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ABSTRACT

The effect of the finite mass of the proton in Lamb Shift is studied by considering the reduced
mass effect and by assuming the proton to have a spread of .J 2-8 times the Compton wavelength.
The calculations give a shift of —1:18 Mec/s, which is in complete agreement with the results of
Salpeter (1952).

INTRODUCTION

It is well known that 28; and 2P, levels of the hydrogen atom do not
have the same energy as required by Dirac’s equation for the electron in the
coulomb field of the proton. This was first experimentally observed by Lamb
and Rutherford (1947) and is known as the Lamb-Rutherford Shift. These
experiments were successively improved by them, using refined techniques,
and the shift has now been determined to an accuracy of 0-10 Mc¢/s.

The value of the shift is

(1057-77 £ 0-10) Mc/s.

The theoretical explanation for this shift was first given by Bethe (1947)
who thus initiated the beginning of all the new developments in quantum field
theory. Bethe interpreted this shift as an effect of the interaction of the
electron with the radiation field. In fact he simply calculated the self-energy
of an electron bound in an atom. The Lamb Shift is interpreted as the differ-
ence between the self-energy of the electron and that of a free electron.

The more exact calculations based on the idea of renormalization first
suggested by Kramers (1947) were done by various authors (Kroll and Lamb
1949; Baranger 1951, etc.). These calculations were given in greater detail by
Salpeter (1953) taking into account the various other factors including that
of the finite mass of the proton. He took into account the mass of the proton
by considering the more exact two-particle equation given by Bethe and Sal-
peter.

The change in Lamb Shift due to the finite mass of the proton was found
to be —1:18 Mc/s (Salpeter 1953). The object of the present work is to explain
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this change in Lamb Shift from simple physical ideas. The shift is explained
by considering (1) the usual reduced mass corrections and (2) the ‘zitter-
bewegung’ motion for the proton. The combined contribution due to both
these effects is found to be —1-18 M¢/s in agreement with the above exact value.

CALCULATIONS FOR THE CHANGE IN LAMB SHIFT DUE TO THE FINITE Mass oF
THE PROTON

In the usual calculations of Lamb Shift based on Dirac’s equation with
renormalization the nucleus is considered to be of infinite mass and is,' therefore,
supposed to be at rest. Salpeter (1952) improved this by considering the
two-body equation of Bethe-Salpeter and thus took into account the motion
of the proton. We can understand the above effect from the simple con-
sideration of giving proton a finite mass and a finite size due to its magnetic
moment. The total effect occurs due to two terms: .

(1) The Reduced Mass Correction: The main term in the Lamb Shift is
obtained from third order S-matrix calculations. The detailed calculations
have been done by Bethe and others and the shift is

R
(1)——&.3 yuo m
= [l"k(z, 0)

where « is fine structure constant, m the mass of the electron, Ry_ the
Rydberg constant and £(2, 0) is the average excitation energy and is equal
to 16:65 Ry_ .

We now wish to apply reduced mass corrections to the expression (1) to

—
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correct for the finite mass (M) of the proton. The momentum P of the

electron in the centre of mass system is given by P = p v, where n (= %)

is the reduced mass of the electron and ? is the relative velocity. Follow-
ing Bethe (1947) we find that the expression (1) is to be multiplied by

(§)3~(1_%"), R ¢ )

The expression (1) also includes a contribution of } L == 67-82 Mc/s from
the anomalous magnetic moment of the electron and factor (2) does not include
the correction term for } L which arises due to the transverse component
of 4,. Including this term, the total reduced mass correction to (1) is then

m
i

(2) The ‘ Zitterbewegung’ (Dirac 1958) of the proton (considering it as a part-

icle of epin } and magnetic moment 2:8 Nuclear Magnetons): If we assume

["35‘”+2L]=—1-56Mc/s. L cw
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Dirac’s equation for the proton, the theory would give the proton a
and a radius equal to that

h
2Mc2?
of the Compton wavelength. This would imply that the magnetic moment

‘zitterbewegung’ with a period of oscillation

of the proton would be é%% which is not the observed value. We can account

for the actual magnetic momentum by alternating the amplitude of oscilla-
tion, keeping the frequency same. This gives for the amplitude the value

- V28 h B

X 2 Mc

The ‘zitterbewegung’ implies that the proton oscillates rapidly about
the mean position and can be found anywhere (at a particular instant) inside
a sphere of radius z.

Now, consider the case of the hydrogen atom. When an electron is at a
distance greater than the mean value x from the mean position of the proton,

the effect of oscillations will be averaged out to zero (averaged over a time

much greater than —2—13?2) . But when the electron is inside the effective sphere,

the proton on an average will affect the electron only when the proton is at
a distance less than that of the electron from the mean position of the proton.
In fact, we can assume that the charge of the proton is smeared out into the
form of a sphere of radius 2. So long as the electron is outside it, the effect
of the proton will be th® same, as if the proton is a point particle. When the
electron is at a distance r less than z, the electrostatic energy of the electron
would be

e2 47 73 e®
—_ 2
hanibrat el r<u. .. . 4
Lo 3 r x3 (4)
2T
3

If we assume that the proton is a point particle, we get the energy of an

2
electron at a distance r as — e—r-. So the change in Lamb Shift is due to the
difference of the two expressions. Thus the total energy for » < x, if the

proton is assumed to be of mass M and magnetic moment 2-8 Q% is
4

e2 [
— ~J Y*r2fdr .. - .. < (B)
r<{x

x3

and in the case of the point proton it is

—-e2f (/l*}(/ld‘r. . . - .. (6)
rze T
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For r > z the integrals are the same, as mentioned before. Thus the difference
is
e2
—— Y*refdr 42
xr

3
X r<

J wlow .
r<ae T

In the case of Lamb Shift we are interested in the 28, and 2P, levels.
To the first approximation, we can take the non-relativistic wave functions
for 28, and 2P, states. This would give an appreciable difference only
- for the 28th state. It is because the P state has very small probability of being
near the nucleus, whereas the Sth state electron goes through the nucleus,
for its angular momentum is zero. The wave function of the 28tk state is
given by

1 1 \32 5 2 ) —ri2a,
z/;(x):—_ﬁ(%—o) (_f-—a‘—o)e , .. .. .. (8

2
where ay is the radius of the first Bohr orbit and is given by (;L) Thus

ne?

the shift is given by

e2 1 _7./,,0 1 (,) 7 )z
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0

. . r . .
To the first approximation we can drop —- in comparison to 2, for
X T

g 2] M

2
where o is the fine structure constant (: %;) .

Thus

x x

e2 1 ;
Ve — — |= e=tagpddr— | e="rdr
2a, [ ), 0

2 2
e2 3 (x 3 m)
=-—-"|Z] =—-Ry28|=;) air?
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= (-39 Mc/s.

The sum total effect is — 1-18 Mc/s.

The calculations, of course, depend entirely on the choice of  which we
have taken to be of the order of the Compton wavelength. Actually one would
have to take the meson cloud which surrounds a proton in a more accurate
theory. The choice is justified only by the correct magnetic moment it would
give if one assumes Dirac’s theory to be valid for proton.
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