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ABSTRACT

In this paper, the shear waves produced by a torque exponentially decreasing with time
and applied on the circumference of a circle on the plane boundary of a semi-infinite isotropic
elastic medium has been discussed. Viscous dissipative forces are assumed to be present in the
medium., The material is supposed to be of the Voigt type. By reducing the radius of the
circle to zero we can deduce the case of a concentrated torque. -

INTRODUTCTION

Reissner and Sagoci (1944) determined the distribution of stresses in the
interior of a semi-infinite, homogeneous, isotropic elastic material due to a
periodic shear stress applied in an axially symmetrical manner to a circular
area of the plane surface by means of a rigid disk, the torsional displacement
being supposed to be prescribed immediately under the disk. Sneddon (1947)
discussed the corresponding steady case by means of Hankel transforms. -

Verma (1957) discussed the distribution of stresses and obtained the
expression for the displacement on the plane boundary of a semi-infinite
elastic solid in the static case, when shearing stresses are préscribed in an
axially symmetrical manner on the circumference of a circle on the plane
boundary. He obtained as a limit the corresponding expressions when the
torque is concentrated at a point, by making the radius of the circle tend
to zero. Here we propose to discuss the corresponding transient problem
when the shearing stress decreases exponentially with time. The material is
assumed to be isotropic, homogeneous, and visco-elastic of the Voigt type.
The vector equation of motion in this case is

- © -
a+2m1)w (V,Z)+(X+2F')V (v,z—’;)—pv XV Xt~ XV x%:i_-: p%;'zi, 1)
where # is the displacement vector, p is the density of the material, A, p are
Lamé’s elastic constants, and X, u’ are the coefficients of internal dissipation.
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EQUATIONS AND SoLUTION

We choose cylindrical polar co-ordinates with Z-axis directed into the
interior of the medium with origin on the plane surface and at the centre
of the circle r = a (on which the torque is applied).

[*)

r4

F1a, 1.

In the case under consideration, only the circumferential component uy of the
displacement vector will be different from zero and all the stress components,
except 7, and 7,y vanish. The non-vanishing stress components 7,5 and 7,4 are

given by the relations

s
T = (""‘" é‘t)

=\rt+e'y
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Thus u, will satisfy the differential equation

(142 2) =
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The boundary conditions of the problem are
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T = —Pe- d(r—a), t >0, z=0

=0,

where 8(r) is the Dirac 8-function satisfying the relations

f 8(ridr=1,
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z=00 ..

f 8(r—a) f(r) dr = f(a),

P is constant and w > 0,
To solve (3) we assume

Uy = e~ y(r, z),

@)
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(4)

(5)
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and then (3) changes to

2
(l_ﬂ)v2v=%v, .. .. .. .. (7

and (4) changes to

=0, = 0. .. .. .. (8

Now we introduce the Hankel transform

®

Vik, z) =f rod y(kr)dr
0

of the function v(r, z). Multiplying both sides of (7) by r J,(kr) and integra-
ting with respect to r from zero to infinity, :

azvo w? }Vr_o_ .. . o9

e — 24 -
dz? {k +62(1—w,’w9)

The solution of (9) is

V(k, 2) =VA(k) exp { —(82+k2)%2} | B2 = LA (10)
’ : ’ A1 =w/wg) '
using the second equation of (8). From (10) on inversion we obtain
® N
v(r, 2) = f A(k) exp {-—(,32+k2)"z}.]1(kr)k dk. .. .. (1D

0

Substituting this expression for v in the first equation of (8) and using the
relation that

S(r—a)=a f ke y(ka)J (kr) dk
0

we obtain

Ak) = Pa Jyka). .. .. .. (12)

» (1— w—‘io) (Be+R2)t

So from (6), (11) and (12)

~ct 0
Pae

0= B(I=awfwn) J

ke y(ka)J (kr)(B2+F2) Y exp { —(B2+k2) H} dk,  (13)
and substituting this in (2), |

Toy = -Pae"‘”j kJ(ka)J 1 (kr) exp { — (B2-+K2)2} dk. o (14)
0
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Displacement on the plane boundary: On the plane boundary z = 0,

—wl o
Pae

= -1
[“9],=0 = B(1—/awy) fo le(ka)Jl(kr)(ﬁz-{-kZ) dk. ..
To evaluate this integral we use Neumann'’s result

Ja(ka)T y(kr) = ;lr f Jo(kR) cos 8 d6, (16)
. 0
where R = 4/a2-+r2—2arcosf. Using (16) in (15)

Pac* (7 ® kJo(kR)
[uo]‘____o = m fo cos 0 d@

0 pz+k2

-t T
__ Pae f cosﬂe—ﬁR 8.
"F'(l—w/wo) 0 B

(17
Expressing %e_ﬁ ¥ as an infinite series in the products of the Bessel functions
I,(z) and K,(2) (Watson 1952, p. 366), we have

. (2m+1) KMH(%)TI)TH(BG) P,(cos b)), r>a

.. (18)
. (2m+1) L ”**"?ZK;"**(B’) P,(c088),0<r<a

By -
al
®
I
3

b8 y I8

where P, is the Legendre function of order m. Further we have

f P,, (cos ) cos 8db = 0, if m is even,
0

m-—2r42
Hm=1) (2m—2n1T (m_;i—) ra)
=% —1y 1
'_vl 2" Dir4+ V) (m—r+ 1) (m—2r+1)I" (T)
if m is odd.
So using (18) and (19) in (17)
‘ Pge™ S (4n+3) Kouit(Br)saq4(Ba) Sgep1s 7 > a
m(l—e/wp) n=0 (ar)}
[uphi—o = Pac™® K 3 s1(B0) 30 44(Br) @
. 244 2uf
mll—afag o A=y S 0<r<e

after replacing m by 2n--1.

where 8,,,; stands for the sum expressed in the second equation of (19)
10
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Torque applied at the origin r = 0,z = 0. Now if the torque is applied at the
origin and is of moment Ne™** = 2nPa’

—ot
% [ua]'go = .NG (] [1+c(1—w/wo)i]

4mp or(l—cw/wy)t wr
Xeo {-—-—-“’_——r} r>0 (21)
xp T=wfa’§? . .
So it is clear that if the viscous dissipative forces are absent, (21) reduces
to
. Ne ™ w ¢ wr
}1_1?0[“0]3=0—W 'c—r[l"*';;] exp ('— —c—), T>O. .o (22)

We may also deduce the expression for the static case of elastic medium by
letting w = 0 when (22) gives

. N :
lim [uo]x=0=m, T>O. . . . (23)

a—=>0

This latter result agrees with that of Verma (1957).

Discussion

In order to discuss the effect of the presence of the viscous coefficient
1/wy we consider two dimensionless variables £ = rw/c,

&= é(l—w/wor* [14(1—w/we)/€] exp { —£/(1 —w/w)*}

= %7"(1 +'r‘*/§) exp { —¢/7t},

writing 7 = 1—w/wy. It is obvious that the behaviour of u, due to changes
in 7 and 1/w, is the same as the behaviour of # due to changes in ¢ and 1/w,.
Moreover, we note that the above analysis is valid if w/w, < 1.

Now it can easily be shown that for a particalar value of £, @ increases
with increase in 7 for 7 < 0-134£2 and if = > 0°134¢2, % decreases with increase
~in 7. But = cannot exceed 1, which means that if £ > 273, % inoreases con-
tinuously with increase in r. Thus we may sum up this result as: ‘If
£<<2-73, 4 increases as long as 1/wy> 1/w X (1-0-134£2) attaining its maximum
at 1/wy = 1/w X (1-0-134£%) and then decreases till 1/wy = 0. If £ > 273, @
inoreases with decrease in 1/w, till 1fwy=0.” We have illustrated this in
‘Figs. 2(a), 2(b) and 2(c). ' Sl ‘ -
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