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ABSTRACT

The present paper deals with the calculation of the microwave absorption frequencies of
methyl alcohol for the AJ = 0 series. For this purpose a model of the methyl alcohol molecule
proposed by Ivash and Dennison (1953) has been taken, A §-type hindering potential has been
assumed for internal rotation of CH, pyramid relative to the OH bar. Results obtained are in
good agreement with Coles’ (Hughes et al. 1951) observation. Additional features included are
the calculation of the high frequency spectrum, centrifugal stretching constants and line inten-
sities of methyl alcohol (for the AJ = 0 series). A new method for diagonalization of a large
order band matrix has been indicated in the present paper.

1. INTRODUCTION

Some molecules have two parts which are rigid by themselves but can
rotate relative to each other. This relative rotation, known as internal
rotation, is generally hindered by a periodic potential field. If the hindering
potential is neither too strong, nor too weak, then the molecule can have a
rich microwave spectrum provided that the moments of inertia of the molecule
are not too small. When the microwave spectrum is due to internal rotation,
the lines with AJ = 0 greatly outnumber those with AJ = 41 and one
usually expects the spectrum to fall in the region of a few ten thousands of
megacycles. Another interesting feature with AJ = 0 lines in internal
rotation is that one can get very high J values. The variation of the micro-
wave absorption frequency with the J-value is usually quite complicated and
is determined, together with other things, by the strength of the hindering
potential and the peculiarity of molecular geometry.

Methyl alcohol is one of the simplest molecules capable of internal ro-
tation. TIts study offers a unique opportunity for bringing out all the essential
features of internal rotation, especially the case with AJ = 0. Investigation
on methyl alcohol will also lead to the study of molecules where internal
motion is relatively complex, e.g. the case of methyl amine (CH;NH,) which
is capable of simultaneous internal rotation and inversion.

The internal rotation of methyl alcohol was first studied from its infra-
red spectrum (Borden and Barker 1938). Structurally, this molecule is
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supposed to be formed of two parts (Fig. 1), the CHg pyramid and the OH bar,
rotating relatively to each other. Koehler and Dennison (1940) in their
first theoretical analysis pointed out that the fundamental frequency for
hindered rotation is about 270 cm™', whereas the lowest vibrational frequency
is about 850 em~!, and hence CHjs group and OH bar can separately be sup-
posed as rigid. This feature of the molecule has essentially been retained in
all later work.

Fia. 1. The methyl alcohol molecule.

Infra-red spectrum, however, was not conclusive for internal rotation,
which was substantially established by its microwave spectrum first observed
by Hershberger and Turkevich (1947). Later, accurate observations were
made by Dailey (1947) and by Coles (1948) and Hughes ef al. (1951) using high
resolution Stark-modulation spectrograph. Coles measured the Stark-splitting
of lines, in addition to their frequencies. In an earlier paper, Coles (1948)
studied a spectrum arising from J = 2 to J = 10, which were later identified
by Burkhard and Dennison (1951) to be of the AJ = 0 type. Later Coles
(Hughes et al. 1951) extended his observations up to J = 30, which were taken
care of by Ivash and Dennison (1953), proceeding essentially similarly as
Burkhard and Dennison (1951) and eventually proposing a slightly modified
molecular structure.

The fact that O and H of the OH bar in the methyl aleohol molecule is
away from the symmetry axis of the methyl group makes the classical Hamil-
tonian of the system a very complex one, viz. that of an asymmetric top
capable of internal rotation. Even with the best chosen co-ordinate system,
the Hamiltonian will consist of involved functions of various moments and
products of inertia. Naturally, the quantum mechanical Hamiltonian does
not possess eigenfunctions and eigenvalues that are expressible as simple
combinations of known functions. The procedure, therefore, is to divide
conveniently the Hamiltonian as a sum of a relatively large part (unperturbed)
over which smaller corrections can be superposed (perturbed). The division,
however, is not unique. For example, one could divide the total Hamiltonian
as a sum of one for rigid asymmetric rotor (unperturbed) and another
for internal rotation (perturbed). This is the method adopted by Burkhard
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and Dennison (1951) and Ivash and Dennison (1953). However, one could
also divide the same as a sum of a Hamiltonian for symmetric rotor with
internal rotation (unperturbed) and another Hamiltonian to take care of
asymmetry. In the present treatment, the latter method has been followed.
It offers obvious advantages of finding the eigenvalues and eigenfunctions of
the unperturbed problem but makes the perturbation unusually large at
high J. A method has been indicated for diagonalization of such a resultant
total Hamiltonian. ’

In Dennison’s work, a sinusoidal type hindering potential has been taken.
The eigenfunctions of internal rotation are then Mathieu functions. The
latent roots are then developed as a product of three rapidly convergent
continued fractions, In the present case the potential taken is of square
well type giving sinusoidal eigenfunctions. Furthermore, in Dennison’s
work, the v—J relationship was developed by the method of curve fitting into
a power series as below:

v = vyt ad (J + 1)+ BT + Do 8T+ 1)8FdJ AT+ 1)+ ... .. (1)

Hence vo, @ and b were known from experimental data. Comparing these
with theoretical formulae, some of the moments and products of inertia were
calculated while others were assumed to be the same as in CH, or HyO. These
in turn gave CO distance, COH bond angle, etc. Since the objective of the
previous workers was to determine the molecular structure, only », @ and b
were to be known and the entire J-range was not necessarily needed to be
investigated (vide Tables 1 and 2). In the present case, we assume the
molecular structure proposed by Ivash and Dennison (1953) and then see
what kind of »-J relationship such a structure gives for the AJ = 0 transi-
tions with a 8-type potential barrier. In doing so we have to find the value
of » at each value of J and that makes the procedure quite involved.

TABLE 1

Best values of constanis of equation (1)

Burkhard and Dennison Ivash and Dennison
(1951) (1953)
ve 24-94813 kMe/s 24-94804 kMec/s
a —2-9656 Me/s —2:942 Mec/s
b 0-11258 Me/s 0-1111 Mec/s
¢ —04094X10"¢  Mo/s —1-06% 1075 Me/s
d —03168x10"%  Mo/s —49%1077 Mo/s

.Since the methyl group has a threefold axis of symmetry, the resultant
total Hamiltonian will be of (6J-+3) X (6J-+3) order. However, if it is
possible to include the two states of transition in the same sub-group, then it
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TABLE 2
Molecular parameters of CHZOH found by different investigators

Burkhard and Dennison Ivash and Dennison
(1951) (1953)
Distance OH Taken same as in H,O 0937 A
Distance CO 1421 A 1434 A
Angle COH 110° 15 1° 25’ > apex angle in HgO
5° 44’ > apex angle of H,O
Distance of O from symmetry 0-084 A 0079 A
axis of CH;
Potential barrier 380 cm—-1 375 cm—1 7

is generally possible to factorize the Hamiltonian into three matrices each of
(2J+1) X (2J+1) order.* Onme can then diagonalize the convenient matrix
only. This feature has been retained in the present treatment.

2. Dywnamics oF THE METHYL ArcoHoL MOLECULE

We envisage a rotating co-ordinate system with C as origin, the symmetry
axis CZ as the Z-axis and X-axis in the plane H,CZ, as shown in Fig. 2. The
angle between the H,CZ plane and the COH, plane is the internal rotation
angle .

g VPRGN S |

L3 Hy
Fia. 2. Co-ordinates of atoms in the methyl alcohol molecule.

—

Let the position vectors of the atoms relative to C be given by p and

let @ be the angular velocity of the rotating frame with respect to the
space-fixed co-ordinate system. Then if G be the centre of mass of the
molecule

0G = Mopotmalprtpatestpd . )
mc+mo+4mH -

*8ince there is no matrix element connecting one sub-group to the other provided we neglect
nuclear quadruple moment interaction, etc.
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Velocities relative to the centre of mags are given by

- - = R

Vc=—%(¢_;x;;+=rkxp)—’%($xf;;++kxp)

—mﬂ”_’x (;1+;;+5;) e (30
Vo= (@t#) x otV .. o .. . .. . (3D)
Vim(woxp)4+7.; i=1,23, e 89

and
Vo (o+i8) x oot Vo oo o o (3d)

where M = m,+-my+ 4my = total mass of the molecule and k is a unit

vector along z-direction. Now if 7 be the kinetic energy of the molecule,
we must have

o = MV2+2F, - (w++E) x (mofo-tmupy)+maw x (pr+Po+05)}

2

) x 48] 7
+mH{(Z X ;;)2+(Z X p_;)z+(; X ;;)2}. . .. .. (4a)
In view of equation (3a), the second term on the right-hand side of (4a) is
o7, (~MT,) = —2M7?,
Therefore,
9T = mo { (w++E) x po} +mu | (wt5E) x o}

tor § (w0 x 21) +(w x a) + (e x p) J—20VE . (ab)

Let the co-ordinates of the end point of the vector p in the rotating
axes be z, y and z. Then, after algebraic simplifications, we obtain

oT = wiZm(y2+z2) +w32m(zz+x2) +wa‘m(m2+ 4 —2w w Tmzxy
—20 w, Tmyz— 2% w Emzz+ (#) {m(z24+y2) +my(z5+93)}
+20 3 {my(z5+45) +mg(@it ) } — 20 HMeTo2FMuT )
—2wx+(m0yozo+mgy4z4)_MV2; .o .o .e . (4;6)

where T extends over all the particles. In equation (4c) the terms involving
+ are due to internal rotation, and other terms constitute the familiar ex-
pression for the kinetic energy of a rigid body. Squaring equation (3a),
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putting the co-ordinates of the vector p and finally substituting in equation
(4c), we get the coefficient of «Z in 27 as

I;4-F sin? ¢, .. .. . .. (5a)
where

m m
L= my (1= 50) btm, (1= T2) @bt bbb )

2 -~

2mmy, 2my,
- zo(zat-22+-23+24) — S {2421 +22+25) + 2175
+xox34-x3y 4212542023 +Zgzl} . .e . .e (5b)
and )
m Mg\ o 2mgm
F=m, (1- TM‘O) Btmy, (1- -M’-’) Lt—=tl. - o (50)
The coefficient of wf in 27 is
I+ F cos? . . .e . .. (bd)

The coefficient of «? in 27 is I, where

m, m m P P
1y my (1= 50t (1= 52) 2, (1= 32) (el

2
2mHm0” —%(xa: +zoxg+T371) (5e)
M 0'4 .M 142 2tg 871). ) .o .e .

The coefficient of — 2e,w, in 27" is
F sin T cos . .. .. .. .. B

The coefficient of —2w,w, in 27 is ¢ sin 7, where

G = —my (1 *%D) lozo+my (1—7—"4}1) l4z4-‘m;;no (tazo—lo24) .

M
MYy m:
+—37 b (Ert2et20) =57 L tzgta). - . .. (59)
The coefficients of ;2w,w,, ()2, —20,4, =20, and 204 in 27" are respectively
Geost, F,Gcos7,@sinrand F. .. .. .. (5R)

Now, collecting terms from equations (5a) and (5d) to (5h) we get
21" = (I, +F sin*r)owi+(I1+F costr)w;+Izw’
—2w,,F sin 7 008 v—2w,w,G 8in T1—2w.w,G cos 7
+(#)2F —2w,4G o8 T~ 2w, 4G sin 7+2wFF. - o e (6)
Components of total angular momentum along z-, y-, z-directions, eto.
can be calculated with the formula
oH T

0, 0w,

P, = etc., . - . .. (7a)
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where H = T+ V (potential energy) is the classical Hamiltonian of the system.
Such momenta are not necessarily cannonical in the sense that there is no
co-ordinate whose time-derivative is w,, w,or w,. These are quasi-angular
momenta of classical mechanics (Corben and Stehle 1950).

Applying equation (7a), we get

P,= (I;+47F sin?r)w,~— F sin 7 cos rw,~G cos 7(w,+%), .. (7b)
P, = —F sin 7 cos Tw,+(I;+ F cosr)w,—G sin 7(w.+7), o (7¢)
P, = —G@ cos rw,—G sin rw,+Igw,+ F7, .. .. o (1)
and
P, = —G cos rw,—G sin T+ F(w,+7). -  (7e)

From equations (7b) to (7¢), we get

 sin2r cos?r 1 1 .
“e= %(11+F> (ll—Gz/F>}P “FlTh=cTm) ~ (II+F>}P g ST COST
(G/F)P; cos T
P - o
9 1 I . ‘ { sin2r cos?r |
“s =\ =GEF) ~ (II+F>} Posinrcos i v~ T m S T
(G/F) .
+mP,sm7, .o .o N . . .o .o (Sb)
w, = (P,—P,)/(I3—F) N -7
and
. (G/F)cosT (@/F)sinr, 1 { 1 1 (G2/F®2) }
ity o 7y R ey Rl vy ) S By ey Ry S
(84)
Since
T = %(sz=+w’Py+w,P,+'5'P-r),
we have by the use of equations (8a) to (8d) and rearrangement
m_ U1 —=G¥F) (P24 P2 P2 (1 1 G2/F? )
I = Tt Pl —GoT) 2(13—F)+2(F+13—F+11—Gz/F byt
(F+G2/F)(P,cos 7+ Pysin7)® 1 PP
21+ F)I;—GE/F) (Ig=F) =7
(G/F)(P,cos 7+ P, sin 7)P;
+ (Il—-Gz/F; N )

3. QUANTUM MECHANICAL FORMULATION
In passing over to the quantum mechanical Hamiltonian, we have to

symmetrize expressions like sin =py and cos rp; and write —ik —a?—_’_ for pr.
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We then get from equation (9)

. v
Hfh = b(P?—P2)+aP2+2ia P, aa —(ato a 5+ ,(:)

. . 5 0
+ f(cos TP +sin 7P,)24ig (cos 7P, +sin 7P)) —

or
ig .
—5 (sin 7P —cos 7P,), .. . .. .. .. (10
where & = Planck’s constant and
a=hl{87%ly—F)}, .. .. .. .. (la)
b=wl{8=2Iy+F)}, .. .. .. .. (1d)
1 G2[F?
¢ = {h/(8a2) };F Vi -—/Gz/F;’ . (11¢)
F+GYF |
f= {8} TP —0h | . (11d)
and
G/F
g= — {h/(8n%) }3(1 /Gﬁ/F)} . . .. (1le)
Equation (10) can be put in the form
Hjh = Hh+H'[L .. .. .. <o (12a)
with
HOh = b(Pz—Pf)+an—(a+c)5a;z+2ia P,,a VL’) .. (126)
and
H'[h = f(cos 7P,+sin vP,)2+ig (cos 7P +sin 7Py) 56;
- 7—2‘-(/ (8in 7P, ~—cos 7P,). . .. .. {12¢)

H?® iz the Hamiltonian for internal rotation in a symmetric rotor. Inas-
much as methyl aleohol is only slightly asymmetric, H® is usually large com-
pared to H' at low and medium J. Again, since the selection rules and matrix
elements are well known for the symmetric rotor, the off-diagonal elements
with H® as basis are calculated with some ease.

The wave function for H%/h can be solved by supposing that

¥ = ¢yem Ulr), O &3]
where iz, are the symmetric rotor wave functions of Eulerian angles only

and independent of . U() is a function of r only. J, K and M are the usual
quantum numbers for total angular momentum, its component along rotating
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and space-fixed axes respectively. Substituting (13) in (125) and remembering
that P2y = J(J+1)¢ and Py = Ky, one gets

aa f—maK—— ~[v(r)—etak24B{J(J+1)—K2}]U =0, .. (14a)
where ,
= ot P= 0 "0 = oy ® ndemgorn e ()
Equation (14a) gives
aa —2iaK a——[@(f) ~LlU=0, .. .. .. (l40)
where
= e—aK2—B{J(J+1)—K2} - .. .. .. (14d)

The form of U depends on that of »(r). Owing to the threefold axis of
symmetry of the CHy pyramid, it is assumed

v(t+27/3) = v(7). .. .- . .. (16a)
We assume furthermore that (vide Fig. 3)
vir)=vlr<r<X .. .. .. .. (18b).
and
Wr)=0forXx<+<2m/3. .. .. .. ..(5¢)

In seeking well-behaved solutions of equation (14c) under conditions of equa-
tions (15a) to (15¢), one is helped by the use of unitary displacement operator
I’ defined by

Tf(r) = f(r4+2a/3). .. . .. .. (18)
I' is a constant of motion as can be easily verified. Thus there are three
symmetric types of eigenfunctions of HO, viz.

YremU(r), Yyeul’U(7) and Yyxul®U(7),

U(r) being a simultaneous eigenfunction of H® and I. The eigenvalues of
HO° are the allowed unperturbed energy values and those of I" are the three
oube roots of unity.

F1a. 3. Potential energy diagram for internal rotation of methyl alcohol.
Full line gives the potential in a polar representation. Potential
is measured along radius above the inner circle.
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Referring to Fig. 3, we can write
U (7) = e?2KT {4,e#7+B,e"¥7}, .. .. .. (17a)
where r = 1, 3, 5 and -

p =\ vy—L—a2K?, .. .. . .. (17p)
and 4, to B are the appropriate constants of integration in regions 1, 3 and 5.
Similarly

Uy(r) = e®2&7 {Ase"""-i-Bse“"”}, .. - .. (17¢)
where s = 2, 4, 6 and

v = A/{+«2K2, .. .. .. .. (17d)
and A, to By are constants in regions 2, 4 and 6. By the use of Floquet’s
theorem, we get

2w

. . 4 s N
oK~ T (oK -
Ay = Aged BRI g n BEET (18a)
29 . N 4m . R
T (—prinK - A ptiak -
By = Bgod "HTRECM _ p g (nptikom) (18b)
2ar4 i
(o vraK-n) M (~vtaK-n)
Ag= A8 T _Ben K (18¢c)
and -
2mi 4 -
S (~v+aK-n) - (-v+aK -n)
By=By 3 Tt _pes T . (18d)

n is the internal rotation quantum number and cycles through 0, 1 and 2.
The secular equation for energy eigenvalue is obtained from the continuity
conditions of the wave function and its derivative between regions 1 and 6.
By setting down the continuity conditions and utilizing equations (18a) to
(18d), we obtain, after algebraic simplifications,

p2—r2
Gy sinh py sin ¢+4cosh uy cos ¢ = cos A, .. .. (19a)
where
27 2
A=(§—)(1K+2n)and¢=v(—§- ) .. .. (19b)

A great simplification is achieved without loss of generality, if we suppose the
potential barrier to be of the limiting 8-type with X — 0, v5—> co but vX = § =
constant, With this assumption, ¢ ~> (2mv/3), cosh gX — 1 and sinh pX — (/2v).
Equation (19a) then takes the form

sin ¢

=3

+cosd=cosd, .. . .. .+ {19c)

where
P = (8/3). ce e L (199)

Fig. 4 shows a graph of the left-hand side of equation (19¢) as a function of

¢. The permissible values of ¢ are evidently given in the shaded region.
5B ~
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When K and 7 are prescribed, A is known and also ¢ from Fig. 4. One can
then determine (= zls;-aZK?-). The periodic variation. of { when K is
3

varied with # constant, first pointed out by Koehler and Dennison (1940), is
quite evident.

+
-

e &
5 %_Q+Cas¢—o-

% % —
/
Groung First Second
lstate excited e— excited e
' State state
F16. 4. Graph of f(¢) as a function of . Maximum valuc of f(¢) is (#0/3+1) at ¢ = 0.

fl$)

From the eigenvalue equation, we also get in the.limiting case of the
3-potential barrier

A1:Bl7 Y . n .. .. ..(20“)
By _ ot |
=t - (200)
and
A2+B2 = 2A1, .. .. .. .. (200)
where
sin (i\#) )

. A-—qs)'
(1

In our wave function, the symmetric rotor part is separately ortho-
gonalized and normalized. Hence, we must have the orthogonality and

normalization of the U-function only. Now, let us put

2
U (n, K)U'(W', K) dr =1 . .. .. (21a)
0
I can be written as 7,1, where I; and I, respectively denote the integrals
over ranges of potential v, and 0. Using equations (17a) to (17d) and (18a) to
(18d), it can be easily shown that :
2ni 4m
T o-m S }

I=hL+I;=(@Q+8) {l-l-e .- (219)
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where
rX
Q= {A:A;e’(’“’”")+B;A1e'(“'~"")+A;B;e"‘“"")+B’1'B;e"'(‘“+“')} dr .. (2le)
Jo
and
273
8= {A;A;e"*“"”+B;A2’e‘*‘"+"’>+A;B;e'"*<"+"’+B;B;e"‘"" ””} dr. (21d)
4

X

Since » and »’ are integers, the curly bracket in equation (215) vanishes
unless » = n’, when the same is equal to 3. This proves orthogonality. For
normalization, we must have

Q+8 = 1/3. ve e ee e (220)
Now, as X >0, €@ — 0 and S tends to

21’)’ 2 4‘"’.‘6 2 Bin ¢
§A2(l+a:2)— 3 Az——‘ﬁ— .
Henoe, for normalization, we must have
1

1
dgm g e L L L (22D)
" V2 \/l——2zsm¢+12
¢
By=——. —zed : @2
Vo 1—2x§1%5-f’+z2
and
1 1—2z cos p+x2 ;
Ay =By = —— TR PR PTT o8, .. .. (22d
! ! ‘\/817.1\ sin ¢ ¢ (224)
1—2$T+Z2
with
tan 8 (= sin ¢) (22¢)

The spectrum evidently arises from changes in the dipole moment com-
ponent of the hydroxyl bar normal to the symmetry axis of the methyl group.
The non-vanishing matrix elements of this component depend on the condition
of non-vanishing of the direction-cosines between space-fixed and molecule-
fixed axes. This is due to over-all rotation. They also depend on the non-
zeroness of the matrix elements of an operator depending on r to take care of
internal rotation. The latter is due to the fact that the dipole moment
component is not fixed even with respect to the molecule-fixed axes. The
direction-cosines of OH bar with respeoct to the space-fixed axes can be
written as

«®Pr,+ ﬁ¢Fy +vPp,,
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where F denotes X, Y or Z, the space-fixed axes and «, g and y are the direc-
tion-cosines of OH with respect to molecule-fixed axes. Hence, the components
of the dipole moment along space-fixed axes are given by

P

T Vot )P+ Ze—70)

{(lo+1,) cos ®@ps+ (lp+1,) sin 7P,

+(z‘,—-zo)¢p,} .. (23)

where P is the dipole moment of the OH bar. The selection rules on ¢, etc.,
are like that on an arbitrary vector, viz. AJ =0 or &1 and A K =0 or *1.
There is a similar selection rule on M, but that is not important. Now, if
AJ =0 but A K0, then ¢, drops out from the expression for Pp.
However, if A K is also zero, then

Py

’ P(zg—2p)
) = JKn |Pr, | JEn'
V(= = oy
KP(zy~2p) =

o< Ut (1)U, ., (r)dr =0,
2J(J + DV (o +1)2+ (2 —20)? L om T

unless # = n’ by orthogonality condition. However, if n = »’, this means a
transition from one to the same state. Hence ¢, does not play any part in
spectra with AJ =0, With AJ =0 and A K =1, we must, however,
have

(JKn|Pr|JK+1n)

o Pl VI~ K)(J+E+])
{4J(T+1) 1V T+ 152+ (25 —2)?

2w
[ Ug wMe " Ugpr,w(r)dr. .. (24)
v 0 N

Equation (24) follows because the matrix elements of ¢, and &y, are complex
conjugate to one another. Matrix elements of e~* are conveniently found by
considering the unitary displacement operator I' satisfying

Te~ = g=2mi[8 g—iT I,
Taking the (n/n') matrix element of the above equation, we get
(n i e—iT l,nl)(l'!“_e—zﬂla[‘”,”,) = 0.
Hence, the only non-vanishing matrix elements of ¢~ are given by
I"“ - 3—2171'/3]’”,”,, ie. by n = n+41,

as the matrix elements of I' are given by

LUt
o = ¢ Spw . .. .. .. .. (25)
Out of the possible'transitions with A J = 0, viz. K, n= K41, n+1, Burkhard
and Dennison (1951) suggested that K =1,n—> K =2, n+1 should give a
microwave spectrum. A rough estinrate indicates that K = 1, n = 2> K =
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2, n = 0 is the only one that could possibly fall in the spectral region investi-
gated by Coles (~25 kMe/s).

From equation (24), on substituting #’ = %1, it can be shown by direct
integration and algebraic simplification that in the limit of 8-barrier

(JEn|Pp{JK+1n+1)
a—1+v'—v)

. m
sin

_ 2eiPUot )V UT=REU+EFD) Fa-v| o0 ooy g (

e
V (lo+1)2+(24—20)? ° g(a—l+v'-—V)
i —14+v4y) i sin = (a—1=—p—y') -
. 0 T W) sin g (“ v =% V) 3
B4 + 4B T
3 (oc-—1+v+v') 3 (e=1—v=y")
T sin%(a—l+v—-v’)
+B,B? : . 26
g(oc——l+v-v')

4. TyE UNPERTURBED SPECTRUM

Eliminating { from equations (14d) and (17d), we get the unperturbed
frequency in energy units as

E© = (a4-c)e, U (7
where
€= v24BJ(J+1)+(a—a2—B)K2. .. .. .. (27a)
Hence,
' B = @+, +BI U+ D) +a—a2—pKE] .. .. (270)
and A
Eg ka1, w1 = @40 [y i HBI T+ D)+ (@—a2—B)K+1)] .. (27c)

Hence, the unperturbed frequency is given by
0= @+ [(hpr w1 =5 o) Fla—a2=f)2E+D)]. .. .. (28)

In our case K = 1, n = 2. It is interesting to note that v is obtained as a
solution of eigenvalue equation and is independent of J. The J dependence
comes through (i) the perturbation operator H’, and (ii) extraneous effects like
centrifugal distortion, ete.

~ One part of the numerical programme will be to choose such a value of
barrier strength P so that the unperturbed frequency fallsin the right range.
Then, if desired, refined calculation can be made for the barrier strength by
comparing the transition frequency at a low value of J.
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5. THE PERTURBED SPECTRUM

To obtain the J-dependent perturbed spectrum, we have to find the
non-vanishing matrix elements of the perturbation potential H’. They in
turn depend on those of Pz, Py, Pz?, Py?, Px Py, e~ and e~%", Their matrix
elements are, therefore, zero for |A n, A K|> 2. Hence the resultant Hamil-
tonian matrix is of band type, consisting of one diagonal, two first off-diagonal
and two second off-diagonal elements. The selection rule on every one of
these above operators except ¢~ %" in respeot of n and K are already known.
The selection rule on ¢~27 can be found by considering the operator relation

1"6—25'1' = e—4mﬁl3 . 6—21'7'1"_
Taking the (n/n') matrix element of the above equation, we get
(n I e—zi-r] nl)(I"M_e—Mri/srn,”,) = (.

Hence, the only non-vanishing matrix elements of ¢ %" are given by I, =
e~4i8 Ty je. by n' =n+2. We can now write down the non-vanishing
matrix elements of the perturbation operator by straightforward integration
and algebraic simplification. The result is:

the diagonal element
O K| HR, K =S (Guan-k, L L (20w

the first off-diagonal element
(J, K, n|H'[R)J, K+1, n+1)

= mgiV/ TTFD)—EE+D.e3 = Vx| 44, {3—a(K+1)—v)} . 637"

sin%(oc—l-l—v’—v) ‘
X +B A, {}—a(K+1)—v'} .e -
3 (e—1+4»"—v) §(¢-1+V+V')

. ,
1;(”",) 51n§(oc—l+v+v)

; in = (¢=1=—v—r')
FAB —a(B4+1) 4} e 37 3
3 la=1=r=>)

LT ,
%‘.(v—v’) sin 3 (e—14v—v')

+BB{}—a(K+1)+v'} . ¢ s e ee .. (290)

%(m-——l-}-v-—-v')
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the second off-diagonal element
W, K, n| H'R|J, K42, n+2)

2

T @-1
= -2 SO —EE+ D} TT+)—E+E+D)} e 3
; sin:’-r(v”—v+2 -ac—l) ; sinz(v”+v+2.a—1)
. SV 3 & B Y 3
x |4 4 ¢ = +B A e =
§(v”—v+2'ac—l) g(v”+v+2.a—l)
T " D 1 T 4 —__—__
. "_er_,-(“v) 31n§(-—v —v+2. a—1) . Ty smg(v—v +2.a—1)
+4:B ¢ L +BB, 3 ,
§(—v"—v+2.a-1) g(v—v"+2.a-—1)

.. (29¢)

In general, the perturbed Hamiltonian matrix is of (6J-3)x (6J-3)
order. However, the theory has been so formulated that the two states of
interest K =1, n= 2 and K = 2, n = 0 fall in one of the three factors of
the matrix each of (2J-1)x(2J+1) order. Referring to Fig. 5, the states

Jd =35
A M c
K=5]n=0 K=5n=1 K:‘%:z
L |2 L, | o L1 1
3 |1 3 2 310
2 {0 2 1 2| 2
1 |2 1 0 1]
7
0 1 0 2 o] o
1 |o PR -1 | 2
L2 2 -2 | 0 -2 |1
-3 |1 -3 2 -3 {0
-4 10 4 {1 -4 {2
-5 |2 -5 |0 -5 |1

Fre. 5. Splitting of the H-matrix into three sub-matrices each of (2J--1) X (2J+ 1)
order, Shaded part indicates the states of interest,
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of interest switch oyclically through the faotor groups, A for J = 5, B for
J = 6, C for J = 7, and so on.

After diagonalization of the Hamiltonian matrix, one can get the transi-
tion frequency by mere differences. However, with increase of J, three
difficulties appear in calculation. First, the order of the secular determinant
inereases very rapidly making the direct expansion of the secular determinant
disadvantageous. Secondly, the first and second off-diagonal elements are
roughly proportional to J and J2, making their contribution to the eigenvalue
roughly proportional to J2 and J4 respectively. Thirdly, centrifugal distor-
tign at high or even moderate J complicates the situation. In Part IT of this
paper, these problems have been taken up.
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