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ABSTRACT

Wave solutions with axial symmetry describing the flow of gravitational and the electro-
magnetic waves are considered in the scheme of the general theory of relativity. The co-
ordinates are chosen in such a manner that the wave pattern is given by the 3-surface : = constant,.
This introduces considerable simplification in the line element, as also in the components of the
electromagnetic field tensor. The solutions divide themselves into two distinet types: (i) solu-
tions with open wave surfaces and (ii) solutions with closed wave surfaces. The first case
is worked out fully and it is found that these solutions describe the flow of gravitational and
electromagnetic radiations in the same wave pattern.

1. INTRODUCTION

A striking non-Newtonian feature of the relativity theory of gravi-
tation is the existence of gravitational waves. The theory can also account
for electromagnetic wave fields in the traditional non-unified way through
Maxwell’s electrodynamics formulated in a curved space-time, the curvature
of which is determined by the energy tensor of Maxwell’s field. Thus
wave solutions of the field equations of general relativity have a wide scope
for physical interpretation. The present paper is the first paper in a pro-
gramme of investigatirg wave solutions with axial symmetry in general
relativity which would describe propagation of gravitational waves or electro-
magnetic waves or both.

Co-ordinates have been chosen in such a manner that in the wave zone
one can take, for the components of the metric tensor g;;, g11 = ¢12 = ¢13 = 0,
g0 = g33. Further, if the waves are electromagnetic, only one component
of the skew tensor F, is non-zero when couched in terms of the chosen co-
ordinates. It is found that the wave solutions of the field equations divide
themselves into two distinct types. In one type the wave fronts are closed
surfaces of revolution, in the other they are open. Full mathematical dis-
cussion of the solutions of the latter type is given in the present paper. The
solution leads one to infer the existence of sources which generate both electro-
magnetic and gravitational waves.
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2. TaE METRICc WAVE FIELD

Since both gravitational and electromagnetic waves are propagated
along null cones of the corresponding metric field, we search for metric fields
gy which permit the existence of a family of null surfaces in the field. Now
it has already been shown elsewhere (Vaidya and Pandya 1960a) that when-
ever a metric field permits the existence of such a family of null 3-surfaces,
co-ordinates can be so chosen that g;; = g15 = ¢33 = 0, ¢14 2 0. This is done
by stipulating that the null vector v*, giving the direction of propagation of the
waves, has in the new co-ordinates the components (v!, 0, 0, 0). Again,
orienting the dz? and the dx3 directions in a proper manner one can take gsp
= ¢g33. Thus we choose co-ordinates in such a manner that the metric tensor
g.» takes the form

0 0 0 a
0 -B 0 —A

92=10 0 —B —p .. .. .. (2.
a —A et Y .

In case the waves under consideration are electromagnetic waves, the
wave field will be further characterized by a skew tensor Fag and we have
shown in the reference cited earlier that in the present co-ordinates this tensor
may be chosen to have only one non-vanishing component Fy,.

Our experience with known wave solution of the field equations of rela-
tivity (Vaidya 1953) suggests the following simplifying assumption in (2.1):

gl4=g41=a=l. . .. .. . (2.2)

We are working in this paper under this assumption (2.2).

3. FieLp EquaTIiOoNs
The line element in the wave zone is
ds? = — B[ (da?)2 4 (dx3)2] + v(dx) 2+ 2d 2 1dad

—2Max2dzt—2udaddat. .. .. (3.1

If the wave zone is traversed by gravitational waves, the field equations are
Ry=0... .. .. .. .. (32

If, however, the waves are electromagnetic, the field equations become
B=—=8a(F F™. .. .. .. .. (33

Since, in the present co-ordinates, Fy, is the only surviving component of
., we find from (3.3) that

'l

F

8
R4,=——Bf (Fo)2  we o e .. (34)

and all other components of E;; vanish.
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Since for both types of wave field all components of Ry, save Ry, vanish,
we have in the present co-ordinates a very powerful tool of investigating
both the types of wave propagation simultaneously. We now go on system-
atically working through the field equations Ry; =0, By3 =0, Rj3= 0,
Ry =0, Ry = 0, ete. ete. '

We find that the equation B;; = 0 gives the following simple differential
equation for B:

] -
—B’BA—% (%;—’) —0 or (VB),u=0. .. .. (35)
Here and in what follows we adopt the convention that suffixes attached to
funetional symbols following & comma denote the derivatives of the function

with respect to the corresponding variables, e.g. B, :=g§. The general
solution of (3.5) is B = (ax!+4-B)2, « and B being functions of the other three
variables. Two simple cases are immediately suggested:
Case I: B = B(22, 28, z4)
Case I1 : B = (z1)2 a(z2, 23, 24).
The second case can be easily recognized as leading to solutions with
closed wave fronts of spherical or rotational symmetry while the first case

will give us solutions with plane or two-dimensional symmetry. In this paper,
we are dealing with case I only.

4. FrELD EQUATIONS IN CASE I

We are now taking

B,]-’—‘O. . .e . .e (4.1)
Then R,, vanishes. Now the equations Ry = 0, B3 = 0 lead to
A,11=0, p,11=0. .. .. .o . (42)

These equations are of the same form as the equation (3.5) for ¥B. Thus,
consistent with the symmetry imposed on our solution by our assumption
for the form of the function B, we shall take in this case

A= A2, 28, 24), p = p(x?, a8, z4). .. e (43)
The equations Ry = 0 and Rgy = 0 both lead to )
(log B), go+(log B), 3s=0. .. .. .. (44
The equations Ry = 0, Rey = 0 and Rgy = 0 lead to
Y, 11=0 e e .. 4b)
—¥, 104+ (l0g B), 2a—E,8=0 .. .. .. (48)

~7, 15+ (og B), y+£,6=0 .. .. .. @7
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where éE= lli(”" 2=A8). .. .. .. .. (4.8)
The three equations (4.5), (4.6) and (4.7) are satisfied if we take
y = 21[(log B), ,~ J‘ £ Bt fah) ]+, 2%, %) .. .. (49)
and
Eootbrss=0 .. .. .. .. (410)

the new functions f and ¢ introduced in (4.9) being arbitrary functions of
their arguments.
One can now calculate Ry and obtain

3A 3 1
By=-— spYi1e— 2“%7’, 1=557 1A, o+, g)

1 1
- 2*17}(7, 22+, 33) — P[A’ 2a+ 1, saf+(log B), 44

‘-é£2+§11§(3’ 7). - . .. ... (41D)
Thus for general wave fields we have equations (4.4), (4.8), (4.9), (4.10) to
determine the metric field. In addition we have:
for gravitational waves By =0 .. .. .. .. .. (412)
for electromagnetic waves (BRy), 3 =0 .. .. .. .. (4.13)
This latter equation (4.13) follows from (3.4) and Maxwell’s equation
Fog,3=0. .. e .. .. (4.14)

5. A PARTICULAR SOLUTION

The following particular solution comes out to be very convenient for
physical interpretation.

We choose £€=0,B,,=0 and f=0. .. .. .. (8.1)

Then we find that the metric is given by

ds® = —B[(dx2)®+ (dz3)°]+11 +4(a2, 28, x4)](dz?)*

© 2dxl dzt ~22 da® dzt —2u da3 dat .. (8.2)
where (log B), gs+(log B), g3 =0 . .- .. (63)
and

Argtp,2 =0

As—p,3 =0

A gstA, g3 =0 & 00tp, 83 =0. .. .. .. (64)
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Thus (log B) satisfies Laplace’s equation in two dimensions (22, #3) while A
and p are conjugate functions of 22, 23 representing, in a sense, the potential
of the ‘irrotational flow’ of the waves.*

Now
1
By =~ 5B [, 22+, 85

Thus for an electromagnetic wave field

[, 2e+¥, 53], 3=0 .. . . .. (8.8)
while for a gravitational wave field
ll’, 22+lﬁ, 83 — 0 . . .o .. (5.6)

for which we have verified that the invariant conditions formulated by Pirani
(1957) for gravitational waves are satisfied (see Vaidya and Pandya 19605).

We have here a solution which represents propagation of electromagnetic
waves with a certain wave pattern and, when the source of the electromagnetic
waves is switched off, we are left with gravitational waves flowing in the same
wave pattern.

6. CoNCLUSIONS

The above solution clearly points at the existence of sources which emit
electromagnetic waves as well as gravitational waves. For if ¢ = ¢(22, 23, z*)
be any solution of the equation (5.6) for gravitational waves, then

§ = ¢+ any function of (z2, z%) .. .. .. (6.1)

is a solution of the equation (5.5) for electromagnetic waves, so that electro-
magnetic and gravitational waves are being propagated simultaneously in the
wave zone leading immediately to the inference that they are both generated
by a common source.
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* This solution is more general than the one recently reported by Peres (1960).



