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ABSTRACT

R. 8. Mishra has worked out the expressions for the curvature and torsion of a union curve
as also for a hyperasymptotic line in relation to the elements of & rectilinear congruence. , In this
paper the general case is considered and the curvature and torsion are expressed in terms of the
angles that the ray of the congruence makes with the tangent, principal normal and binormal
of any curve on the surface of reference. The results of R. S, Mishra follow as particular
cases. In particular we get a neat result x cos 83 = «, cos 8, a relation between the curvature and
union curvature of a curve on the surface. The notion of geodesic torsion is generalized by con-
sidering the expression 7__%08_2 where 8 is the angle made by the ray with the principal normal,

This leads to the definition of hyperlines of curvature.

Consider a surface of reference through each point of which there passes
one ray of a rectilinear congruence. If a curve on the surface be such that
the osculating plane at any point of the curve contains the ray through the
point, the curve is defined as a union curve (Springer 1945). Similarly we
consider curves on the surface such that the rectifying plane at any point
of the curve contains the ray of the congruence through the point. R. S.
Mishra (1950az) has worked out expressions for the curvature and torsion of
these two types of curves, in terms of the elements of the congruence. The
object of this paper is to consider the general case of any curve whatever on
the surface of reference and obtain expressions for the curvature and torsion in
terms of the elements of the congruence and the angles that the ray makes
with the tangent, principal normal and binormal of the curve. The cases
considered by Mishra follow as particular cases as also that of the curve whose
normal planes contain the rays of the congruence.

1. Let
=), i=123 a=1,2
A' = Ai (ua)’ 3 3
X' = Xi (ua), 2 tE]

be respectively the co-ordinates of a point P on the surface of reference S, the
direction cosines of the line of the congruence through P and the direction
cosines of the normal to § at P. '
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We can express A’ in the form
(1.1) X = p*2* , +qX‘

where p* are the contravariant components of a vector at P, and mfa are the
components of the covariant derivative of z* with respect to »*, based on the
fundamental tensor g,g = «',2'g. The value of ¢ is X'X" = cos 6 where § is

the angle between the directions X* and X°.

Let O : u* = u%(s) @ = 1, 2 be a curve on 8, s being the arc length of C, and
o', 8, ' the unit vectors along tangent, principal normal and binormal to ' at P.
Further let' X’ make angles 6;, 6,, 05 with the directions o', §’, o' respectively.

Henece
{1.2) A= af cos ;48 cos O3+ cos bs.

The curvature of €' at P in relation to the ray at P can be easily obtained
as follows:
Since
({1.3) Y=wXp, o= xfﬁu'ﬁ
and (Springer 1945)
(1.4) KB = Pz yt 1, X7,
where «, p”, «, are the curvatures, components of the curvature vector and
the normal curvature of C at P, we get

K)Ii = a'X kf’
= (z' guB) X (P2, + ka X?)

or
(1.5) | ky' = p" (xfB X xfy)u'ﬂ +x, (a:fB XXYu'f,
Multiplying by X* and summing for i we get
x cos By = pT wB[p*al , 4qXi, 2l g, o), ]+’ B[P o +¢X', 2’ g, X7]
= qp" wP[X 2 g, ol T kap™u P ] o, 27 X¥]
or
x cos O3 = ¢ p’ u'f ezﬂ,},+n,,pm uwh €ap

where

eqp = [X¢, x: @ x: 8
Changing the dummy index y to « and observing that eg, = —e48 We get
(L.6) e 008 O = [1cup™ =g Jeqgu’®.



SURFACE IN RELATION TO A RECTILINEAR CONGRUENCE 91
This is then the general formula for the curvature of the curve. Now

since the union curvature of C is defined by Springer (1945) as

(¢

(L.7) ' Ky = Cqp [K"% —Pa] e“Bu'B .

we get from (1.6) and (1.7)
K cos 83 = qx,
or

(1.8) K cos flg =k, c18 0.

Thus (1.8) gives the relation between the curvature and the union curvature of a
curve on a surface.

The results of Mishra referred to in the opening paragraph come out as
particular cases of (1.6).

(i) When the ray of congruence lies in the normal plane of ' at P, cos 8, = 0
and cos 8 = sin 8, so that the curvature of a curve whose norinal plane at each
point of the curve contains the line of congruence is given by

(1.9) w = cosec Oy [ x,p* — ar*] eaﬁu'ﬁ.

(ii) When the line of congruence lies in the osculating plane, cos 63=10
(1.6) gives

(L1o) [kap®—gqp*] e“ﬂu'ﬁ = 0.
This is therefore the differential equation of union curves on 8.
(iii) And when the line of congruence lies in the rectifying plane,
cosfy =0, cosfy==sinb,,
8o that the curvature in this case is given by
(1.11) | x = cosec 0 [r,p% ~gp*] eaﬁu’ﬁ.
2. Multiplying (1.2) by X’ and summing for ; we get
2.1) q = co8 0 = cos 05 cos w+cos b3 sinw

where « is the angle between the directions X’ and #. Similarly from (1.5) we

or

get k sin @ = eg,p’u'P
(2.2) g = eg,P u'P

where «, is the geodesic curvature of C.
Now we shall consider some particular cases of the results (2.1) and (2.2).

(i) When X lies in the osculating plane at P

cos fg = 0, cos 03 = sin ;.
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Hence (2.1) gives
cos 8 = sin 8, cos w,
But cos w =
.9

Hence we have
__ K, 8in 8,

(2.3) K=
(1.10) obviously gives an expression for the normal curvature of the union
curve. So that, combining (2.3) with (1.10), we get
p%eqqu'f sin 6
(2.4) o= PO
p“ea’gu’ﬂ
as the expression for the curvature of a union curve, which result, however,
could not be obtained directly from (1.6).
(ii) If X lies on the rectifying plane at P

cos 0y = 0, cos 83 = sin 6,

o0 that from (2.1) we have
cos 0 = sin §; sin w.

But
Kg = K SN .
Hence
[
(2.5) “e= :iflozl
or .
(2.6) k= sec 0 sin 8, eByPVu'B.

(iii) Finally when X' les in the normal plane

cos 0y = sin 3 or cos O3 = sin 0.
So that (2.1) gives ’ .
: co8 8 = cos (03— w)
or o
(2.7) 0 = + (6;—w). This is readily obvious from a figure.

3. The curvature of C in relation to X' can also be obtained by a method
analogous to that used by Mishra (19506). The results obtained are general.
Frenet’s formulae give :

do’ ) L
% = kB’ = k¥ Xl
(1.2) gives
Yi,= sec O3 [X‘—a’ cos 0;— B¢ cos b,].
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Hence by (1.4)
Pyzfy+x,,X" = k sec O3 [A\'—ai cos 0; —f¢ cos 0,] X!

= 1c sec O3 [\ X at+7* cos 03]

= k sec O3 [N X ai+cos O, sec 05 (X —a* cos 0;— 8¢ cos 8,)]

="k sec O3 [N X a4 cos 5 sec g (AN —ai cos 0;)]

—«f¢ sec2lg cos2l,.
Again using (1-4) we have
(Pyzfy+ x,,X")(l+se0203 c0820,) = K sec O3[ A’ X a'+cos O3 sec O3(A*—af cos 6,)]

or
(3.1) (003202+005203)(Pyzfy+ K, X %) = kX' X &' cos 05+éos fs(xi—a’ cos 0;)].
Observing that cos26;+cos2fy+cos20; = 1 and multiplying (3.1) by X’ and
summing for ¢ we get

Kkn 8in20; = k[cos 03[ X, X, «*]4-cos 05 cos 6]
or
(3.2) Ky = K c08eC2l,[ p*eqgu’P cos B3+ cos 6 cos by,
using (1.1) and (1.3).

Also multiplying (3.1) by A’ and summing for ¢ we get
(e +Pyp),) 8in20; = , cos Os(1 —cos26;)
or
(3.3) x cos Oy = 9k +p7p,,.
Now -we shall consider the particular cases.
(i) When X lies in the normal plane
cos §;=0; sin 03 = 1; cos B3 = sin O or sin f; = cos ;.
In this case (3.2) gives
(3.4) , Kkn = Kk [CO8 0 cos @3+ s5in Hap™u'Beqg]
and (3.3) gives
(3.5) K sin 0g = QK,,-I-pyp.y.
If further X' has the same direction as § at every point of the curve C,
co8fy=1; gin =0 ‘
and
X = B X¢ = cos 0.

From (3.4) we obtain «, = «f'X‘ a well-known result.
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Also when X coincides with X* at every point of the curve C,
cosf=1; p*>=0; cos O = cos w.
Hence (3-4) reduces to

ky = Kk €08 O = Kk cOS @

which is also a well-known result.
(ii) For a union curve

cos 03 = 0; cos 0 = s8in 6

hence (3.2) gives

(3.6) K, = <208 O which is the same as (2.3)
gin 64

and (3.3) gives

(3.7) x = cosec 0y (gx,+P"D,).

(iii) Also when X lies in the rectifying plane we can put cos f; = 0; cos 03 =
sin 6;. Thus (3.2) and (3.3) reduce to

(3.8) Kn = x cO8EC 81 p%u Beag.
(3.9) greatP py = 0.

The last four particular cases are obtained by Mishra (1950a, b) by different
procedures.
4. The differential equation of the curves, which are such that at each point
of each of these curves the normal plane at that point contains the line of
congruence, is obtained from the condition A'@’ = 0, or from (1.1) and (1.3)

(4'1) pu‘u'u = 0, i.e. plul' +pgu2’ = (.

The integral curves of this differential equation are indeterminate only
when the congruence is that of the normals to the surface of reference. For,
in that case

=N X=X Xi=0,
5. Now we shall proceed to find an expression for the torsion of C at P, in

relation to the line of the congruence through P. The procedure adopted here
is analogous to that of Mishra (1950b), but the results obtained are general.

We have

dY 4y
=58 = a2

(1.2) gives
Y = sec Og[ A= cos 8;—f cos z].
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Hence
L . ) dbg .. .
T = [sec Og{Ai~—o cos 6;~B cos 03} x a’] | sec 85 tan 05 T (M=o cos 0y

—PB' cos bg)+sec 03 {ZA +8in 6, ‘201 of =08 04 g i

.o dbz dg‘l
+sin 05 v Bi—cos O, d_s-f] .
Neglecting the vanishing determinants, we get
dgt

T = sec? 03 [%—COS 01 g—:s+sin 02 % ﬁ‘—cos 02 (E- s

X —af cos B;—F cos Oy, ac"]

where the rectangular bracket indicates the scalar triple product of the vectors,

or
T = gec®ly [[g:—i, B¢, at| —conb, [ LA a’]
+sin 0 %0?2 [B%, X, af]~—cos 8 [% B, ac’]
—co8 g [%’, A, ac’] +cos?0, [g—g , B, ac']].
Now since

dg ) ]
B e ()

g
[dﬂ s A' a‘] = -7 [7‘, I\‘, dnt] = T CO8 02

£

8o that the last two terms in the rectangular bracket vanish when taken to-
gether.

Also

[B, X, o) = cos 05 [B, ¥, af] = cos 0.
Hence
(5.1) T = gecy % [:iis . A% a]—cos 0, [‘;:', X a‘]

—cos 0 [‘2 , B, ac'] +cos Oy sin 8 Z?}
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or since (Behari and Mishra 1949)

)‘ja = peg xf},+ Va X'
where -

g =y — o 9
and

Vo= q, a+Pﬁ daﬁ

(5.1) can be written as

(6.2) 7 860203 = egq u'* ?l'ﬁ [(Ps Vﬁ_QI"%)+pﬁ (KHPS—'QPS)

CO3
K

9, . 6
2 (Kn ’Lg _p6 Vﬁ)+005 03 sin 92 %J .
This is then the expression for the torsion of the curve considered.
Now we shall consider some particular cases.
(i) When the line of congruence lies in the normal plane

P’ =0, cos B3 =sin 0,
So that (5.2) reduces to
0 20‘) ', '8
(8.3) 7— (%df = SO0 P2 %a W W [Pg (kn €08 02 ~«q) + Vg (kp®—p® cos 6)].

K

When the congruence is that of the normals to the surface of reference
S, the left-hand member of (5.3) reduces to v~ %% and the right-hand member
reduces to

—esn wbBu l"g = e5q dﬁo g8 u'™ w'B = 7
where 7, is the geodesic torsion of the curve C.
This suggests that in the general case r— % may be named as ‘ hyper-

geodesic torsion’. A curve on S at all points of which this torsion vanishes
may be defined as a hyperline of curvature. This is the generalization of the
result: A curve on § at all points of which the geodesic torsion vanishes is a
line of curvature.

(ii) Again when the line of congruence lies in the rectifying plane
cos O3 = 0; cos O3 = gin 6,.
So that in this case (5.2) becomes

(6.4) T= cosec’Blesau'“u'ﬁ[(psVs-—qp,g) +2g(kap®—qp%)
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(iii) And when the line of congruence lies in the osculating plane, from (5.1)
we obtain

ax i ok ax i i =
(5.5) [—CZ;’A’&]—COSOZ[E;"B’“]_O'
As
cos 3 =0
and
det ;o
[E ) A B a] = 0,
X being a vector in the plane of «' and B¢, (5.5) can be written as
_ ax _ axi |, .
(5.6) —cosﬁggg'}’—l'(—i;,)(,oc].
Now
cos 0, = sin 8
and
A= (),
Hence
— %);—"}’i = A‘%Aiﬁiﬂ' = 7 8in 6.

Thus (5.6) becomes
T = cosec? 0][Afﬁ, ,\fxfa]u'“u’ﬂ
or

(5.7) : 7 = —cosec? &, gu'*u'P

where £x8 are coefficients of Sannia’s second quadratic form. Thus (5.7)
gives (Mishra 1950a) the torsion of C' at P when it is a union curve.
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