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ABSTRACT

The static axially symmetric metric is considered in the oblate spheroidal co-ordinates asso-
ciated with the canonical co-ordinates of Weyl and twelve exact solutions of Einstein-Maxwell
field equations in wvacuo are obtained. They include all solutions in which the 4-potential
depends on only one of the two variables considered.

1. INTRODUCTION

In the general theory of relativity the field equations for regions con-
taining an electromagnetic field but no matter are (Eddington 1924)

o __ &%
(1) Rf = —8nk 5
(2) By = —F"Fo,+1ggF"F

g«p being the metric tensor, R,g the contracted curvature tensor, E?;L the
electromagnetic energy tensor and F,g the electromagnetic field tensor. Fyg
satisfy Maxwell’s equations in vacuo, viz.

(3) FII'U T+Fﬂi‘) m+Frm7 n = 0’

a — _
(4) 5;(\/—'91P A) =0,

where a comma denotes covariant differentiation and the charge and current
density has been put equal to zero. If we express Fog in terms of the 4-
potential 4 , i.e. if

b Ma 24,
# 5B

(5)

(3) is automatically satisfied. For convenience we shall subsequently use
(5) instead of (3).

To emphasize the fact that the regions considered do not contain matter
but an electromagnetic field only, Synge (1960) has given the name
‘Electrovac Universes’ to the solutions of (1), (2), (4) and (5).
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The first attempt to obtain an exact solution of (1), (2), (4) and (5) seems
to have been made by Reissner (1916) who wanted to determine the extent
to which the electrostatic field of a charged sphere is influenced by its gravi-
tational field and, conversely, the extent to which a gravitational field is
produced by the electrostatic energy. This problem was again solved by
Weyl in 1917, who started from an action principle. It was found that the
electrostatic potential is exactly equal to the Coulomb potential if ordinary
C.G.8S. units are used.

Weyl (1917, 1919) also obtained a class of solutions for static axially
symmetric electrostatic fields when there is a functional relation between
dqs 2nd A4, (4, being the only non-zero component of the 4-potential in this
case) of the form

(6) fag = a+BAs+4n(Ay2,

«, B being arbitrary constants. The general solution of (1), (2), (4) and (5)
in the electrostatic case has been given by Majumdar (1947) and Papapetrou
(1947) when there is a functional relationship between g,, and 4, of the form

(7) Gaa = (c+4/4mA 2,

¢ being an arbitrary constant. They have not assumed spatial symmetry.
Majumdar has also shown that (6) is the only possible functional relationship
between g,, and A, whether there be spatial symmetry or not (cf. also Synge
1960).

Levi-Civita (1917b) has considered the gravitational field produced by a
homogeneous electric or magnetic field. His solution contains a singularity
at the spatial infinity in addition to the usual co-ordinate singularity along
the axis of symmetry. The singularity at infinity seems unavoidable as
otherwise we cannot imagine how a homogeneous electric or magnetic field
would arise. ’

Weyl (1917, 1919) and Levi-Civita (1917a,c¢; 1918a,b; 1919) have also
obtained general solutions for arbitrary cylindrically symmetric charged and
uncharged material distributions. Curzon (1925), McVittie (1929), Mukherji
(1938), Bonnor (1953, 1954) and Tauber (1957) have made important
contributions to the study of such fields. It may be pointed out here that
Bonnor (1954) has shown the adaptability of some known electrostatic solutions
to the magnetostatic case by the use of the conjugate field tensors F**8.

Most of the investigations cited above have been carried out using the
canonical co-ordinates introduced by Weyl. That the use of special co-
ordinate systems considerably simplifies the treatment of certain class of
problems in the classical potential theory, hydrodynamics, etec., is well known.
With this in view the author made use of oblate spheroidal co-ordinates,
associated with the canonical co-ordinates of Weyl, in an earlier paper (Misra
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1960) and obtained the external gravitational fields due to an oblate spheroidal
homoeoid and a homogeneous oblate spheroid. In the present paper as well
we make use of the same co-ordinate system in the static axially symmetric
case and obtain twelve exact solutions of the field equations (1), (2), (4) and
(5) four in each of the following cases :
(i) Pure electric fields;
(i) Pure magnetic fields; and
(iii) Stationary electromagnetic fields.

The method followed is similar to that of Bonnor.

2. ‘'TrE FieLp EQuaTioNs

The general static axially symmetric line-element
ds? = —eH(dp?+d22) — p2e —KdP2 4K dt2
under the transformation
(8) Pr=a(146%)(1—pt), 2 = abp, P=, t =1,
becomes
\ a%(624-p2) a%(62+pu2)
2= _2VTRY omgge TNV g e
(9) ds TETD) efldg T=p?) efidu
—a2(1402)(1—p2)e-Kdd'2 4 eKdr'2,
where p, z, @ are the usual cylindrical polar co-ordinates and 6, p, @' the
oblate spheroidal co-ordinates. H and K are functions of 6 and p only. Sub-
sequently 6, u, @', ' correspond to x', 2, x3, x4 respectively and the dashes
from @ and ¢ are dropped for convenience. The lower suffixes 1 and 2 after
an unknown function imply a partial differentiation with respect to 8 and p
respectively.
The non-zero components of the Ricci tensor corresponding to (9) are

-H
By = 5oy [ O H +-K ) — (1~ ) Hog + 20K+ 2y,
-H
By = soagym [~ (10 Hu— (1= ) Hoa + K 5)—20Hy —2K),
R} = —R,
(10) e (149K 20K 4 (1 —p2)K go— 2K ]
-—2a2(02+#2)[ +0%) Ky, 1 BE) K go—2ukK,],
R, _ R
(I—p®) ~ (T+06%)
___§H p{H, 4+ K,) 9(Hz+K2)]
T 2082 +p2) ["KIK 2 ot |

(1—pu2)
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From (10)
RI4+R:=0,

.and hence from (1) and (2) we find that

B +B, = glig?2(F'1,)2—g3%g44(Fy)2 = 0.
Since g'!, g22 and ¢33 are all negative and g# positive it follows that the above
equation will hold only if
(11) Fip=Fz = 0.

The non-zero components of the electromagnetic field tensor F,g, namely F,s,
Fag, Fyy and Fgy, can, by virtue of (5), be derived from only two components
of the 4-potential 4,, namely 43 and 4,. For convenience we put

(12) A3 = ‘44 =

Ve heve
The surviving independent components of the electromagnetic energy tensor
are easily found from (2), (5), (11) and (12) to be
El= ~E

e~ H [ ng é; s

}+e—K {(1+02)¢f—(1—-p2)¢3}] :

- 1_677_(12(——02‘}'}"2) ——EE (1—p2) - (1462
I e o 45 i \
WS = G [2«“2((—1_1,,2)+——(1+202)}+e K{(1+02>¢1+(1‘m>¢;}},
2 e~ ek ¢ids -
B = 8mat (624 p?) [a‘z‘ (1+02)—(1—[_,,2)6 K‘ﬁl‘ﬁz} ,
-H-K

B
5= Grat(g 4 )

Hence the equations which determine H, K, ¢ and ¢ are found from (1),
(10) and (13) and (4) to be

[ +62byh1 + (1~ p2)datha].

(14) (14-6%)(Hy, + K3+ (1 —#*)Hyy— 20K, —2uH,
K ) — Y LR o }
= -~ S:u—zl:(l—iuz)’lsi*;—(1+92) '8 e M [(14-62 — (L—p2)l],

(15) (1+02)Hyy + (1 —p2)(Hoa+ K3) +20H; +2pK,

= LT —2) I (1402) 792 e (140~ (L= 2],
(16) (14-62)K 1,4+ 20K, 4 (1 —u2) Koy —2uK,

= S L= 1108 2] e [0 (L=
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pHi+K,) 68(H;+K,)

an a8~ (+e) THK:

= 47— ) a2 s,
(18) (69 351 +(1 =Dy = O,
(19) (03B 11+ K1hy) +(1—12)(hga+ Kaghg) = O,

(20) (1401142041 +(1 —#2)hge —2piry = (14-02)K 1y + (1~ #2)Kgth, .
Consider now the equations (14), (15), (16) and (17). Adding (14) and
(15) to twice (16} we find

@1) (1+402)0; + 601+ (1 —p2)oge —Hop + 41+ 62K +3(1—p2)K?

G ?51 ?52 ] -K[(]14-82 1—p2

-4 [(l—w) e R (AN
where
(22) oc=H+K.
Also subtracting (14) from (15) we find
(23) fo1+p7s = H1+02) K>~ }(1—p2)K?

K
+ S5 [(1—p2) 7 62 — (14027 2]

— e [+ 62] —(1—p2p].
Solving for o; and ¢, from (17) and (23) we find

(24)
(1—p2)

o1 = (02+ [01+0° s —0(1—p2)K: —2u(1 4+ 62)K, K, ]

2 1—
+ 2(026+ 2) [O‘l’f ((1 _;;2; 2#4’14’2]

2(1—p2)e X

+H

(=001 46237 +8(1— 25 +2p(1+02)nihe ],
and

(25)

14-62 o i
= GO (M1 409K —a(1 =K 4200 )R K]

2¢* 148
+ az(eze'l',u-z) [Izg- p,z)) 95? "'P'?Sz +29¢1¢2]

2(14-62)e™
+ l(?':-'__’i‘:)_[ (14-6%) ‘/’1 +F(1—P-2)¢' -—20(1-—',,,2 4,1‘!,2]
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Now it can be shown in a straightforward manner that the condition of

integrability of (24) and (25), namely
o1y = oy,

is satisfied if (16),'(19) and (20) hold. It can also be shown that (21) is con-
sistent with (24) and (25) if (16), (19) and (20) hold. Hence, the problem of
solving equations (14) to (20) reduces to that of determining K, ¢ and ¢
from (16), (18), (19) and (20) and thén ¢ will be given by (24) and (25) subject
to an additive constant. It may be pointed out here that Bonnor (1953) has
obtained a similar reduction in the case of purely electrostatic fields, i.e. when
¢ = 0, but here we have obtained it in the case when. electric and magnetic
sources are both present.

3. SoruTions oF THE FiELD EqQuaTioNs

The nonlinear character of the expressions involved makes it extremely
difficult to find exact solutions of the field equations (16), (18), (19), (20), (24)
and (25). As such, following Bonnor (1953), we shall make certain simpli-
fying assumptions and then obtain the corresponding exact solutions. It
may be mentioned here that hereafter b, ¢, m, n, p, ¢ appear as arbitrary con-
stants, distinet for each solution.

Case (i) : Pure electric fields
In this case we can put
(26) $=0.

Equations (18) and (19) are then identically satisfied and the remaining equa-
tions which determine ¢, K and o are:

@75 (146142001 + (1 —p2)as—2pihy = (1467 Ky + (1—A2) K gihs,
@28)  (146%)Ky;+20K;+(1—p?)Kog—2pKs = e K[(14+ )2+ (1—p2)gl],

(29) 20, = ((;2:;22)) [6(146%) K2 —0(1 — u2) KE— 201+ %) K, K] ‘
+2(( - "22) [—001-+ 00+ 001 4 241+ 6)ds),
(1+6%)
(30) 205 = ) [p(1+02)K —p 1-F K2 +20\1-,;2 K,K,]
+'2-('(!£:22";)—[~ (1+02)'/’ +p(l—p2) ‘/'2"‘20 —p2)ybe ]
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(A) Let us now assume that ¢ is a function of § only. (27) then gives
the first integral
(31) K =log {$,(146°)} +Fin),

where F(u) is an arbitrary function of g only. Substituting for K from (31)
in (28) we have

. & d
(32) (146) —5 log {¢2(1+6%)} +20 7 log {1 (1+6°)}

+(1—p2)Fpe—2uFs = et

Since  and F depend upon 6 and p respectively it is clear that this equation
will hold only if ; be constant or F be constant. First let i, be constant,
say ¢, = b. Then

(33) . = b0+c,
and (32) reduces to
(34) (1—#2)F22—2yF2+2 = be~ T

The substitutioh,
(¥ =v+log{p1l—p)},

(35) | T (14} 2-9)
(log (1_—7)= 7

B, 7, 8 being arbitrary constants and », z being new dependent and independent
variables, reduces (34) to

b

@ b
d2 = By’

The general solution of this equation is

-V

. L
(36) v = log [Sﬁ 5 cosh? {m log (l—if)+ng]

From (31), (33), (35) and (36) it follows that

37) K = log [é’% (1+462)(1 — 2) cosh? {m log (E—:—i)+n }]
and from (29), (30), (33) and (37) that

+p

)+n}]+4m2 log (02+ )+p

(33), (37) and (38) constitute the first solution of (27), (28), (29) and (30) corre-
gponding to a pure electric field. Another solution of (32) is obtained by consi-
dering F to be a constant, say

(38) . o =log [(1+02)(1—p2) cosh4 {m log (

F= —loghb.
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Proceeding as in the previous case we eagily find that

(39) Y=p— ?;—ntan (m cot™3 84n),
m2
(40) K =log ['bT sec? (m cot™! 6+n)] N
and
14-6
(41) o =m?log (gz_i_p.z) +g.

(39), (40) and (41) constitute the second solution of (27), (28), (29) and (30).
(B) Assuming that ¢ is a function of x only it is easy to see as in (A) that
the two solutions in this case are given by

‘/’ = bl"+c?

2
(42) _\! K = log [?7;(/(% (1+02)(1 _F'z) coshz (m COt‘,l 0+n)] ,

o = log [(1 +62)(1—pu2) cosh? (m cot™1 e+n)] +mélog ( iT62 ) +7;

and
= %tan{mlog( +p’)+n}+p,
@43) < K=log [ﬁ—z sec? {mlog (1{-;—:)+n}] ,

o= 4m2 log (8 +P'2) +q.

Case (ii) : Pure magnetic fields
In this case we put
(44) Y =0.

Equations (18) and {20) are then identic'ally satisfied. The other equations
which determine ¢, K and o are :

(45) (1+602)(d11+K181)+ (1 —p?) (@2 + Kogo) = 0,
(46) (146K 11+20K1+ (1 —p?) Koo —2u K,
*e"[ 4 . b ]
(o aaEa ol K
(47) 2a, ((oz+ 3 {8(1+02)K2-8( -—;1.2)K2—2;1.(1+02)K1K2]

2¢% 01—
+L12_(9—2£-{-_}L_2—) [0¢f ((1 +0l; )‘ﬁz F¢1¢2] )
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(14-62)
(62+p2)

26X 1462)
+a2(026+p,2) [(i +,,,2 ¢1 #¢z+20¢1¢2]

(C) To solve these equations we first assume that ¢ is a function of 6 only.
(45) then gives the first integral,
(49) K= —log g1+ F(p),
F(r) being an arbitrary function of x only. Substituting for K from (49) in
(46) we get

- a2 d
(50) —(1462) 55 log ¢, —26 -5 log §1+ (1 =42 Fop—20F, =

(48) 20, = S 15 [a+m —m—wK+w-wmm4

$1e”
a2(l—p2)’
Since ¢ and F are functions of # and p respectively it follows that (50) will
hold only if ¢, be constant or (1—pu2)~! ¥ be constant. Assuming first that
¢, is constant, say ¢, = ba?, so that

(51) ¢ = ba20+-c,

it can easily be shown that the corresponding K and o are given by
: me

(62) K =log [—8—255 cosech? {m log ( +F') +n}]

and

(53) o = 4m? log (W).l-p

(51), (52) and (53) constitute the first solution of the field equations corre-
sponding to a pure magnetic field.
If, however, (1 —p?) e’ be constant, say

eF = b (1—p?),
then the corresponding solution of (45), (46), (47) and (48) is easily seen to be
f 2
é =p+272'a tanh (m cot~10+4n),
: 2 2)(] — 12 .
(54) K =log [b—g—%%i) cosh2(m cot~—10+4n)],

o = log [(1462)(1 —p2) cosh4(m cot~104n)]+m? log ( 1-:-5:)"'9

(D) Assuming that ¢ depends upon p only it can be shown, as in (C), that
the two solutions of the field equations in this case are :
¢ = balu+-c,
. 2m?2
(55) K =log [ 272 sec? (m cot™ 10+n)]

g2
o = m?log (021 )+p,
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and

5 tanh{mlog( +”)+n}

(86) ( K = log [w cosh? {m log ( "'“) +n§]

8m2a2

4m
¢=p+

1 +# F-z
o = log | (14+82)(1 —p2) cosh4 mlog +n¢|+4m2log 02+ +q.

Case (iii) : Electric and magnetic sources simultaneously present

For simplicity we shall consider the case when ¢ and ¢ each depends upon
one variable only. Equation (18) gives a relation between ¢ and . If now
¢ and  depend upon the same variable, say 6, ¢, and i, are both zero and
(18) reduces to

¢l¢1 = 0:
which implies that either ¢; is zero or i, is zero. In either case we are led
to one of the cases already discussed. If, however, ¢ and § be functions
not of the same variable then two cases arise :
(E) ¢ is a function of 8 and ¢ a function of p.
(F) ¢ is a function of x and ¢ a function of 6.
Case (iii) (E)

Since ¢ = y; = 0, equation (18) is identically satisfied. Also from (19) and
(20) we have the first integrals

(57) K = log {4a(1=p2)} +F(6),
(58) = —log ¢, +G(w),

F(6) and G(p) being arbitrary functions of 6 and u respectively. From (57)
and (58) it follows that

F(6) = —log $1, G(p) = log {yo(1—pd)},

and consequently
(69) K =1log {o(1—p%)} —log $.
From (16) and (59) we have

a2 d

14a2

A (1=p) g5 log (a1 =)} 20 1 log {Ya(1 —42)} = ( )Mz

8B
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Since ¢ and ¢ depend upon 8 and p respectively it is clear that (60) will hold
only if ¢, be constant or ¢, be constant. If ¢, be constant then the corre-
sponding solution is found to be

(61)

(62)

#= (lbfaz)”"
Y= p+——- coth {m log( +P’)+n%

K=log [%’ cosech?® {m log (lp.) +n;] )

o =4m? log (02+p,2) +4q.

If, however, ¥, be constant then the solution is

¢ =p— 2%ntanh (m cot™10+4n),

-

ba?
b= (ﬁ) ke,

o [ema4en—p?) ) ]
K=lo [ 2m2(1 +a%) cosh2 (m cot™104n)

; 024 pt
o = log [(1462)(1—pu2) cosht (m cot™! 64-n)]+m? log (1+02)+q.

Case (iil) (F)

In this case we find the following two solutions of the field equations (16),

(18), (19), (20), (24) and (25) :

¢ = p+—ta,nh{mlog( +")+n}

ba2
= e 1
2,2 _
e [ e 5]

o =log [(1+02) (1—pu2) cosh* {m log ( +P') +n}]

1—p2
+4m2log (02+,ﬁ) +4q;
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alid
{ a?b
(ﬁ = (-—-’“1+a2)}lv+c’
Y =p— 2Tm tan (m cot™18+n),
(64) \

2m2(1+a?)
K=1 —_—
og [ 272

secZ(m cot°10+n)] s

: 2
o= m2log(1+0 )+q.

92+‘u2

4. SOME APPLICATIONS OF BONNOR’S THEOREM

Bonner (1954) established the following theorem :

If g4, F,; are tensors satisfying (1), (2), (3) and (4) then g;, F;; also satisfy
them, where

F' = 3""Fu = —Yeyul~g) 'Fu,
e;u being the usual permutation symbol.

With the help of this theorem it can easily be shown that the solutions
as obtained in cases (i) and (ii) are mutually dependent. For example, con-
sider the solution given by (39), (40) and (41). The non-vanishing components
of the electromagnetic field tensor corresponding to this solution are given by

m2

A/ 27b(1+62)

Fy=~—Fuy= sec? (m cot~1604-n).

Hence,
F*28 = —Jegnyy(—g) " 1F g —Leogro(—g) "1 Fyy,

which gives on substitution for the various quantities involved

£ ab
2= e
so that
(;62 = —qb.
Hence, another solution will be
¢ = —abp<c,
2
K = log [gl—)”;— sec2(m cot‘10+n)] ,
14-02
= me2
o = m?2 log (02_’_”’2) +p.

If we consider the solution given by (55) and put ab = —d, the solution
becomes identical with the above with the only difference that we have d there
and b here.
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In this way every set of two solutions one from case (i) and the other from
case (ii) having the same g;; but differing only in having ¢ or ¢ can be shown to
be derivable from one another in view of Bonnor’s theorem.

5. BEHAVIOUR OF THE SOLUTIONS

We need discuss only the behaviour of H and K because the singularities
which otherwise appear in (9) can easily be transformed away by considering
the metric in the pseudo-Cartesian co-ordinates. Now p = =1 corresponds
to the Z-axis, 8 = 0 is a disc of radius a in the z, ¥ plane with centre at the
origin, 6 = p = 0 being the circumference of the disc. When 8 is large r = af
and the surface 6 = constant tends to be spherical. Also p? = a?(1 4 62).
(1—~pu2). Hereafter we make use of the fact that o = H+ K.

The expressions for H and K occurring in the solutions given by (33),
(37) and (38); (66) and (63) differ only in the constants and therefore their
behaviour may be discussed together. They are :

144 2
H = log cosh? ymlog 1=k +n ¢+ 4m2log + const.

l—p
624 p?
K=l el

= log | (14 62)(1 —p2) cosh? ym log i +n ¢ | +const.

Let us put n = m log ¢, ¢ being another arbitrafy positive constant. Then
K = log [(1462)(1 —p2)1~2m { 2m(1 4 ) 2% 4 (1 — )27 } 2] 4 const.

which - —o as p = +1or —1 provided 1 > 2m. Butif | < 2m K — w© as
p—> 1. In order to avoid this singularity we may put m = } in which
case

K =log [(1+68){(1+€)+(e—1)u}2]+const.

Since p varies from —1 to +1 and ¢ is positive {(e+1) + (e —1)u}2 remains
finite and is non-zero. Hence, the only singularity of K is 6 — co.
Now

H = ~log (024 p2)+2 log {(e+1)+(e—1)u} + const.

and it is + oo when 0 and p both simultaneously vanish. When § - o0 H —» — 0.
Hence, H has two singularities which occur when § = p = 0 and when 6 — o0.

We thus see that the three solutions given by (33), (37) and (38); (56)
and (63), for the particular choice m = }, have only two singularities which occur
in the neighbourhood of the focal circle, i.e. when § = p = 0 and when 6 —» oo.
Elsewhere these solutions are regular.

The expressions for H and K occurring in the solutions given by (42);
(54) and (62) are identical except for the arbitrary constants and they may
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be discussed together. They are :

024 p2
H = log cosh2(m cot—18+n)+m2 log (1—4_—52—) +const.

K =1log [(1+62)(1—u®) cosh2(m cot~16-+n)]+ const.

Now cot ~'8 is bounded whatever 6 might be. Hence, log cosh2(m cot~! 6 +n)
remains finite for all values of 6 and consequently the only singularities of K
occur when (1 4 62)(1 — p2) tends to 0 or o, i.e. when p —+  or o0.

When 6 and p vanish together H becomes — 0. Elsewhere it is finite.

Hence, these solutions have three singularities which occur in the neigh-
bourhood of the Z-axis, the focal circle, and when p - oo.

The expressions for H and K occurring in the solutions given by (39), (40)
and (41); (55) and (64) differ only in the constants and therefore they are
discussed together. They are:

1462
i

= —logsec? (m cot~10+n)+m2 log( )+const.

K = log sec? (m cot™2 8+ n)+ const.
Since cot=10 is bounded, whatever # might be, by a proper choice of m and n
we can make m cot~'6+n different from an odd multiple of ;-' Thus K be-

comes finite everywhere and it can be made to vanish at infinity by choosing
the constants properly. The only singularity of H occurs when ¢ and p both
simultaneously vanish. Also when 6 - o0 log {(1+62)(62+4u2)~1} - 0 and
consequently when 6 is very large H tends to — K. The metric in that case
agsumes the isotropic form.

We, thus, see that these solutions have only one singularity which occurs
along the focal circle. Elsewhere these are regular and as § - o0, H and K
both vanish if the constants be properly chosen so that the metric becomes
Galilean at 7 = co.

The physical interpretation of these solutions will be attempted in a later
paper.
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