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ABSTRACT

Szész determined the jump of a function by its conjugate Fourier series, considering the
Abel transform of the nth partial sum. Chow and Misra determined the same by considering
the Cesaro and Riesz logarithmic means, respectively, of the nth partial sum of the Fourier
coefficients. In this paper a new result on the determination of the jump of a function has
been obtained by employing the Nérlund method of summation. '

1. Let f(x) be a function integrable in the sense of Lebesgue in the interval
(—=, =) and be periodic with period 2w outside this interval. Let the Fourier
series of f(x) be

(L.1) 3 ay+ 2 (a, cos nx+b, sin nx),
1

n=

Then the series

an
(1.2} . & (b, cos nx—a, sin nx)

B=l

is said to be the conjugate series to Fourier series (1.1).

We write

(1.3) Plz) = flatt)—=f(x—t)

and let D(x) be the jump of the function ¢i(x) at the point ¢ = 0.
If we write

(1.4) D(z) = f(z+0)~flx—0),

then we write

(1.5) $(t) = (1) — D(x).

The problem of determination of the jump of a function has been consi-
dered by Szész (1938), considering the Abel and Cesiro mean of the partial
sum of the conjugate series (1.2). Chow (1942) and Minakshisundaram
(1944) generalized the results of Szész (1938). Misra (1947) extended the
results by considering the Riesz logarithmic mean, of the partial sum of (1.2).

The object here is to determine the jump of the function, by considering
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the Nérlund transform of the partial sum of the series (1.2). We shall prove
the following:

TeEoREM. If

(L.6) &1 ()= [ |$w)fdn = o(t)
and if the sequence {p,} be defined such that
(L.7) n|pa] < o|Py|
5 1Pl

(1.8) k=1 5 < c|P,|
and

(1.9) kzlklpk_])k"l‘!(clpu[
then

(1.10) Tat)=T,() = glog d 48 N> o0

where T,(t) is the Norlund transform of the m™ partial sum of (1.2) and (m/n)
=d > 1.

The following are the conditions (necessary) for regularity of the Norlund
method of summation ;

(1.11) k21 x| < | P,
and

(1.12) %-»0 a8 n—> .

2. Wae shall require the following Lemmas in the sequel.

Lemma 1. If N,(t) be the Norlund transform of the m* partial sum of (1.2)
associated with the function of ¢ (u)==1, and if the sequence {p,} satisfies (1.7),
(1.8), (1.9) along with regularity conditions (1.11) and (1.12) then we hgve

(2.1) J.ﬂ f\*,,,(t)dt—f"r N (0)dt = log d, ags 1> o
Y0 0 -
SJor all (m/n) =d > 1.

Proof of Lemma 1.

Sinoce we have

Jopoa= [ 2552 (=)

ntlm m T ™
—_ J. m-k( - CO8 kt) dt+J. ¥ pm—k@
¢ n'/mk=1 -P- t
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mim k=1 P' ¢
mim T di T
= N ()at+ f T N (t)dt
0 wim mim
2.2) = I1+1,—1, 8ay.
Now
Todt
L[
2 mim ¢
= |log ¢
[log 7 |
(2.3) = log m.
Also
wm
;= N «(t)dt
0
1 ™ (1—cos kt)
= S Sl Ay
f o Plm) %" Pon-k t

1 [mm O(kei2
=IT(7—n—)f Zlm k‘ ( t)dt

]

wim

1 m
=0(<‘ﬁw7>)€“’m ALalig

k
(2.4) = 0(1) by (L11).

Proceeding on the same lines as in Lemma 7 of Hille and Tamarkin (1932)
by virtue of (1.7), (1.8) and (1.9), we can show that

Iy= J‘"/ Na(t)dt

(2.5) = 0(1).
By colleeting (2.2), ( 2.4) and (2.5), we have
f N, @) dt =log m+ 0(1)
(2.6) = log m, a8 m— 0.
Therefore

I N.(t)dt—f N, (t)dt =log m— log n as m, n - ©
0 0
2.7 = logd a8 m—> o
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where .
(m/n)y=d > 1,
. LeMma 2. If we write
(2.8) [Pal="ra
and
(2.9) Rm) =ridrod ... 7y, lu] =r(u), Rlu) = R[u]
where [u] denotes the integral (largest) < u and
(2.10) Vo=o, Vo él {or=ir]s Vig =V
then
(2.11) Na(t) < A{ M, () + M ap(t) 4 My (t)+ M, (8) }

such that

(=)

@12 - EmO=igGy ) = & Rm)
1 1
| M) = L el = i [vem=7 (7 -1)]

where A is a positive constant independent of m and t and not the same al cach

occurrence,
The lemma is known (Hille and Tamarkin 1932, Art. 6).

3. Proof of the Theorem. Since we know that the partial sum of the
conjugate series (1.2) is

(3.0) 8. =1 f : 90 =2 gy o1

we know that 7' (t), the Nérlund transform of the partial sum 8. (f) of
(1.2), is
- —C0s

(3.2) Tot) = (0 —cos B) 4y 4 o(1)

1

Now, by Lemma 1, we have
1t =T(t)— 2 log @
=1 f"r'ﬁ(t)lv-(t)dt—- 1 J‘" P(t) N o(t)dt— D 3 J‘" N.(t)dt—J“” N,(C)dt}-{-o(l)
TJo TJo T 0 0

= 1.1’ r )N L (t)dt— }r J” SO N (B)dt+o(1)

f ¢(t)1V.(t)dt+J "W)dt J $) N @)dt
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in . T T
—[1 f ¢(t)Nn(t)dt+3f 2041 f &ﬁ,(t)dt]w(l)
TJo Ky win T /n ¢ -
(3.3) = I+ I;—I;—[I,+ I;—I,]4o(1) say.
First we consider I, —1,, we have

: > _ L[ g, 17 40
Ig—T, = ;fﬂ/det—" . o

=l win Mdt

™ mim t

in
- 1)
= 0(1) f Ear

wim
—_ ain (i _ dt
= 0()[&,(t)t ], +0(1) f R Cr
win
= o(1)+o(1) f / ?—zt- by (1.6)
= o(1)4-o(1)[log w=log m~log w+log n]
= o(1)4o(log d)
(34) ' =o(l) ag n—> 0.
Also

1 wlm .
I = - f H(E)N 4 (t)dt
0

wim
=0() f | $(6)] O(m)dt
0

O(m) (B, ()17
= o(1), by (1.8)

o(l) as m — co.

(3.5)
Similarly
(3.6) I, =o(l) as n— o0, by (1.6).

Lastly, by Lemma 2, we have

[Iy] = % f ¢(t)z\7,,.(t)dt,
nim

<4l je0] (z o)

wim

4
(3.7) = X I, say.
r=1

Ix
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For r = 1, we have

Iy, = O(I)I ()} M,y (t) dt
aim :

1 (" 1\, d
= 00) g f,,mR(?) 4017
_ 1 1\ = 117 (1B ()
-O(W)i[’*(f)"”*“"f],,mﬂ“J,,,,HR(f) R
[l moafl).A}

Here the integrated part is o(1), by virtue of (1.6) and the fact that
R, —> o, by (1.9) and Lemma 2. The second term is

1 ’"/”R(s)
(R(m)) f ds, by (1.6)

71

= o(1), as m — 0, by (1.8).
And the third term, by (1.6), is
1 i 1
"(R(m)) ' f o (t)

1
™

1
= (m)f e )

= o(1) as m —> o, by (1.9).
Thus, we have

(3.8) Iy, { = o(l) as m —> o0,

Considering the case r = 2 we have

I o= 0(1)f [$(t)| Mo (2) dt

= oq) (R(m))f 16(0) | (1) &
— 1 1] v dt
= 0(1) % [¢1(t) T(E) .. ﬁ]ﬂlm +2 J.Tr/m ¢1(t) T( ) t3
" 1} 1
—— J."Im¢1(t) dr(?) . t—zi .

Here the integrated part is o(1) by virtue of (1.6) and (1.7).

IIB
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1 m 1) dt
a7 (6) &) v 0o

1 mjm
= O(R—(m_)) . fl r(s)ds

k)

The second term is

= o(1), as m — oo, by (1.7).
Also, the third term is
1

o( ! )) J‘ﬂ I t(t)idc, by (1.6)

R(m .

1 i
= "(R(m)) f , 1)l

k)

= o(l), a8 m — o by (1.9).
Hence

(3.9) Iy, 5 =0(1) as m = co.

Determining the case r = 3, we have
12,3=0(1)f [$(t) | Mms(t) dt
nim

—om m [ [$®)]
_O(I)M. o B dt, by Lemma 2

B r(m) - T T (_if
= O(R(m)) ; [‘pl“)/ t2] e f o 210 ca}

o) M4
—O(R(m))‘ lo[t w{m o ¢ ‘n/m}’ by(1'6)

(3.10) =o(1) as m > (by L.7).

Finally for the case » = 4, we have

Is, 4 =0(1) f [ ()| Mua(t) dt
7fm

1 4 1 dt
= O(W) . fﬂlm|¢(t)l [V(m)—V (; —1)] 72 » by Lemma 2

- ofgt) (- (1)) 2]’

\ wim

- ‘ n av (1 —1)
v — 1 dr . = ¢ g
+2f ¢.‘b1(t)[V(m)—-V (Z —1)] i f D,4(t) — Qg
wim ' m

7/

163



164 B. N. SAHNEY: ON THE DETERMINATION OF JUMP OF A
The integrated part is o(1) by (1.6) and (1.7) and the fact that if

W

m
,,{‘lkl'pk—pk—l‘; Wo=0

then, by (2.10) in Lemma 2,
Va 2 | p,—2;_4]

k=1

it

m 1
= 2 ];:(IVk_I’Vk_I)

k=1

m-1 1 7
F=1 ] m
(3.11) =o{R(m)}.
The second term is

1 T (1 | dt

i3

1 mimw
= o(m) fl {V(m)~V(s=1)} ds

m

1 m/ﬂ mim
O(E(m——)) {fn SdV(S)'l'[S(V(m)—V(s_l))]o/ }

I

m

1 1 '
= (m) ZPmpe ‘“(m) {ml2n=tnal}

which is o(1) as m — o0, by (1.9), (1.7) and (3.11).
Lastly, consideration of the third term shows that it is equal to

o) 7 i)

wim

1 mimw
= o(m) jo sldV(s—1)}

which is o(1) as in case of the second term.

Thus we have

(3.12) Iy, 4y = 0o(1), as m — o0,
Collecting (3.7), (3.8), (3.9), (3.10) and (3.12), we see that
(3.13) Iy =o0(l), a8 m->00."

Similarly we can show that, by (1.6), (1.7), (1.8) and (1.9),

(3.14) Iy =o0(1), a8 n— 00.
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By virtue of (3.3), (3.4), (3.5), (3.6), (3.13) and (3.14), the theorem is
proved.
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