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ABSTRACT

In this paper the form-drag and the frictional drag for a two-dimensional flow with circulation
past a circular cylinder and an elliptic cylinder have been calculated. The effect of circulation
is specially investigated in respect of the drag and the lift for those cylindrical surfaces and
incidentally the normal and tangential stresses on them have also been calculated. It has been
found that the introduction of the circulation only supplies the Joukowsky lift but the total

drag remsins unchanged.
INTRODUCTION

On the basis of his theory of resistance in potential flow of real fluids
Ghosh calculated in two dimensional motions the resistance of circular and
elliptic eylinders in what he designated the ‘primary’ potential flow (i.e.
potential flow without wakes) (Ghosh 1954, p. 76). In the present paper the
calculations have been extended to those cases where the primary potential
flow is attended with a circulation, the flow being taken at an angle with the
real axis. Incidentally, we have calculated also the tangential and normal
stresses on the cylindrical surfaces.

With ¢, and ¢, as the velocity potential and: the stream-funection for the
flow as curvilinear co-ordinates, the components of the surface action exerted
by the fluid én the body (¥, = constant) are (Ghosh 1954, p. 79; Ghosh and
Chatterjee 1959, p. 84):

(i) a normal stress p, per unit length towards the body;
(ii) a tangential stress p, per unit length in the positive sense of the

flow;
where
2
Pa= p+""'a'q"1"
0,
| ; (1)

P = "'I»"Q‘qL

¢ o1

(p = pressure, p = viscosity coefficient, ¢; = the speed of the flow). If W,
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represents the complex potential in the zy-plane for flow past the oylinder, we
have from (1)

- 945 ?.sz)
Pu —_ ]7+I" (3W1+3W1
0g,%  Ogy® (24)
= —pi | 4L
Pe= i (awl an)
where, by Bernoulli’s equation

p = I —}pg,? e e (@)

IT denoting the stagnation pressure.
Now in the general case of any potential flow of an incompressible fluid with
p # 0, one has, by the extended form of Blasius theorem (Ghosh 1954, p. 80,

eqn.4.11)
. . dW,\2 . 0g,2
X——1Y=<}pz§ (—d;‘) _z,u,§ 5%17—(12,.. L®)
W1=W1 W]=Wl !

integrals here and elsewhere being all taken round the contour of the body
in an anti-clockwise sense and X, ¥ denoting the components of the fluid
reaction on the body per unit length.

Sec. A, Circular Cylinder (radius = b; circulation ky):

The complex potential of the flow Uze™ past a circular cylinder |z| =&
and attended with a circulation £ ¥ is given by

. . bRe-ix |
Wl(z)=U(ze‘°‘+ o -+ A log z) .. .. .. (4a)

where we have put the ciroulation
E=AU. .. .. .. .. .. (4b)

For the speed g, of flow, we have, in general,

aw, dW
2 — 1. 1
ql - dz di ’ (5)

and hence at a point z = be” on the circular cylinder |z| = b we have

2
g2 = U? (2 sin (8+a)+£) . .. .. .. (6

Now, as
- dW,
9g,®  dz  d*W,

oW, aW, dE (7a)
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and

dw,
ot &
A A
dz

we have, from (2a), on 27 = 42,

Pn = p—%—';ij cos (0+a) ..

m= g’Z—U [2 sin (04a) 4= ]
and , -
A 2
p=IT—4}pU? (2 sin (0+u)+5)
from (6). :

Now, with the flow given by (4a) and with
4, =—V¢

instead of ¢, = V ¢,, equation (3) modifies into

. . AW, \2 . [ o
X—i¥ = __—1) dz+2, L 4z
' *"’ﬁc(dz ? ""fﬁcaw1 “

C denoting the contour of the cylinder |2| = b.
Putting
2
X —i¥y = pi 4; (__dWl) dz,
dz

Xg—1Yg =2 ——-d
g—1tlg = F'I/§ an zZ,

so that, in (9),
X—iY = (X1 —iY)) 4+ (X,—iYy)

(76)

(8a)

(8%)

(8c)

(9)

. (10a)

. (10b)

. (1oc)



402 H. K. OHATTERJEE : RESISTANCE IN POTENTIAL FLOW WITH CIROULATION

we have
e 2o~ ))2
1= ¥y = pi i; us (‘%‘“" : zz +Z—) dz
c
= $pi . 2mi , 20AU 2™
whence
X; = 2mpkU sin o } . (1la)
Y, =2mpkU cosa
Again, with (75) and using 2z = b2 on the contour of the cylinder,
Xg—i¥Yy= 2m‘§ g (2e"a+fzi\) dz
c
= —8rplUe®,
giving .
Xy = —8nulU cos a | , 116
Yy=8muUsina | o h - (10)
Hence
X = X4+ X, = 27PkU sin ao.— 8mulU cos o % ' 12
Y=Y+ Yy = 20PkU cos a+8mpl sin « (12)
Observations :

(i) Tt is clear from (8a) that in the case of flow with circulation, p,
retains the same form as in the case of the flow without circula-
tion (i.e. k¥ = 0), p only being modified as in (8¢). In the case

of p, an additional term 2b2k is contributed by the circulation.
(ii) When a-»>0, the flow past the circular cyhnder is parallel to the
negative z-axis and one obtains
X = —877'}40%

Y = 2apkU
From (12a) it is seen that the cylinder experiences a lift-force 2mpkU, tending
to move it at right angles to the main-stream, which agrees with the Kutta-
Joukowsky lift. In addition, we have here a resistance per unit length un-

affected by circulation, as in the case obtained by Ghosh (1954, p. 81):

(iii) If F be the magnitude of the resultant force on the oylinder,
F=+/X2472
i
= 2npkU (1+%2) , L. (13a)

v being the kinematic viscosity.

(12a)
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It may be observed that when %—r 0, F = 2npkU, the lift force only, and
a first order approximation to F is furnished by

ToRe
F=2kaU(l+%) sk

Sec. B. Elliptic Cylinder (with circulation k7):
It is known that by means of the transformation

2
= 4L R 7Y
z
the circle | 2| = b in the z-plane is transformed into the ellipse
£t - 5
~atym = c .. . - (15a)

in the {-plane, ({ = £4-i%), where

2 2
& = b -l})-a
bt (15b)
p=2"2
b

Hence, the complex potential W({), for the flow past the elliptic cylinder in
the [-plane at an angle ‘¢’ with the negative é-axis, is obtained from the flow
past the circular cylinder, in the 2-plane given by (4a), as

W) =Wis)=U (e"*+ +Z/\10g4), e oo (18)

where z = z({) is obtained from (14).

Now points on the elliptic cylinder in the {-plane correspond to those on
z = be" in the z-plane. To caleulate p, and p, on the surface of the elliptio
cylinder, we notice that, here,

gt 2T .
and
am\af W, _dy &L
0g: | dz dz’ d22 “dz ' dz® dz (18)
W\~ @ @
dz dz dz
80 that at z = be’, we have, from (2a), (14) and (16),
‘ —9a2h2 ) — \a2b sin 20
Py = p—dpl b3 (a4 +-b4) cos (04 ax)—2a2b? cos (0—a) —Aa®b sin 26] . (19a)

(a"—2a%b? cos 20+b9)

b2(b4—a#)[2b sin (64-a)+A] o .. (195)
(a%—2a2b® cos 201-b%)2 . o a

py = 2pU
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where
b2(26 sin (04-a) +A)2

= [I~1pU%
p=1M-3pU {a%+—2a2b2 cos 204-b4) "’

(190)

Next, to evaluate the components‘ of the reaction of fluid on the elliptio
oylinder, denoting by X, 1’, again, the components in the {£—n directions, we

have instead of (9),

X—iY =§pi§;( ;) AL+ zﬁi‘!« dE,

the integrals being taken round the contour (15a). That is, from (1
(18),

(dW,)2 AW, didzW, dW,d2{

. 4 - dz . dz dz dz22 = dz dz® dz

X—zY—.:%,g% i dz+2ut aw. q df ,E;dz,
¢ d2 ¢ dz dz" dz

the integration being now round the cylinder |z| = b.
Hence, splitting up as before, we have

: : o b ax\? a2\~
X‘“"’l:*”’fﬁ s (e P 2 (1-5) e
C

= —2m7ipU)e'®,
X] = ZﬂrpkU sin %
Y = 2mpkU 008 a

and from (20) with (16) and (14),

) i [ a®
Uﬁ | 2(b2e® —a2e “)-{-lA(Z'{'%‘)
dz
c

Xo—=1Y 3 = 2u1. ) i 2 o )
(1“ 2) (-5
COs & sin o
= —41mU 252 { s st b’—az§
giving ‘
Xo= —4mulU. b2+ 5 CO
2p2
Yo = 4mpll . gt sin «
Thus, finally,
. 2b2 \’
X = X1+ Xy = 2mpkU sin a—4npv.m cos «|

I I
Y= Y1+Y2=2”Pkaos¢+4"“U'b—I:;imaJ

7) and

(20)

. (20a)

. (20B)

(21)
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Lift and drag
If L and D denote the lift and drag on the cylinder, then, generally,

= X gsina+4Y cos o
}-- .. (22a)

D= —Xcosa+Y sin a

go that
D+il = —(X—i¥)e~® .. .. .. .. (22b)

Hence, substituting for X and Y from (12) in (22h), one gets
871'y.U b

L = 2mpkU 4+ azsin2oc?

87pulUb2 - (220)

bi—gt

D= . (b2—a? cos 2u) f

Expressed in terms of the semi-axis a’, b of the elliptic cylinder, one has
from (154), (21) and (22¢),

X = 27pkU sin a—4mpU (1+§~,) cos o

(21°)
Y = 2apkU cos a+4apl (1+Z—,) sin o
and
L = 2apkU +4mpU (b' - 37) sin « cos o
(22¢')
b’ e’
D = dnpU 1+‘—1—, cos2 oc+-b—, 8in2 « )
Observations : ‘
(i) When o« — 0 the flow is parallel to the major axis and
X = —dx U(l+—l£) l
(o Py (23)

Y = 2=pkU l

Equations (23) show that the drag agrees with that of Ghosh (1954) and is
unaffected by the circulation. The introduction of circulation merely causes
the lift which again is the same as in the case of the circular cylinder, that is,
unaffected by the shape (as is well known).
(ii) When a — 0, ¢’ — b’ and the elliptio cylinder reduces to the circular
oylinder. Equations (21), then, lead to the results obtained
previously in (12).
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