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ABSTRACT

This paper gives formulae for the number of partitions of j-partite numbers into exactly
k non-degenerate parts, distinct or otherwise. The recursion formulae obtained in the earlier
part of the paper are suitable for computation. No use is made of generating functions.

1. Working on the lines of one of the author’s papers (Gupta 1959), Om
Prakash Gupta (1960) succeeded in obtaining formulae for the partitions of a

j-partite number
ZVJ- == (’nl, Mg, Mg, . .., nj) = (n,)

with each n; an integer > 0, into exactly % parts distinct or otherwise, for
values of k < 6. The results, he obtained, were enough to lead us to several
conjectures. It was in an attempt to prove these that I was able to obtain
a complete solution of the problem of partitioning X; into a fixed number
of parts.

2. Notations.

All small letters including o’s and B’s denote positive integers unless
stated otherwise and ¢ runs from 1 to j.

n!™ stands for the product

n(n—=1)(n—=2) ... (n—m+1).
We say N, (= (n,)) is greater than M; (= (m,)) and write
N;>M; or JVJ'—M]' >0o0r M;< N;

when n; > m, for every ¢ < j.

We write tM; for (tm,).

When M; occurs as a part ¢ times in a part\ition, we indicate this by
- writing M ().

We say t|N; when t|n; for each 1 < j.

(N, k) denotes the number of partitions of N; into exactly ¥ summands
and g(N;, k) the number of partitions of N ;into exactly £ distinct parts. We
take

p(Nj: 0) = 0 =g(¥; 0)
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except when NV is null. In the exceptional case, we take
p(Nj, 0) =1 = ¢(Nj, 0),
X = MN;) =1 when t|N;

and
= () otherwise.
We write
P, or P(N;, k) for k!p(N;, k),
and

@, or Q(N;, k) for klq(N;, k).

The number of those partitions of N, into exactly 4 parts, which have just
¢t parts equal, ¢t > 1, and all others distinet from each other and also from
the t parts, shall be denoted by g,(V,, k) or simply g*(t). We shall refer to
such partitions as the t*-partitions of N, it being understood that the
partitions are into exactly k parts.

We define the operator o, by the relation

o fNj) = 2 f(Nj—rM;)
0 <M <N
J(IV,) being any number-theoretic function defined for all V.

3. The recurrence formula for g(&;, k).

Lemma. The partitions of N,—tM, where M, runs through all numbers for
which 1M, < N;; into (k—t) distinet summands, provide for ¢>1, all the
t* and (t+1) *-partitions of N, into exactly % parts. Fort = 1, these provide
the partitions of N, into & distinct parts, k times over, besides the g*(2) 2*-
partitions of V.

Proof. For agiven M;andt > 1,tM; << N;; let

*ZV]_’I.’NZJ'vN:ij:"-yN t<k=

k-t 5’

be any partition of N —tM; into (k—t) distinct summands.
Then .
Mj(t): Nlj’ sz, ey Nk-t,j; 14 <k,

is a t*-partition of N, when M is distinct from each of the summands

Ny Noj ..., N

E-t,j°
otherwise, it is a (¢-+1) *-partition of NV

When ¢ = 1, let Ny;, Ny, ..., N;; be any partition of N, into exactly %
distinct summands.

Then from the partitions of N~ into (k—1) distinct parts as M, runs
through all values < &, the partition

N]j, Ngj, ey Nkj of Nj
4B
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will be obtained every time that M, passes through one of the values
Ny, s=1,2,3,..., k. The partitions of N—Minto (k—1) distinct parts
will give also all the 2*-partitions of ;.

Thus, we have

kq(N;, k)+9*(2) = a19(N, k—1)
7*(2)+¢*(3) = o2q(N . k—2)

9*(k-1)+f1*(k) = Ok,]Q(Nja 1]
and finally
grk) =2, = akq(Nj, 0).
Hence
k
kq(N,, k) = 2] (=)' og(N, k—s) .. .. .. [A)

or what is the same thing

i [\137«

(=) k=10, ; .. .. .. [B]

1

Qk=

S

where
Q, = q(¥;, 0).

In particular

Q= Ul'QO,

@y = (9,°— )@,

@y = (0,°—30,0,+20;)¢,

4. The recurrence formula for p(N;, k).

Consider a fixed M; << N,.

Then M oceurs as a part in a partition of N, into k summands, at least
once in

partitions; at least twice in
PN, —2M, k—2)
partitions; at least thrice in
p(N,—3M, k—3)
partitions and so on; because if we take J/; as a part ¢ times, we are left to
partition (N,—tM;) into (k—t) parts. ;
Hence M ; occurs as a part exactly once in

p(NJ.—MJ., k—l)——p(Nj-—ZMi, k=2)
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partitions; exactly twice in
p(N;—2M;, k—2)—p(N;—3M;, k—3)
partitions and so on.

Thus if all the p(V,, k) partitions of N; into exactly & parts were to be
written out at length, the number of times M; will have to be written is
exactly

_p(Arj—Mj, k-—l)+p(Nj—-2Mj, k—-2)+ ce +p(Nj-—7‘Mj, k—r),
where 7 is the greatestinteger < k for which
Nj—rM;> 0.

Letting M; vary now, the number of all the parts in the p(N, k) parti-

tions is given by
Glp(l\yj, k—1)+0'2p(Nj, k—2)+ . +0’k_1_p(Nj, ])+0’}\-p(1\’vj, 0).

Since the number of all the parts is also

= kp(N;. k)
we must have
k
kp(N;, k) = z osp(N}, k—s) [0]
S=1
or what is the same thing
k
P = (k_'. 1)1 g Py _s (D]
2,
where Py = p(N;, 0).

The rather surprising similarity between the recursion formulae for
p(V,, k) and g(I,, k) shows that the expression for p(¥, k) will be the same
as that for g(&;, k) with the minus signs in the latter replaced by plus signs.
Thus . ‘

Py = (0,44 60,205+ 3022 +80103+604) Py.
while
Q4 = (0,2—60,205+3052+ 80103 — 604) Q.

REMARK. The k-term formulae [A] and [C] are suitable for computation
and are now being used by Om Prakash Gupta for the special case when
j=2.

5. The degree and the weight of an operator.

The degree of the operator

Profe cﬂt

oy o oty
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is defined as the sum

t
Z B,
r=1
and its weight as the sum
12
Z o.B,.
r=1
If
Py, = ¢r(0) . Po,
and
Q& = (o) . Qo,
where ¢, (0) and 4, (o) are polynomials in the operators oy, oz, .. ... .. 5 04

then it can be readily shown that the weight of each term in these polynomials
is k.

Moreover, in the expression for @,, the sign of any term for which the
operator is of degree (k—s) is given by (—1). It would, therefore, be quite
useful, sometimes, to group together terms of the same degree in the operators.

6. If we denote by X, the expression

xS
1?;3 s [a:] <1;
and by {f(z)}, the coefficient of 2" in the expansion of f(x) in ascending
powers of x, then

op(N;, 0) = M(N;) = I (X;),,,- .

In general, it can be shown without difficulty, that

Fofe .af:p(Nj, 0) = 1:_[ (Xfngz. . .Xﬁt)ni.

oy g ot
We make use of the fact that for all s and ¢,
oo p(Nj, ) = oM (V) =11 (XeX)n, .

The method for the computation of the value of
) Bt
(Xal'chg"'Xw) [E]

ng

for given #, is well known (Cheema 1956).
We further notice that the coefficient of @ in [E] is a polynomial in n;

i
of degree at least one less than 2 B,. The coefficients of the terms in this
r=1

polynomial depend not only on the values of «’s and B’s but also on the
residue class to which n; belongs with regard to the modulus given by the
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least common multiple of the «’s. As an illustration, consider the coefficient
of 2™ in X, X% ie. in ‘

a8 '
(l—m' .. .. .. . (6».1)

Suppose
n; = 5 (mod. 6)

then the coefficient of "° in the expansion of (6.1), i.e. in

(x24at4204 ... +x"i'1)(x6+2x9+3x12+ e +n"_5.x"i—2),

3
is
n,—5 n;—11 mn;—17 6
5t 3 t73 -ty
1
=?73(nt_4n5 5)

While if

the coefficient is
n;—19 3

+...+§

’ﬂi—7 n,—l3
gt g T3

= 31_6 (n?—Sn,-+ 16).

In general, it can be shown that for large »,, the coefficient of x" in the
expansion of
xPrxPe  xPx,
ay” g ot
is asymptotically equal to
nf/{b!a’flafz.. .aﬁt}

t
where

7. The expression for P, can be written in the form of a determinant.
Thus

Py = 251 Og Og3...0kr-1 Ok
—(k—=1) o, O3...0k_9 Ck-1
0 —~(k=—2) o0y...08-3 or-2 | P,
0 0 o... 51 g9
0 0 0...—-1 o

" A similar formula can be given for Q,.
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If we replace each o by z in the determinant for P,, then the value of
the determinant comes out to be

z{z4+1)(z42) ... (z4+k=1) .. R VA B

Hence the sum of the coefficients of terms for which the operator is
of degree k—r, r > 0, is the coefficient of «*~" in (7.1), i.e. it is the sum of
the products of the first (k—1) integers taken r at a time:

For example, the coefficient of o'~? o, for which the operator is of
degree (k—1) and which is the only term with an operator of this degree,
will be the coefficient of z*~*in (7.1). 'This is readily seen to be k(k—1)/2.

From (7.1) it also follows that the sum of the coefficients of all the terms
in P, is k!. Similarly, the sum of coefficients of the terms in ¢, can be shown
to be zero.

Since the weight of the operator for each term of P, is &, the number of
terms in P, is the same as the number of unrestricted partitions of k.

8. Calculation of numerical coefficients of terms.

Let N (T) denote the numerical coefficient of the term corresponding to
the operator 7' in P,, where

=P P

o az... 2,

H
with &’s all distinct and X o.f, = k.

r=1

By inductive reasoning, we show that

Ni(T) = k!/ 1:71 {p,1oF}

Let us assume that the result holds for all operators of weight < (k—1).
Then since

L4

k 1
Pr= X (k=1)*Yopi_;

{ p—1 T
NuT) ff] (k—l)(a )Nk--atr (;;:) ’
- Zf (]C-—l)(ar-])- (k—OL,.)'
- ! By ’
B I B [t
— 1! ¢
U=ll 2 up,
I 1 h{r=1
h=1 {ﬁh k }

k!
hél {Bh! “fh}

This completes the induction on k and the result is proved.
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It is noteworthy that the coefficient of each term in P, is a function of &
alone and is independent of j.

9. From the results of the preceding sections, it follows that (Wright
1956) '

Py = [N (nxg;) | -
b= p (TR0} g
and
((_1)k—2ﬂf,_k!___H(HXBr) )
= - : Oy .o G
DI e Pk @

Thus for & = 6, the eleven solutions of the equation Zx B, = k are
() a3=1,8,=6;
(2) u=1p=4;0=24
@) ar=1,8=3;a,=3 F=1;
4) ama=1,8=2;0,=2,8
B) m=18=2; =4
6) ay=1,8=1; a3=2
(7 «=28=3;
(B8) ay=2p=1;0=4F=1;
9) o =3,8=2;
(10) ay=1,B1=1; 0 =5,B3=1;
(11) a3=6,p;=1.

Hence

!
s =-fTi€7(Xf S mxixl) + H(X

4'2
6!
+2|2122 (XzXZ) 214H(X2X4)
6! T(x:
_1_2_3i(X1X 3) 123H( 2)

6! 6!
to g 0 EX), +orml (%),
6! 6! .
5 I (NXy), — 5 (X, -

In Py all the above terms have positive signs.
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10. It would be interesting to give the two highest degree terms in P,.
The first one is

g k
IZI{Xk}n = H | 2 }".’

i U i=1Q—2)
i)
T2\ k=1
and the second is
k! k=21
=2y 1.3, (X Xo)
— k(k2—1) .1’7 (n,-—zm-l) . (10.1)
l=10<2m<n¢—1 k-3
Now
Z (n,-—2m—l)
o<m< -1\ k=3
is one of two polynomials in n, of degree (k—2).
The value of the sigma in (10.1) lies between
(i) (i)
Hpog) and 32
and is for large n;, and fixed £,
ni—3%
N%(k_z); e (102
because
n,—2m—1 n,«—2m ’ﬂ‘—l)
2. ( k-3 )+ z (k—3)=(7c—2
o< 2m < m;-1 0 < 2m<<n;
while
n.-—-2m—1 n'—2m—2 n."—2
z ( k—3 )+ Z ( k-3 )=(7c—2)'
0< 2m << n;-1 0<< 2m << n;-2

Hence the second term is

k(k— 1)

= RN R Gl
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