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ABSTRACT

Making use of toroidal co-ordinates the field equations for empty space-time in case of a
static axially symmetric line-element have been obtained. Two general solutions have been
considered in terms of toroidal functions, one of which gives the external field due to any toroidal
distribution while the other gives the external field due to any lens-shaped distribution -provided
the arbitrary constants appearing in the solutions are suitably chosen. The equations of motion
in each case are seen to correspond to the classical equations to the first order. Also it is shown
that the gravitational energy of the field depends only on the arbitrary constants appearing in
the solution.

1. INTRODUCTION

‘In an earlier paper (Misra 1960) the author has considered the solutions
of the empty gravitational field equations B,g=0 in the case of static
axially-symmetric gravitational fields, making use of the oblate spheroidal
co-ordinates. The relativistic gravitational fields have been obtained which
are analogous-to certain well-known gravitational situations in the Newtonian
theory. In the following we make use of toroidal co-ordinates and toroidal
functions to obtain certain other relativistio fields corresponding to classical
gravitational situations.

2. THE CO-ORDINATE SYSTEM AND THE FIELD EQUATIONS

Toroidal co-ordinates are defined by A, 4 and ¢ where

m p=— 8 ginh A L .Y ’
(cosh A—cos p)’ (cosh A—cos p)

p, ¢, z being oylindrical polar co-ordinates. Here A varies from 0 to oo, x from
0-to 27 and ¢ from 0 to 2n. The surface A =X; is a torus with axial cirele
of radius (@ coth )) in the z, y plane, with centre at the origin and having a
‘mmul&r cross-section of radius (@ cosech A;). The surface u = py (up < #) is
’thatpart of the sphere of radius (@ 0086 ), with centre at p = 0,2z = @ cot py,
which is &bow the z, y plane. The rest of the same. sphere, below the z, y
plate,.is givén by p=2m—po, The dividing line is the cirole of radius & in
the #, y wlane, with ceptre at the origin, whioh is also the degenerate surface
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A= o. The z-axis corresponds to A = 0. The part of the 2, y plane inside the
.circle A = co corresponds to x = = and the rest of the z, y plane outside the
circle corresponds to u = 0 or 2, ‘
In the following p, ¢, 2, t correspond to 1, 22, 3, x4 respectively.
Consider the transformation (1) together with
(la) p=¢, t=t.
We shall for the sake of convenience drop the dashes from ¢ and ¢ subsequently.
The Jacobian of the transformation is
= —qg2(cosh A—cos p)~2,
. which vanishes when A== . Hence the inverse transformation does not
exist there.
The general axially-symmetric line-element
ds? = —e24(dp24dz2)— p2e~2Bdp2 4 e2Bd12,
by virtue of (1) becomes
P24 (dN24-dpu?)
2= ¢ \GATTORY
) ds »ginh? )
where A and B are functions of A and p only.
The non-vanishing components of the energy-momentum tensor corre-
sponding to (2) are given by

—p2e—2Bd g2 4 2Bd12,

—8nT; = 48T},

P1(41+B1)  P3(As+By)
=—911[B§__.B?+ 1( 1P v 3( SP 8]’

—8"7’2 = '"911[‘411+Bu+*433+B33+Bf+B2]’

2(B,P, +BsPs)]
p *

—S"T: = _gu [A11—311+A33—333+Bf+3§_

—SﬂTi = —811T:13,

Pg(Ay1+ By) P1(Aa+Ba)]
P 3

=—g" [—2BlBs+ .

+

| where the suffixes 1 and 3 denote partial differentiation with respect to A and
u respectively.
The field equations for empty space-time
7%=

reduce to the following three equations of which only one is independent:
ginh \(1—cosh A cos p) B
{cosh A—tcos p) ( 1 Bi)
_ 2. ginh? ) sin . B1Bg
(cosh A—cos p)

®) 4148, =

s
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sinh® A sin p (B2—B2)

(6) A3+Bs —~ (COSh A'—COS F)
+ 2 .sinb A (1—cosh ) cos u)B;B;
(cosh A — cos u) ’
(7) PBn +P.Bgs +P131+P3B3 = (.

3. Sovrutioxns oF THE Larrace EQuatioN 18 TOROIDAL (0-ORDINATES

(7) is the Laplace equation in toroidal co-ordinates which is known to
have the general solution

(8) B = (cosh A—cos p)t. {70 [Z,,P,,_i+ Be@n-y]. [C. cos nu+ D, sin n],

where 4, B,, C,, -D‘" are arbitrary constants. Solutions of this type can be
used in problems in which the boundaries are anchor-rings.
It has been shown by Hobson (1931) that the forms

(9) {cosh A—cos p)} P:'_j (cosh &) 5 mp 5> mé
serve as the potential functions for the space outside the torus A,, ie. for
which 0 < A < Ay, whereas the forms

(10) (cosh A—cos p)t @) . (cosh 2) o o M,

must be used as potential functions for the space inside the torus Ay, i.e. for
which A < A< .

For the case under consideration m = 0. Hence for the external space
we can take the solution of the Laplace equation in the form

(11) B = (cosh A—cos #)}, > C,P,_; (cosh A) cos np,
n=0
whereas for the internal region

®»
(12) B = (cosh A—cos p)t. 2 C,Q,_; (cosh A) cos np.
n=0

If the boundary is a single bowl, for which # has a constant value, or if
the boundary be lens-shaped in which case it is represented by two constant
values of p#, we can use the toroidal functions to express the potential. If
By, B3 be the two values of p over the two portions of a lens and if gy < p,
then for an interior point of the lens we take p; << p < gy and for an ex-
ternal point py < p < 27-+p4. )

In this case Laplace equation has solutions of the form

(13) (cosh A—cos p)t K,(cosh ) ;’:: np,
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where K = P_;,, and another set of solutions in which the zonal har-

monic of the second kind takes the place of P. The general solution in this
case can obviously be expressed as

o R —
(14) B = (cosh A—cos p)t = [4,K,(cosh )+ B,K,(—cosh A)].
=0

.[C, cosh np+D, sinh nu]

where K (—cosh 1) is the zonal harmonic of the second kind, and Z,., ete.,
are arbitrary constants.

In what follows we shall take E" == En = 0, and the solution considered
here is ‘

(18) B = (cosh A—cos p)¥ 2 C,K,(cosh A) cosh np.
n=10

4. SoLUTIONS OF THE EMPTY SPACE-TIME FIELD EQUATIONS

Case (i) : Kxternal fields due to toroidal distributions.

In this section we consider the solution (11) corresponding to the ex-
ternal potential for toroidal distributions.

Substituting for B in (6) we get

(16) Ag+By= 2 2 [U,, sin p cos nu cos mu
o

n=0m=
4 V uw COS p COS N 8iN Mp
+ W an 80 p &in »u sin mu

+X ., cO8 7y Sin Mmp]

where
Una = CaCs [i sinh®) P,_,P,_,
+sinh2) cosh A, P, _iPa_;
+sinhA P, _ tP:noi]’
17

Vo = C’,C’,,[m sinh?A. P, _.P_ .
+2m sinh2X cosh A P;-iPm-i]’
W“' == C’,,O,,[—mn sinh®A . P"_}Pm-}]s '

X oo = CCu[ —2m sinh2) P, P, .1
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. dpP
- Here and in the following P, . denotes —"-t. . An overhead dash implies
n-t d cosh A

ordinary diﬁ'erentiation’with respect to A.~ (16) on integration with respect
to p gives
(18) A+B = F(/\)+ £z [—

nOmO

(:f}:";) cos (m~+n)u

(m n) cos (m—n)u
ﬂﬂ+ VM’I

P )cos (m+tn+1)u

-+

Uﬂl’l Ifl+
n—m-1

(Um+ V pnt W)
o m—n+1

- (B
(U"' ) cos (m+n—1pu
( )cos {(n—m+1)u

) cos (m—n+l)p] ,

where F(}) is an arbitrary function of A only. For determining F(A) we pro-
ceed as follows:

Differentiating (18) with respect to A and equating the expression for
A1+ By thus obtained to that obtained from (5) and (11) we find for F(X) the
differential equation

-]

(19) Fp= 2 5 [otmn COB (Mm4-n+ 1)+ By, co8 (m+n— 1)
=0

n=0m
+Van €08 (R—m—+1)14-3,, cos (m—n+1)r
b+¢u- cos (m+n)llv+ l/’.l CO.S (m_n)ﬂ'] y

where .
[ — Ulmﬂ+ Vlml_ W’mn + Lnn_-Mnu""Hnn
Yo = T 1) 4 ’
oy _U,l'l+V'nﬂ+W,nu +.Lnu+Mnu—'Hnn R
Ban = 4 (m+n—1) 4
— U'-n_ V,nn+ W’nn + Lnn+Mnn+H-u ,
% Yar = i —m+1) 4
( ) 5. = U’uu+ V'-R+W'nl + L-n—an+Hun ,
T 4 (m—nt1) 4
X'na Knn—Nnn
— X’nn K,.-{-N..
| b =T T 2
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and
K,, =00, [— isinh APy_ Py
4-sinh3 4\P”_} e }]
Lnn = G,.O, [— ismh A cosh AP,,-}P -3
‘—sinh8 AP, . Pp_;
(21)

—sinh8) cosh ,\P” Fn _,}]

M. =C,C, [msmh/\cosh,\ w—iPm—t
+2m inh3AP,, _ i m_*]

Npw = C.C,[—mn sinh AP, _.P, .1,

H,, = C,0,[mn sinh X cosh AP"_*PM_;] .

If now we substitute for a,,,, etc., from (17), (20) and (21) in (19) we find
that
F'(x) =0.

Hence F(A) is constant.
But since the metric must be Galilean at spatial infinity we find that

FQ) =
F(\) having been determined (2), (11) and (18) constitute a general
solution of the empty space-time field equations in toroidal co-ordinates which
is valid outside the torus A=}y, A= co being the only singularity of the

solution.
A particular solutlon is

{ B = a(cosh A—cos p)tP_, (cosh }),
A = —afcosh A—cos p)tP_j (cosh }),
+a?_ sinh®). P_;P",

o2
(22) - |5 sbeae-pe
~+a2. sinh2) cosh A. P-iP‘.}
+a? sinh‘/\(Pi})z] Cos p.
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Case (ii): External fields due to lens-shaped distributions:
Next we consider the solution (15)

B = (cosh A~cos p)} 2‘ C,K, (cosh A) cosh npu,
n=0
of Laplace equation.

Substituting for B in (6 find

) w
(23) Agt By = 2‘ 3‘ (U sin u cosh s cosh mu

+ ¥V €08 g cosh np sinh mp
+ W, sin p sinh np sinh mp

+ X . cosh ny sinh mpy],
where

(23a) o= CoC [1 sinh?A KK,

+sinhZ) cosh A K. K,
+sinh4A K;K;]
Vpn = CpCy [ —m sinh?A K K,

—2m Binhzl\ cosh A K:K.] ’
W__ = CoCx[—mn sinh?)\ K K,],

X pn = CaCa[2m sinh?d K K,].
Integratmg (23) with respect to 1 we get

24) A+B =F()
+ 2‘ f‘? [a,. sin p sinh (m+4n)p
n=0 m=

+ﬂ... cos p cosh (m+n)p
+ 7., 8in p sinh (r—m)p
+8,. cos p cosh (n—m)pu
+1X,. (m4n)"1 cosh (m+n)u
—3}X,, (n—m)~1 cosh (n—m)u],
where F() is an arbitrary function of A only and
[ ) (Unst Wan) 4+ Vi
T 2{1Hmtn))
B = U= Want(m4n)V .,
= 2{1+(m+n)2}
#5) (=) Ua= W)= Vs
Vae = 2{14(n—m)2}
5. — ~Uaxt Wan—(n=m)Vur
Ah 2{1+(n—m)2}

m®

379
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We find, as indicated in case (i), that F'(A) = 0 leading to F(A) =.0 because
of the requirements at infinity. '

Accordingly (2), (15) and (24) constitute another solution of the empty
space-time field equations which will give the external field due to any desired
lens-shaped distribution if the constants C, be properly ‘chosen.

5. GRAVITATIONAL MASS oF THE DISTRIBUTION

The energy of an isolated quasi-static system is given by (Tolman 1934)

(26) U= fff (T:—T}—Tz—Tg) VvV —gdzdyd:.

In the co-ordinate system used it becomes

27) U=§1;-’fff V2BW,

where
dW = sinh A(cosh A—cos p1)~8 d) dp d¢,
which is the element of volume in toroidal co-ordinates.
We can determine the energy U from (27) only if we know the function
B corresponding to the internal solution which is not known. As such (27)
cannot directly be used to determine the energy of the system. But the func-
tions B corresponding to the internal and the external solutions are continuous
on the boundary as also their normal derivatives. Hence if we convert the
volume integral in (27) into a surface integral over the boundary we can deter-

mine the energy U from a knowledge of the external solution only.
Using Gauss’ theorem (27) gives

(28) U._— faB

where § is the boundary of the distribution.
First we determine the energy of a toroidal distribution, it being assumed

that the tore A = A, is the boundary. Substituting for »a% and d8, we find

1 . 19B
(29) U= y jj;\ . ginh A (cosh A—cos §)~ ) dp do,
since
0 _ K _ sinh A du d¢
3= {cosh )—cos u) 5 as = {cosh A—oos ) 0

Substitution for B finally yields

1

C, . sinh2A
(30) U= —;rnzo ffa = », (cosh A—cos 1) '[P”’* +2 (cosh A—cos ) P,

008 7p dp. dé.
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Since the integrand is a function of A, u only, integration with respect to ¢
gives

o )
31) U 1 f C, sinh2A

—ano

A=A (cosh A— cos F)}[P _,+2(cosh A—cos p)P,P}],

. co8 np dy .

On the surface X = Ay, u varies from 0 to 2». Also from symmetry considera-
tions we have

” - 2
(32) =13 f________o,.smh Ao [

2”__2,-_"0 o (cosh Ag—cos p)t ({Jn—i +2(cosh 29 —cos p) OPn—i] :
. cos np dp |
where
Io’n—i = (Pa-th=1,
We know that (Prasad 1932)
£ 4
3 cos np dp
2Qn_3 = —
v (6? i J.o (cosh Ag—cos p)t
which on differentiation with respect to cosh A, gives
—924/3 ;- — 7 cos nudp .
\/ ? t J.o (cosh \g—cos p)?
Using these in (32) we find
(33) U=v3 I Csink®h [QuiBa-i=Gr-iPoi].
w=0 0 0 o 0

Also we know that (Prasad 1932)
Q,,_yPL;-—QI.-;.P,,-i = cosech?),.
0 0 0 0

Hence (33) reduces to the simple expression

(34) U=+/2. £ C,.

n=0

Thus the energy of the system can be expressed in terms of the coefficients
(', only.
For the solution constituted by (2) and (22) we have

(35) U= V2,

so that « is a measure of the mass of the distribution.
The energy of the field given by (2), (15) and (24) can be determined in a
similar manner,
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6. MotioX or TEST PARTICLES

Consider the line-element
(36) ds?2 = —adA®—adul—Bd$2+vdi2,

where «, B, y are functions of A, , only.
The geodesics corresponding to (36) are given by

2 oy [{dA\® d,;)] B (d¢) )2 agdddp
(87) ;z;z““ﬁ[(zs)-(zs w\z) +5ulz) * P ma ="

oo g (B ()] -2 (R @) 2 aE -

d%, By dadé Py duds _

(39) w2t e mas T B Gds =
d2t  vidxdt  Yedudt
(40) d82+7d8d8 Yy dsds = 0.

From (40) we get on integration

a

(41) r=c

C being an arbitrary constant. Also

d2t @\
(42) iz = [ /\+ ](ds) )
' L da
where A= T

If the test particle is initially moving in the plane ¢ = constant then

d
(43) Zz?": =0.
Hence from (39)
%
=0

so that the particle continues to move in the same plane.
From (37) and (38) we get by virtue of (43)

2 a, [(dA\? dy.)z] (dt) ag dA du
4 G L G| [GAY (o *3dAdu
) az T3 [(ds) (ds +olz) +25E="
% x dy.)z] (dt) % dAdu
5) &t " [(ds) (d_s +2a ) teima="
| D p232 -2B - p2B
Putting mhh\’ﬂ—Pze , ¥ = e2B,
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we get from (44) and (45)
dz) sinh )\ da\? dp 2
(46) dsz+[ 1™ (cosb A—cos y)] [(%) - (d_ér

sinh2A dt
T}

8in p ]d,\dp.__o

(cosh A—cos p) | ds ds

a2 8in p dr\? d#)z]
(47) Fr [As—m] [(d‘) ‘(d“s

sinh?) o2B-24 . (@)2
= B ds

.

sinh A ] dA du —o.

(cosh A—cos p)| ds ds

Finally eliminating ds from (46) and (47) with the help of (41) and (42)
we find

+2[1

i __sinh A (A% -,12)+2;\,2 8in
{cosh A—cos u) (cosh A—cos p)2

(48)
(2B,—4,))*
(cosh A—cos p)

L Asi+2(By— A
(cosh A—cos p)

_sinh A Bye2B-244

(49) il sin p(A2—72) —2)4 sinh A
cosh A—cos p (cosh A—cos p)2
sinh A
P
+(2Ba—A3>ﬁ2+As;\2+2(Bl—Amff.
{cosh A—cos u)

- By - e28-24

On the left-hand sides of (48) and (49) we have the classical expressions
for the components of acceleration along the A-increasing and p-increasing
direetions in toroidal co-ordinates.

A, B are small quantities of the first order whose higher powers may be
neglected. Assuming that the velocities are small (48) and (49) give

X sinbA(RP—p*)42pcinp _
&0 (cosh A=cos ) (cosh A—cos p)2 —(cosh A—cos i‘) a,\ ’
A sin u (\*—?) —23isinha @B
(61) {cosh A—co0s u) (cosh A—cos p)? = —(cosh A—cos 1) PR

where only the first order terms have been retained on the right-hand sides.
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These are the classical equations of motion of a test particle in a force-field
‘of potential B. Thus the relativistic trajectories of a test particle to the first
order are identical . with those of the classical theory provided the force-field
has the potential § log (gs4).

The solution constituted by (2), (11) and (18) will represent the external
field due to any desired toroidal distribution provided the coefficients C, be
properly chosen and it will be the relativistic analogue of the corresponding
Newtonian distribution whose external potential is given by (11).

Now consider the motion of a test particle along the z-axis which is also
the axis of symmetry of the distribution. Along the z-axis A = 0, thus from
(50) and (51) we get

i sin p - 22
(62) (I—cos z)  (I—cos p)2

=—} b,[sin J CO8 'np.\/l—cos I
#=0
—2n , gin nu . (1—cos p,)'],

where we have used the expression for B from (11)and b, = 0, (P,_}) =0
If the particle be released at a small distance from the origin, i.e. if u =n—0
where 8 is very small, then we have from (52) to the first order

(53) 0=04/2. ._’.'j;o(——l)'.b..(l+4n2)A

In problems in which the number of terms is finite the sum on the right-
hand side will be finite. If, however, the series be an infinite one the question of
convergence naturally arises. Since b, = C, (P,_;),=o the series involves the
arbitrary constants C, in addition to (P,_;),_o As such we consider only
those cases in which the series is absolutely convergent. The motion of the
particle will be simple harmonic of period

@ +
(54) 2m = [\/E. zo(—1)n+1b,.(1+4n2)] .

@O

if Z (—=1)*.b,.(1+4n2) be negative.
n=0

If, however, we are considering a lens-shaped distribution we shall have
to substitute for B from (15) in (50), (561) and the subsequent analysis ¢an be
carried out as above.
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