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ABSTRACT

The surface displacement due to time-dependent surface pressure on a semi-infinite,
isotropic elastic medium has been calculated. The results show that the displacement becomes
infinite at the instants of arrival of the Rayleigh waves but is otherwise continuous.

INTRODUCTION

The displacement produced in a semi-infinite, isotropic, elastic half-space
-by a uniformly moving line load on its surface has been calculated by Cole and
Huth (1958), while Hayasli (1942) obtained that due to a uniformly moving
circular pressure area in the form of a double series. Dasgupta (1956) considered
a rectangular pressure area moving over a liquid lying on the semi-infinite
half-space. However, none of these authors considered the problem of the
transient disturbance produced in the medium by the generation of the pressure
area on the surface. For a line load this has recently been done by Ang (1960);
he considered the load to be suddenly produced and assumed it to move sub-
sequently with uniform velocity. In this paper, the disturbance produced
in the medium by the gradual appearance and subsequent slow decay of a
stationary pressure strip on the surface has been calculated by Cagniard’s
method and the result obtained in the form of definite integrals. A similar
problem for pressure applied along a line on the surface of the medium was
solved by de Hoop by a modification of Cagniard’s method.* The two-dimen-
sional problem has been solved because of its mathematical advantages.
However, the theoretical and experimental results obtained by Strick, Roever,
and Vining (1959) suggest that the solution of the two-dimensional problem
may give a good idea of the nature of the disturbance in the corresponding
three-dimensional case.
Problem. The z-axis is taken along the surface of the semi-infinite, isotropic,
elastic half-space, and the y-axis normally into the medium. The surface

* This result was privately communicated to me by the author.
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is assumed to be acted on by stresses given by

yz=0
—_ (1)
yy = P(x)F(t)
where
&(r) = P, a constant, |z|<a
=0, lz]>a
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F(t)= te""H(t).

The stress components &, #J, ¥J are related to the displacement
components (u, ) by the equations
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and the equations of motion are :
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where A, p, p are the Lamé’s elastic constants and the density respectively of
the medium. The displacement components will be calculated subject to
the conditions that they remain hounded as y — +co, and that the medium
is initially at rest.
Solution. It is well known that the equations of motion are satisfied if
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Defining the Laplace transform f(:v, y, p) of a function f(z, y, t) for real
values of p by the equation

Hz,y,p) = f . e~Pif(x, y, 1) dt

one obtains from equations (5)
‘ of = P2 o) =2
V $ - a_2‘$’ V lﬁ = Bélﬁ
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the initial values of ¢, y, —aa%, %‘f being taken to be zero since the medium is

initially at rest. The solutions of these equations are taken fo be
+a
=1 —tz—7
= A pleT e g
(6)
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and A(¢g, p), B(¢, p) are as yet undetermined functions of £ and p. The factors
e~ MY, ¢~ 1Y are chosen because they remain bounded as y — +o0; for the
same reason, those branches of 7, and 7, are taken which have positive real
parts on the real ¢-axis.

One obtains next from equation (6) and the Laplace transforms of
equations (3) and (4)

where
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But the boundary conditions give

(;’Z\I)y=0 =0
— +o
(?l—:y)y=0 = 11—12(? ¢1(§)e—i§xdf
where
- 1 N 2P sin éa
F(I’)=m» ‘px(f)—-“"——f .

The boundary conditions will be satisfied if

(2itn,) A— (ZB’—:+2£2)B =0

(%:+2§=)A+(2i§ns)B = Fp)dy(é).
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Solving for 4 and B, and substituting the values in equations (7) one
easily obtains

g— F(p) Imf Dy(€)e -ifx [g(%:+2£2)e—wp_2£npnse-yqs]df
0

" “ (8)
where
A = (ﬁ2+2§2)-4§m% )

The solutions obtained above must be taken in the distributional sense.
The integrals involved are uniformly convergent in any part of the upper half
plane not including the z-axis. Aty = 0, however, only the Césaro sums of the
integrals exist except at x = 4a, where they have delta function singularities.
Since difficulties arise in connection with the inversion of the Laplace transforms
of the integrals for y = 0, the inversion is carried out by Cagniard’s method for
u(x, y, t) and v(x, y, t), and then the limiting values of these functions as
y— + 0 is taken to give the surface displacement.

Putting ¢ =%, one obtains from equations (8) by following the usual

procedure (Mitra 1960) :

u(x, y, t) -—;’Tf Fot=D[—G1{21(0) } + G {2o(0) } +-G2 {21 (D) } — Go{zo(0) } 1C
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Fi(v, 2) = vB(L+2222)] A oly, 22)
Fyfv, 2) = 228 v/ 14224/ 140522 A ofv, 22)
Fylv, 2) = v8 A/ T+ 221+ 20%2)[z A o(v, 22) f .(12)
Fyv, z) = 232/ 1422/ Aoy, 22)

Aglv, 22) = (1+2v222)2 — 43224/ T4 220/ T H o222,

Now if
’ wlo
y->0,z{t)>——,
T

and
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)

(13)

The branch of 4/1+22 is 80 chosen here that it is positive and real on the
real z-axis and within the range (—+¢, +4-¢) on the imaginary z-axis, while it is
imaginary with positive and negative coefficients above and below this range
on the imaginary z-axis. The branch of 4/T4»%2 is chosen similarly with

(_f , +3) instead of (—1, 7).
14 14
The same limits are obtained for A[v, 2;(()]. Hence the integrands,

all of which have simple poles at z = :i::—;,i (v = Rayleigh wave velocity in the
R

medium), have simple poles at { = % . Nowift> %’— and if Q(Z) has a simple
R R

pole at [ = x,[vg, the integral
[ Be. pewat

tends to

i
C.P. f B, Q)L —niE (t, x_J)x lim [( - “L’) Q(l)]
0 VR ) v
R
where C.P. indicates that the Cauchy principal value for the integral is to be
taken. This result is obtained by calculating the limit of

LT®
[ mevewar
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as the pole tends to ;-’— with y tending to zero, and then making ¢ tend to zero.
R
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Using the above formula and the substitution Exg = u, one obtains from
i
equations (10) to (13) after some calculation

0 v oo o)
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and the upper limits of the first set of integrals in (14) and (15) are replaced by

%

where

1 when f exceeds % , and the Cauchy principal value of the second set of inte-

grals in (15) is taken if ¢ exceeds —zi
R

It is evident from equations (14) and (15) that the displacement chahges
gradually from its initial zero value on the application of the normal stress.
The second term in equation (14) indicates the contribution to w(x, 0, ) from the

Rayleigh wave which arrives at times %1— and %2— from the front and rear of the
R R

pressure area and it varies in the same way as the surface pressure. The
contribution of the Raylexgh wave to v(z, 0, f) is given by the second set of

integrals in (15). As {4 —0, v(z, 0, ¢) tends to infinity due to tbe presence
VR

at u = -vﬁ of the simple pole of the integrand of the second set of integrals in

R
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(15). Then it gradually decreases to a finite value as ¢ increases further. This

h b= 22
appens near ¢ = or’
The component » of the displacement has been calculated in the initial

stages of the motion only for z = 104, » = 0'6, and y—’: =1,

I
%‘ 9 95 | 10 10-5 11
fﬁi‘ 0 —0-0007 —0-0038 | —0-0091 —0:0154
Pqg2
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