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ABSTRACT

An attempt has been made to explain the radial velocity curve of B-Cephei star,
BW Vulpeculae, on the basis of mechanical decay of shock wave, following Brinkley and Kirk-
wood. For mathematical treatment the star has been assumed to be spherically symmetrical.
Density variations in the outer layers are taken to be negligible. The computed radial velocity
curve has been found to be in fairly good agreement with the observed one. The computed
time for decay of the shock wave is of the order of the observed period. It is also noted that
the introduction of curvature in the outer layers does not modify very much the results obtained
earlier on the basis of plain parallel layers.

InTRODUCTION

Observationally it is found that in the case of a variety of stars the insta-
bility does occur in the outer layers. pB-Cepheids, which are also called
B-Canis Majoris stars, represent one class of such objects. The variations
of radial velocity were found even in the early thirties. Petrie (1954) made
extensive observations of these stars. From his observations, which covered a
range of over twenty years, he found the period to be less than five hours.
The details of the observed radial velocity curve have been published re-
cently by several authors (Petrie 1954, Struve 1954, Odgers 1955). In Fig. 1,
a curve has been reproduced from a paper by Odgers (1955). Special feature
of this curve is its discontinuity. It shows a jump from maximum positive
velocity to a ‘still-stand’ and from ‘still-stand’ to maximum negative velocity.
Some irregular motions are also observed, just before and after the ‘still-stand’.
After applying corrections for the effects of foreshortening and limb-darken-
ing, the observed initial velocity corresponds to a Mach number of about
six, suggesting the motion like a shock wave. Also from theoretical consi-
derations it can be shown that any disturbance which originates in the interior
of the star when it passes to outer layers will develop into a shock wave merely
because of the low value of density in these layers. In the present note an
attempt has been made to study, as a first approximation, the plausibility of
the interpretation of this radial velocity curve on.the theory of mechanical
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Fie. 1. Observed radial velocity curve for BW Vulpeculae from Odgers (1955).

decay of the spherical shock waves as developed by Brinkley and Kirkwood
(1947). '

THEORY OF SHOCK WAVES

In recent times the theory of shock waves has attained importance,
specially in connection with the explosives. The review article by Penney
and Pike (1950) gives a list of references to previous work on shock waves,
both experimental and theoretical. Among others, the work of Kirkwood
and Bethe (1942) and Brinkley and Kirkwood (1947) may be mentioned.
We shall follow here the treatment of the latter authors. The hydrodyna-
mical equations of motion for the case of one-dimensional spherical shock
waves are as follows:

(i) Equation of Continuity:

po Rz 5-1—1-'--;-:—-’—)?2'"5; . . .o (l)

;E.E:—P——o.é}é .. .. . (2)
where u = (g_:) is the particle velocity, p is the pressure in excess of the
R

pressure p, of the undisturbed fluid, ¢ the time, p the demsity and py
the density of the undisturbed fluid and r the Eulerian co-ordinates at time ¢
of an element of the fluid with Lagrangian co-ordinates R. . ( is the velocity of



SPHERICAL SHOCK WAVE IN A STELLAR ATMOSPHERE 443

sound. Here it is assumed that the variation of p, with respect to R is negli-
gible in comparison with that of p. This assumption is not too bad because
in these layers of stellar atmosphere, the pressure and density are already
small. Besides these, we have three Rankine-Hugoniot conditions relating
the physical quantities on the two sides of the shock front. These are:

(1y Conservation of momentum gives:

p=pP.w.U .. .. .. .. @3
(2) Conservation of mass gives:
pU—w) =p.U .. .. .. .. @
(3) Consideration of enthalpy gives
_2(L _1_)
/_\H—-z(P+p0 R )

where AH is the specific enthalpy increment experienced by the stellar

material in traversing the shock front and U is the velocity of the shock front.
Applying the operator

1

v : ot . .. .o .o (6)

to equation (3), we get

ou du g 0p g Op

at+U.a_R_%-é.-_R—l-%—-ﬁ-'-a?=O .o s » . (7)
where
12U _, B
g=1=G g =b U N £

Thus we have three equations (1), (2) and (7) relating the four partial
derivatives g—;—; , %:f, g% and %th . To solve for these partial derivatives,
one must have a fourbh equation which is obtained as follows: On passage of
the fluid through the shock front, its internal energy increases corresponding to
increase in entropy. This energy has to be taken out of the strength of the
shock, consequently shock wave decays.

The ‘gas behind the shock front follows an adiabate and ultimately comes
to equilibrium at gas pressure p, equal to the pressure in undisturbed pre-
shock equilibrium. It is found that the final density is different from the
preshock density po. ‘%’, the specific enthalpy increment of an element of
fluid on crossing the shock front and returning to pressure p, along its new
adiabate, is given by

h_—.E+p0.A(%) R )
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where £ is the increase in specific internal energy of the gas at pressure p,.
It will be shown later that # << AH. Work done on the fluid exterior to the
generating surface is given by

R ] .
wy = 41rf Po.roz.E.dro+4‘rrf 2 u’ . (p'+pg) . dt oo (10)

%o %o(R)
where 4’ and p’ denote the particle velocity and excess pressure behind the
shock front, #(R) is the time interval of the shock front at R, a, is the
Lagrangian co-ordinate of the generating surface of the shock wave. If AV is
the volume swept out by the initial generating surface per unit area of the
initial generating surface and introducing % from (9), equation (10) can be
written as

e o

Po.ro2.h.dr0+4-rrf r2a’ . p dt .. (11)
. to(R)

R
w0=p0.AV+4-rrf

ao

The time integral may be assumed to vanish at B = oo, i.e. as the shock front
passes to infinite distance, and hence in this limit we have

®
wo=f Po.”'oz.h.dro-'-po.AV.
a .

Subtracting the last equation from (11), one gets

D(R)Ef 2. p . dt a2
to(R)
=f To2.P0-h.dTo .. . .. (13)
R

where D(R) gives the work done on the gas exterior to B which represents
the energy of the shock wave.

The energy time integral given by (12) is expressed in terms of reduced
time and v(R) as follows, which permits to make its estimate convenient.
Equation (12) can be written as:

* o r2pu
f r2.p . u.dt=R2.p. uf Rz—"{['dt
to(R) tom P

2 p

—_—-Rz.p.u .dr.

= R2, pP.u.p f
0
Here p and u give the excess pressure over the undisturbed pressure p,
and particle velocity at the shock front.
We write
DR)y=R:.p.uv®.p.. .. .. .. (14
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where
=J.mf(R,'r)d-r O )
and ’
f(R,f)=’1:T'%'.—":; B 1 1)
t‘tﬁ(R) (17)
so that

——m PR 18

We want the initial value of f(R, ) as unity and its initial slope as —1, then
the energy time integral (12) is norma].ized. It gives the following relation:

1 1
—— 2 .. .. (19
1 2. at(r &4 u)l = £o(R) 19)
so that we have
1 ou, 1l dp R . p.u.v
w o p at+R ~ T D(R) (20)
At the shock front r = R, therefore, equations (1) and (2) become
ou, 1 9p :
at+P0 SE=0 . . 2
P ?14 1 op 2u o
py 3Rt TR (22)

To complete the set of four equations we write equation (7) again

ou ou g Op g 9p
ou_ o _g 9% _ 9 %®_,
TV SR~ py 3R " 0 a0 (23)

where

The equations (20), (21), (22) and (23) form the four basic equations.

From these we determine = op P and ap and substitute in the relation

R ot
dp _ dp ap
H= ot @ (24)
to get the equation
)+ (1-%)
4{-")14+211—- =)@

p_ _, B*.p® 1 a _g (p ,+ P .. (25)
dR ~ D(R) p U 2(149)—G R~ 2(i+9)—C '
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where
—1— (Y
(B e
Also equation (11) gives
4D _ _ps .k (27
5= Py R 4]

Our problem reduces to the integration of the two simultaneous equations
(25) and (27).
ISOTHERMAL APPROXIMATIONS

In the present study, losses by radiation have been neglected. Also the
factors like viscosity, conductivity and change of ionization are not taken
into account. In the following calculations it is assumed that due to great
rise in temperature across the front, the radiation flux is great and very fast,
so that it equalizes the temperature on both sides of the front almost instanta-
neously. Here it is implied that the shock front is transparent, which is
justified because it is very thin. Therefore it is taken that the isothermal
relation between pressure and density on the two sides of the front hold.
The gas behind the front follows an adiabate to reach the final equilibrium
state.

The equation of state for a perfect gas under isothermal conditions gives
the relation

prpo_p g
Do Po
Defining s as follows:
% _P=Po_, . .. 9
Po Po
we got
p = Py(l+3) .. .. .. .. (30)
and
p=pPy.8 .. .. .. .. ..o (31)

With the help of equations (3) and (4) we express the quantities behind
the front in terms of s as follows:

__Co 8
u=3. GEI (32)
U=gy-g.(s+1)i— we e (33)

8
g=1—.2~(3-|:_1u)‘ (34)
G=1— L (35)

~ Y+
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Here 02 = y.%—q and C? = y 2TPo -I’-,p 9, but for the isothermal case 02 = Co2. ¥
0

is the ratio of the two specific heats of the gas.

In order to show that A < A H, let us denote the density on reaching final
equilibrium by po*. Then the decrease in enthalpy per unit mass of the
gas after it has traversed the shock front is

Y (p'”’" p°) Y Po () ’l.’) ... (36)
7—1 P Po '}’-—-1 P 0 Py
The final adiabatic relation is represented by the equation
P+po _ po
R Al .. . . .. (37

50 that in terms of s we have

1
P’l‘}*=[1+s]("l) s<lify>1 .. .. .. (38
0
i.e. Pg* > Po.

This shows that the shock wave may be regarded as losing its energy by
irreversible heating and compression of the gas. The decrease in enthalpy
by this process is
LA [ —1}6 1>] . (39)

y—1 Po
which is positive, so that k. < AH. We have therefore

4 (1)
Po-h-:Po.AHf—m"po.[l—{S'l‘l} ]

1.

Substituting this in equations (27) and expressing (25) in terms of s, the two
simultaneous differential equations which we have to solve become

Zg RZ-—29 (::2)+R2 5=y P [1—{s+1}(7 )] .. (41)
and
ds _ _¥.pe.g,. S Y=lbve 2 s IAdyedvsios g
dR D 8+l 3yF1+2¥s R s+1 3y414-2ys

INTRODUCTION OF DIMENSIONLESS VARIABLES

For numerical integration of the equations (41) and (42) it is convenient to
introduce the dimensionless variables £ and y as follows:

DR =pg.28.L .. .. .. .. (43
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and
R=y.x .. .. . .. .o (44)
where A is the stellar radius.
On introducing these non-dimensional parameters in equations (41) land
(42) we get

df s(s+2) Y (l-l)]
= —y. 2(8+1)+y2.y_1 [1—-{s+1} ¥ .. .. (45)

and
ds _ v 83 Y—14¥s 1 28 2y43vs+7vs2—s

&= UV D) WA Ty 4D SvHitors

Taking v == 2/3 and y = 5/3 for a monatomic gas in the above equations
we have

(46)

dt . S(s+2)

~2/5
P y.2(8+1)+y2.%.[1—{s+1} ] .. ..o
and
ds 1 2 s3(5s+2) 8(5s2412s4+10)

1
&y~ Y B0+ "y (Bst9)s+1)

(48)

INITIAL VALUES

Equations (47) and (48) are our final equations which we shall numerically
integrate. For this purpose we require the initial values. The actual velo-
city of the material behind the shock denoted by u is given by the observed
radial velocity corrected for foreshortening and on the assumption that the
shock front is transparent. Then with the help of equation (32) and the ob-
served initial velocity, the value of s can be calculated at the depth y, where
the shock effects first become visible.

The initial value of ¢ at y, is obtained as follows:

We know from (12)

e

D(R) = ft r2.p .. dt.
o

Therefore with the help of equations (43) and (44) we write

D(R)=po./\3.§=l.po.,\3.f yi.dy .. .. (49)

t=1,

where we have taken p" =1.p,, | being some dimensionless constant. By
integrating the observed radial velocity curve we can find the fraction of the

stellar radius
f ' . dt
= to
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traversed by the stellar material behind the shock front on its outgoing path,
which is nearly equal to 0-1. Initial value of s = 50 was found. As an estimate
we take ! = 10, so that p’ = 10p, is the average pressure excess after the
passage of the shock front, so that we get initial value of { = 0-90, and the
equations are then integrated with these initial values. The value of { is
uncertain to the extent that ! is uncertain, probably by not more than a factor
of two.

NUMERICAL INTEGRATION

With these initial values we numerically integrated the equations (47)
and (48), using an electric calculating machine, till the shock becomes obser-
vationally ineffective. After Hirm and Schwarzschild (1955) the following
scheme for integration was used :

fly+ay)=fy+ay- %+% ‘Diy+ Ly) - I-IQZD(?/)— 2-1;31)(3/—% Ay) -+ (30)

TABLE 1

Integration for Decay of the 1sothermal

Shock Wave

y 4 8 Ll uf[C
0900 0-90. 50-00 553 542
0-905 0-81 46-23 532 521
0910 0-72 42-63 512 5-00
0-9186 0-64 39:20 491 4-79
0-920 0-57 35-93 471 4.58
0-925 0-50 32-83 4-51 4-37.
0-930 0-44 29-89 4-31 4-17
0-935 0-39 27-12 4-11 3.96
0-940 0-34 24-51 391 3-76
0-945 0-29 22:06 372 356
0-950 0-25 1977 3-53 3-36
0-955 0-21 17-64 3:34 317
0-960 0-18 15-67 3-16 297
0-965 0-15 13-85 2-99 2:78
0-970 0-13 12:18 2-81 2:60
0-975 0-10 10-65 2-64 2-42
0-980 0-09 9-27 248 2:24
0-985 0-07 8-03 2-33 2-07
0-990 0:06 691 2-18 190
0-995 0-05 593 2:04 1-74
1-000 0-04 506 191 159
1-005 0-03 4-30 1-78 1-45
1-010 0-02 3-64 1-67 1-31
1-0156 0-02 3-08 1-56 1-18
1-020 0-013 . 2:60 1-47 1-06
1.025 0-010 2:19 1-38 095
1-030 0-008 1-84 1-31 0-85
1-036 0:006 1-55 1-24 0-75
1:040 0-004 1-30 1-18 067
1-045 0-003 1-10 1-12 0-57
1-050 0-002 0-92 1-07 0-55
1-065 0-002 0:76 1-03 044
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where f is any function of y such as Z and s, and D-operators are the successive
differences of Ay--g—'; . The step value Ay was chosen to be 0-005, so small

that the third differences became negligibly small. The last three terms in
equation (50) are initially obtained at every step from a forward guess. This
guess is checked by calculating )

fy+ Dy)

Ay 3y

with the help of differential equations. Then the necessary [-values can be
computed. If they do not check with the guessed values within two units
of last digit, the cycle is repeated. The whole procedure of one integration
step is performed simultaneously for { and s. The values of { and s
computed by this process, as the shock wave decays, are given in Table 1.
Having found the values of s along the stellar radius the values of »/C and
U/C were determined with the help of equations (32) and (33).

DeTERMINATION OF TIME

In Fig. 2 we have plotted a graph of 4/C and U/C against y. It is seen
that the relation between U and y is almost linear in the range 09 <y <10

lm T " L] L )
—_— U/C

.90 .92 .94 96 98 wo 12 14
Y-
F1a, 2. Velocity versus distance curve (Theoretical).

and therefore we can closely represent them by the linear relation

U

o =3797-3618y .. O (-1
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As R is the Lagrangian co-ordinate of the shock front we have

aR-
so that
7
y0
= — %T?s.o [log,(37-97—36189)Ly .. .. .. (53)

From observed values of temperature the veloeity of sound € is found to
be 24 km/sec. Also we know A = 7-3 R (Odgers 1955), so that when U is
measured in km/sec and A is measured in km we have

t = —5-84 X103 [log, (37-97—36-18y)]q.¢ seC. . .. (54)

In Fig. 3, we have plotted the computed and observed values of » against
time. The observed values have been taken from Odgers (1955).

ec j ) ' ' '
.20 L 4
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FRACTION OF A DAY

F1a. 3. O Computed and @ observed [Odgers (1955)] radial
' velocity curves of BW Vulpeculae.

CoNcLUSsION

From Fig. 3 it is seen that the theoretical curve is in fairly good
agreement with the observed curve. The time of decay of the shock wave is
also of the same order as the period of the radial velocity variations. Keeping
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in view the rough approximate nature of the work, it may be said that shock-
wave interpretation of the radial velocity variation of these stars may be
a plausible one. It may be mentioned here that no attempt has been made to
suggest any mechanism for the origin of the initial disturbance in the deep
interior which is responsible for the development of shock waves. Comparison
with the results obtained before by Odgers and Kushwaha (1959) shows that
the introduction of the curvature in the outer layers does not affect the results
to any appreciable extent. However, it may be pointed out that there seems
to be a slip in the theoretical initial value of  in the earlier paper. The actual
observed velocity quoted by Odgers (1955) is —130 km/sec. Whereas the
plotted theoretical initial velocity u in their (1959) Fig. is —120 km/sec. Any-
way, this difference will not have much effect on the general trend of the curve,
because the observational curve seems also to be shifted to start at the velo-
city around —120 km/sec, which means that the point at which shock
becomes observable is shifted from actual depth to little outside.
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