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ABSTRACT

Difficulties in the physical interpretation of the conformal transformations,
. z,— a2
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are pointed out. For two observers, situated in co-ordinate systems X and X", explicit relations
between the velocities and the accelerations of a particle are found. Tt is shown that the initial
velocity of a particle instantaneously at the origin of one of the co-ordinate systems is the same
in the two systems no matter what the values of the parameters ap are. The three para-

—-
meters, —a, represent the initial acceleration of the origin of the X-.system relative to the

- -
X’-gystem. This interpretation of a holds for short times only such that @ 212 < < 2/3; for later
times it fails because the various terms in the transformation equation for acceleration are
functions both of time and of au. No interpretation for ag has been found.

INTRODUCTION

It is well known (Bateman 1910g, ; Cunningham 1910) that the Maxwell
equations are invariant against the relativistic conformal transformations of
the co-ordinates. It is, therefore, possible that the latter may provide the
much-needed framework for the description of the new particles that have been
discovered in the last fourteen years. Before proceeding further in this
direction, it is, however, necessary first to understand the physical signifi-
cance of the parameters that enter these transformation equations. If we
are given the Lorentz transformation equations, we can easily interpret the
various parameters that occur there as describing the relative velocity or
orientation of the two co-ordinate systems. One would imagine that the
parameters entering the conformal transformations would be connected with
the relative acceleration of two co-ordinate systems (cf. Page 1936). To see
whether this is true, we have constructed the transformation laws for velocity
and acceleration of a particle from one co-ordinate system to another related
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through conformal transformations. It turns out that the above conjecture
regarding the interpretation of the parameters is only approximately true.

I. Co-ORDINATE TRANSFORMATIONS

We consider here the co-ordinate transformations (Vachaspati 1959 ;
Vachaspati and Jauhari 1960),

’
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Fia. 1. ¢’ = dagry’ is here plotted against g = ja,v, for some given values of p = $agr. See
equation (5).- The correspondence between ¢ and g’ is one-one, but positive values of ¢ may
correspond to negative values of ¢’. This implies that an event which oceurs in future as
-observed from one system may appear to have occurred in the past in the other system.
This is difficult to understand physieally.
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where*
A=1—(az)+}e2%2 .. .. .. .. (2
We consider two cases : (i) a, = (ag, 0,0, 0), and (ii) a, = (0, a1, 0, 0).
Case (1)
We can write
A= (1—q)2—p2, .. .. .. .. (3
where ’
q=4%agry, p=tay. .- .. .. Y
(1) gives
’ 1 [ 1 1 1 ] ’ — I) 5
¢ =—1+4% == T=q¥s (¢ =%aox). .. (5)

¢’ as a function of ¢ for given p is plotted in Fig. 1. Notice that, while there is
always one-one correspondence between g and ¢’ (i.e. between ¢ and (), the
directions of the two do not always agree. This means that these trans-
formations can destroy the order in which two events take place. This is
hard to understand and throws doubt on the physical nature of these trans-
formations (cf. Fulton and Rohrlich 1960). The situation cannot improve
even if we agree to replace A by its absolute value in (1), because the numerator
itself is capable of disturbing the time-ordering.

Case (it)
In this case
A = (14Q)2—P2, R
where
' Q=4a, .. .. .. . .. (a)
Pr=1}d’ (xﬁ—rz—xg). . .. .. .. (Tb)

P2 may be positive or negative. We have plotted A1 as a function of @ for
fixed P in Fig. 2. Since A =0 whenever 14+ = + P for P2>0, 4!
becomes infinite and the interpretation of the transformation equations
becomes difficult for such points.

From (1) one easily finds

¢ =2 QUAQ-PH, (@ = fo) .. .. . (®)

-

*Greek suffixes run from 0 to 3; Latin suffixes take values 1, 2, 3 only; 24 = t, 7 = (24, Zg, %3),
¢ =1. Our metric is g% =1, g1 = g2 = g8 = _1; arrows indicate 3-dimensional vectors.
We frequently denote scalar product of two vectors by a round bracket and of a vector with iteelf
by writing it as & square; thus (az) = a%z,, a® = a%ay, 22 =2%z,. Contravariant vectors are
denoted by lower suffixes.
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@’ as a function of @ is plotted in Fig. 3. It isinfinite whenever @ == —1 + P,
and positive values of @ can correspond to negative values of @’. When
this happens an object on the X;-axis will appear inverted in the primed
system and an object moving in one direction along this axis will be seen to be

73 2 1 ;) 1 G 2

Fi.2. 4= [(l-i—Q)z——Pﬂ]‘1 is here plotteii against @ = §a,r; for same given values of-
P = [}a,2(z2 —2g2—2,2)]}. See equations (6), (7a), (7b). Notice that 4~ becomes infinito
whenever @ = —1 % P ; this is the root cause of difficulties in the interpretation of these
transformations.

moving in the opposite direction in the other system. While this is quite
extraordinary, we cannot physically reject this situation so completely as
the one encountered before in which the time-ordering of events came into
dispute,
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3

F16. 3. @’ = §a;x,’ is here plotted against @ = }ajz; for same given values of P = [{a,%(x,®
—-—:1:22—-:1:32)]*. See equation (8). Notice that the positive co-ordinates of a point in one
system may correspond to negative co-ordinates when observed from another system; that
is, an object erect along the z;-axis in unprimed co-ordinate system may appear inverted in
the primed co-ordinate system. While this is, indeed, an unfamiliar situation, it is not as
unphysical as the chénge of time-ordering is (Fig. 1).

II. TRANSFORMATION OF V ELOCITIES

The transformation law for velocities can easily be found from (1).
Writing

,  dz,
e ()
drzg’ ¢ dy
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we find

’4=éﬂ;%, - .. .. .. (10)
K+(L w)
where

Ay = A8+ M2~ N, .. .. .. .. (1la)
B; = — Mo+ N a, N O 1
K =A4—Myzxg+Noy, .. .. o (1le)
Lj = Myxj—Noa;, L
M, = ay,(1—(ax))+ a2z, .. .. .. (12a)
Ny = w,—ix%a,, .. .. .. .. .. (1286)

and A is given by (2).

As Ay, B, etc., are functions of x,, it is quite difficult to understand the
transformation law (10) in a general way. Even if the particle is situated at
the origin,

—

x=0, R O )

(10) does not simplify sufficiently for any clear interpretation to be possible.
In fact, we find
[Z,]_x,:o _ {(l—%aoxo)z._iazxg} u+%z§ (a u) a—zo(1 —1ayr,)a ' ”

(I— %aoxo)2+ia2x§—-xo (a u) (1—$ago)

1f we consider this expression for short times such that we can neglect second
and higher powers of z,, we get

vl —utalGafialroe. .. .. s

£ small

The coefficient of z, gives the acceleration of the particle; we notice that it

consists of two parts, —a and (eu)u. The latter vanishes if the particle is

instantaneously at rest, so that —a may be interpreted as the acceleration of
the undashed co-ordinate system with respect to the dashed system. Notice

that, for x, = 0, (15) gives »' = w. Thus the initial velocity of the particle
at the origin of the undashed system is the same in both co-ordinate frames no
matter what the values of the parameter a, are.

III. TRANSFORMATION OF ACCELERATION

One would expect to get a more clear idea of the interpretation of the
parameters @, by calculating the transformation law for acceleration of a
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particle. Writing

d’lli ; du
=G =g 09

we get after a straightforward though rather lengthy calculation
g A4 Nrowawo®
fi= > [(Cik +ui0jik)f k
K+Lu
+ D Ur+ Bttty
+ l"ijkmujukUm
+6] .. . . .. . .oam

where A is defined by (2), K and L by (ll¢) and (11d), and

0(1) = KS —Gixk'— [x'(]. '—aoxo)'{'%(:ﬂg'{'xs)a‘] Gr .. . (18(5)
0% = L8 — Li8;+ (aaj— a;s) (aizto— ao;) o .. (18b)
Dir = [ao(1—(a2))+}a%xo] die+ar(asro—aoz;) o - (180)
Epp = —G 8, .. . . .. . .. . (18d)
Fijkm = —.D,'j Skm . .o . .. ‘. .. .. (186)
G = —a,-(1+(a x))+§(a§+a2) ;. T O -5

If we consider a system in which the particle is instantaneously at rest

(u = 0) at the origin (x = 0), (17) becomes

[Pl = (%)3 [k7-{1+126PYe), .. .. (o
u=0
where now
A=1=agry+$ (aﬁ—;") zg, S .. (20a)
K =1-aprot+i(al+a®)s2. .. .. .. 20

If the particle is unaccelerated in the unda,shed system, we see that it
will appear to have an acceleration,

_(;1_()8;,.. ey

in the dashed system. This would at once lead to the interpretation of —a
as the acceleration of the origin of the undashed system with respect to the

8
dashed system provided the factor (%) were unity. Unfortunately, 4 is not
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equal to K even if ay = 0: the two can be equal only if ¢ = 0, but ‘chen—a>
disappears and the question of interpreting it is left unanswered. If we

expand % in powers of xy, we get

4 1~
g=1l-58n+0@E). .. .. .. . (@

This shows that —a can be considered as the acceleration of the origin of the
undashed system only initially (xo = 0) and for short times thereafter

a a:g < 3/
1V. C(Coxcrusion

We have seen in section I that the transformations (1) are singular and
positive times, xo, can be transformed to negative times, z,’. These features
make it difficult to assign physical meaning to the conformal transformations
(cf. Fulton and Rohrlich 1960). This is confirmed by the transformation
laws for velocities and acceleravions that we have found in sections II and

III. These laws are, in general, quite complicated. The spatial parameters,

a, can be understood as representing the initial acceleration of the origin of
the dashed system with respect to the undashed system. As pointed out in

“section III, this interpretation of @ holds only initially and for short times
thereafter. This is obviously unsatisfactory. We have not found any
physical interpretation for the zeroeth component, a;, of the parameters

—
(aO 3 a) .
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