4¢+4 0-8665x0 -+ 0-355328 + (- 1228x104-0-0393x12
+0-0121 2144 0-003621% 4 0-001 12184 0-0003x2040-0001 222+ . . ).
. In Fig. 1, we give the variation of 7 for different values of B.

Substituting for » in the relation (9), we have the relative amplitudes of
the magnetio oscillations:

§H—H— = —2(ao+2a3x2+3a4x‘+ N ) .. ‘e .. (24)

In Fig. 2 we give the relative amplitudes, %-H , normalized at the surface for
the first three modes of the case B = 5 along with the fundamental modes
for B = 2 and 100.

4. MoDEL 2. Varying Density

In this section we consider the oscillation of a oylinder with & density
distribution given by the relation (1) and with a magnetic field, given by the
relation (2), parallel to the axis of the oylinder. The relatipns (12), (13) and
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Fi6. 1. Variation of 9, normalized at the axis. The thick line stands for the case B = 5,
weewforB=2and ~¢=+=+— for B = 100.

(14) hold good for the present case also. In view of the relation (14), we have,
for the present model, ‘

P= 1 mplGRMI-s(6=220. .. .. .. (2)
The relations (4), (5) and (6) give
P Tlé,,,, @R2(1—2%)2(54 B—23%),

12(222 — z4) +4Bx?

¥ = 56+B—2%)"

and
2M' _ 12B(2—a%)+8B
2%~ (1—29)(5+B—-27%)"

With the help of the above relation, the equation of pulsation (3) becomes

(1—=2%)(5 4 B—228) gﬁ}

+— {3(5+ B)— 45+ 7B)at + 1824} &7 +(J+12§m=)1, =0, .. (26)
where J is given by the relation (18).
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.FIG. 2. Variation of SﬁH, normalized at the surface. The thick line stands for B = 5,
—~——forB=2and =+ =+ ~.— for B = 100,

The equatioh (24) has regular singularities at the origin, at x = 31 and

z= 4 (-5—"'2;6) . To find the regular integrals, in the range 0 < x < 1, we

adopt the method of the last section.
The roots of the indicial equation are —2 and 0. To avoid the singularity
at the origin we choose the later. Thus we assume

7= Za,%, .. . .. @20

where the coefficients are given by the relations:
8(56+Blag+Jag=0 .. .. .. .. (28a)
24(5+B)a— {8(1342B)—J } 6s+128a0=0 .. .. (28b)

......................................

......................................

(2)+2)(2)+4)(5+B)ozj 2
~[2{2i(1+B)+2(19+3B)} - Tay;
+1{225—-2)2+6)+128}a; 2 =0 .. .. .. (280)
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As in the last section, writing N, , for @3;49/Gy;, the relation (28c) may

be written in the form:
2(2j—2)(2j+6)+128
(2/+2)2j+2j(o+B)

PYIvY ' (29
’ 2]{2J(7+B)+2(19+3B)}~J_N_ )
@+ +9(6+B) b
The limit, A, of N as j tends to infinity is given by the equation
= 'iB__._?".,._ At
54+B b+B )
The roots are 1 and —5—_?_—3; . For 7 t0 be regular in the interval 0 <z < 1, N;
. 2
must tend to the limit 5TE

By a successive application of the relation (29), we get a convergent
continued fraction for N,. 1In particular it gives a continued fraction for X,.
But from the relation (28az) we have

J
‘Vl == —m—) . (30)
Equating these two values of N,, we have “
128 140+128
J £(5+B) ___48(5+B) =0 (31)
8(5+B)  104+16B—J 264+40B—J I
t(5+B) 43(5+ B)

This equation gives the admissible values of J. It has been solved for J with
different values of B. These values of J are given in Table 2a, (-y=§) . In

Table 2b, we give the values of 7',/T,,,.

TABLE 2a
Values of J satisfying the equation (31)

! |

B { Mode o ! 1 ' 2
' i | . —
¢ | ~—48643 | 583724 | 15553
1 | —4-8546 | 74-577 | 192377
5 | ~—4-8321 | 138378 353-705
10 | —4-8178 | 218-804 .
20 | —4:8120 & 378968
50 | —4-8053 | .. :
100 | —4-8023 | .. s

1
i i
i

The coefficients as, a,, ag, . . . are obtained with the help of the relation
(23). The series for the relative amplitudes, 7, for the first three modes for
the case B—=25 are given below. Similarly we ean have for other cases:

. .
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0th mode:

-

1 = ag(1+0-06042240-0075x4+ 0-001126 4 0-0002284- . . .),
1st mode:
7N = aGg(1 —1-732222—()-367724¢—0-070426—0-013128
—0:0024210 —0-0004x12—0-0001 x14¢— . . .),

TABLE 2b

Values of T'n[Tno

B Mode 0 1 2
0 1-000 1-000 1-000
1 0-767 0-873 0-894
5 0-514 0-628 - 0-650
10 0:390 0-494 ..
20 0-287 0-373
50 0:186 ..
100 0-133

1 | 1 1

Fia. 3, Variation of 5, normalized at the surface.
2B :
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2nd mode:

7 = (1 —4-421322+4 2-8769x4 + 1-086928 +0- 280828
+0-06352104-0-01362124-0-0028214 4 0-0005:16
+0-00012184 ., ).

The relative amplitudes of the magnetic oscillations, %[ , are given by
the relation (24). In Fig. 3, we present the variation of 1 for the cases B = 0,

for the cases

B =5 and B=100. In Fig. 4, we give the amplitudes, %I; ,

B=1,B=5and B — 100

F16. 4. Variation of 8—5—, normalized at the surface. The thick line stands for B == 5,
—w-——forB=1and =+ ~.-.~ for B = 100.

5. CoOMPARISON OF THE PERIODS

In Table 3 we give the ratios of (7, )yoae1z 10 (7 )hoaer; Where 7, is the
period of pulsation for nth mode. We see that the (7',)y 4 5 i8 greater than the
oorresponding value for the model 1 for lower values of B while it becomes
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vice versa for the higher values of B. The results are in agreement with
those of Paper I.

TaBLE 3

(Tw) model 23 (Ta) Model 1

B Mode 0 1 2
0 1-168 1-451 1-519
1 0-947 1-298 1-386
b 0-764 1-012 1-089
10 0-683 0-869 .
20 0-619 ..
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