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ABSTRACT

A relativistic quantum field theory with a derivative coupling L’ = iMyuyond between a Fermi
field of spin § and a neutral Bose field of spin zero is solved exactly in four dimensions and is shown
to be renormalizable. Renormalized matrix elements of Heisenberg field operators and elements of
8 matrix for Bogson-Fermion collision are explicitly computed. An outline is given of the method
of application of the results of the theory to the problem of renormalizability of vector-meson
interactions which are supposed to mediate weak interactions in the V-4 theory.

1. INTRODUCTION

The only methods of practical solution of relativistic quantum field theories
at present are the covariant perturbation theory (Dyson 1949; Schwinger 1949 ;
Feynman 1949) and the Tamm-Dancoff method (Tamm 1945; Dancoff 1950,
Dyson 1953). These are approximate methods and suffer from serious draw-
backs. Inthe covariant perturbation theory each term except the lowest one
in the expansion in powers of coupling constant is divergent. Even though
physically meaningful results can be extracted from these divergent terms by
the process of renormalization, there does not seem to be any method of
examining the convergence of the perturbation expansion. The convergence
is not necessarily assured in theories where the expansion parameter is very
small compared to unity. In Quantum-Electrodynamics, where this happens
to be the case, there are indications of inconsistencies of the perturbation
expansion scheme (Landau 1955). In some theories the process of re-
normalization does not seem to be unique. For example, a coupling of a Fermi
field with a vector meson field is not renormalizable according to the conven-
tional criterion. The current feeling is that the conventional criterion is too
severe because it probably obscures many cancellations of divergent terms when
the perturbation expansion is summed up after simplification of the terms.
Efforts are being made to find less restrictive criteria (Glashow 1959; Salam
1960; Kamefuchi 1960). Besides these, there are other drawbacks of the
covariant perturbation theory, such as its inadequacy of dealing with bound
and decaying states.
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Ag far as the Tamm-Dancoff method is concerned, the old method of
Tamm and Dancoff is non-covariant, secondly the states used are virtual
states (bare particle states) and, finally, one arbitrarily drops an infinite number
of terms retaining only as many as can give a practical solution. Although
the new Tamm-Dancoff method of Dyson is covariant and uses physical states,
the arbitrary dropping of terms makes it illogical.

It is because of these drawbacks of conventional approximate methods of
solution of relativistic field theories that attention of field theorists has been
drawn towards finding methods of exact solution of field theories. But most
of the theories exactly solved so far are essentially non-relativistic. Con-
clusions derived from them need not have any bearing on the problems posed
by relativistic field theories. Realization of this fact has led some field theo-
rists to obtain exact solution of realistic field theories. Thirring (Thirring 1958,
Glaser 1958, Pradhan 1958) recently solved such a theory, but in this theory
there is only one space dimension and as such it has no relation to a realistic
world of elementary particles. In order to investigate into the nature of ele-
mentary particles exact solution of relativistie field theories becomes extremely
necessary. In a search for a soluble and at the same time realistic field theory,
we have found that the theory of neutral bosons of spin zero interacting with
fermions of spin half with a derivative coupling becomes exactly soluble. This
paper gives the method of solution of this theory and discusses the significance
of the results obtained, giving possible application of these results.

2. CourrLED FI1ELD SYSTEM IN THE HEISENBERG PICTURE

We have a field theory characterized by the Lagrangian density
L= = (v, 0" +m)by+ 40,8, 06, — 1 K24y +iX 7 @by, .o (1)

where ¢, and ¢, are field operators in the Heisenberg picture representing a
Fermi field of mass m and spin % and a neutral Bose field of mass % and spin
zero respectively. The equations of motion and commutation rules obeyed by
these operators for space-like separations obtained from the above Lagrangian
density by Schwinger’s action principle can be written as

(v 2 +m)by = ixy 9,0, R 20
by —miby = =M by, .. .. . (2D)
(Bu0"—K2$,=0. .. .. .. .. (2

f ) da,,{:/;H(x'),zﬁH(x)'}”‘} f@)=f@&), .. .. .. (3a)

f dou[$y@), ¥, @] f@ =f), .. .. .. (3D
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all other commutators and anti-commutators being zero. The constants of
motion that follow from the invariance of L under infinitesimal proper Lorentz
transformations and gauge invariance of the second kind are

P = f d’a,\[%gh#avqsnav ™ a)‘quau'ﬁH—‘ﬁH‘yl\aF'pH]’ i @

M = f do [TH%" —TVd*+ 35, 7%V, ] with T = ~J, Yo"y,
+2844,0°6,—39"0,6,,8% .. N )}
Q.-.Mf%&ﬂﬁ. N ()

3. Ei1gEN StATES OF P* AND § MATRIX

For non-interacting fields the eigen states of P* can be constructed by means
of positive frequency Fourier components of #(x) out of vacuum, defined by
means of the negative frequency Fourier component. This cannot be done in
the case of a coupled field system because the Fourier components are not in
general time-like, due to which an invariant decomposition into positive and
negative frequency parts is not possible. Even if one makes a non-covariant
decomposition, because of the non-linearity of the field equations the positive
frequency part of (%) will create a state for which p%+m? £ 0 and hence it
will have no bearing on particle-like character of the field system. Besides, it
can be shown that the state thus constructed is an eigen state of a part of P¥,
the part not containing A explicitly.

In order to construct eigen states of P* which will represent particles, we
must first of all recognize that the term particle is physically meaningful if
the particle is spatially separated from other particles by a considerable
interval. This means that one can talk of particles only in an asymptotic
sense. For non-interacting fields the one-particle fermion state can be written
as

1 -
© m ipx
WFree > (170) U, (p) e

1“lugr)ee (;7‘) = é)‘% J‘dal‘«lﬁ(x)

pO >’}"‘h(;r,x) e )

Free

= J dof(x)
In an analogous way we write for the interacting field system
. Y .
W) = O o, -'ﬁ)- ;
#)() = oy | v > e 0. (7)o

] f da'“()ZH(I‘)
Ty = +ax

o dopy, ()

Io=

PO sy (pra), .. .. (8
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where ¥{J is defined by

[t

—

Y’f,g) > ¥y, (p) emiPF = (), .. o {9

This way of writing the state vector can be physically understood on the lines
suggested by Thirring (1958). The Heisenberg operator i, creates out of
the physical vacuum what may be called an undressed particle or more appro-
priately a virtual particle, because p2--m? £ 0 for this state. It is actually a
complicated superposition of dressed particle states. It is possible to show
that the virtual or undressed particles are created by very weak external
sources (coupled linearly to i and ¢,) out of Heisenberg vacuum. But
they do not stay as such very long. In fact, they are so unstable that they
instantaneously disintegrate into various physical particles. This means
Ju(x)/w > is a superposition of various physical particle states. The multi-

plication by k(pr, x) followed by the limiting operation z, = + oo project
out the dressed one-particle state (one for which p24m?2 = 0) out of this mix-
ture of states. As will be seen from equation (8), there are two equivalent
limiting operations, z; = 4+ 0 and x = —co, that can be used to construct
eigen states. The former process gives us states that are usually called ‘out-
going’ states and the latter as ‘incoming’ states. For single-particle states
the incoming and outgoing states are identical because of stability require-
ments. For two-particle states they are different.

One of the physically meaningful things we would like to obtain from a
field theory is the transition rate between incoming and outgoing states. These
are the elements of § matrix. If we consider the boson-fermion collision
problem, the incoming state vector will be given by

(1) - |
%o

We would like to know what outgoing states the collision will lead to and with
what transition probabilities. This means we shall have to compute the
scalar product

v )>n(p ). . (0

dog (@)

v (7)>4(5.2) D

for these outgoing states for which this product is finite. It must be noted
that the incoming state in equation (10) may not (in fact it does not) have unit -
norm. So we must put a normalization factor in it.

It will be seen from equation (11) that we have to compute the matrix
elements of y,(x) between outgoing (the one-particle state that appears
there can be taken as outgoing since for such states there is no distinetion

<o ANE)

v i) > = d<wy

Zo_.
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between incoming and outgoing modes) in order to find the S matrix elements.
This can be done conveniently by making a unitary transformation of the field
operators and state vectors from the Heisenberg picture to another picture
where the new field operators obey free field equations and the state vectors
vary with time due to the interaction. This we shall do in the following
section.

4. UNITARY TRANSFORMATION TO FREE FiELD OPERATORS

We perform a unitary transformation of the Heisenberg field operators
and state vectors in the manner

#(z) = Ul yo)p, @)U 20, 90), .. .. .. (120)
$@) = Uz, 90)b @)U (o, 90), .. .. .. (12b)
T(mo) = U(xo, g/n)TH . .o .. . .o (126)

such that the transformed field operators #(z) and ¢(x) obey free field
equations
(V0" 4m(x) =0, .. .. .. .. (13a)
(0,0 —~K2)$(x) = 0. .. .. .. .. (13b)

The Heisenberg and the free fields coincide at time ¢ = y, if we impose the
condition U(zg, 29) = 1 on U. It is easy to see with the help of equations (2),
(12) and (18) that U(z, g,) obeys the differential equation

10"U (2, yo) = ntW (o) Ulxo, %o), - - . .o (14a)
with M) = | BNy p2)0 () + Do (@)Y S @Y @)} . (140)

This is equivalent to the Schroedinger equation

i%’ﬁ@ = H(e0)¥ (o), L (4
Lo

for the state vector which shows that in the transformed theory the coupling
problem has been transferred to the state vector from that of the field opera-

tors. The integral form of equation (14a) is

Ul(zy, yo) = 144 fzodt H@E)Ultyo) - .. .. (15a)
Y Y

whose iterated solution can be written as

Lo [5Y in-3

U(xo, yo) == z' (74)" J. dt] dtz v dt, ﬂ(tl) H(tz) e Ma(t,,). (156)
n=0 Yo Yo Yo
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Since
(V) =0, @A f dfr,pdPe = i f MY )
=i [ e grar+in [ oo

0

I !
=i f ds,;ﬁ%wm fdxa°(7¢o¢¢> = ang’)

with
Flaog) = f &' pp = F'(z,).
In that case
2 [aF
12 Jdn!‘n ) () = N [ aZ"), ’(xo)]

and hence

axo 2 axo I F(-To):l . . ] .. (].6)

In order to be able to find a closed expression for U(x,, ¥o), we must perform
all the integrations in each term of the series in equation (15b) and then sum

the series. It appears at first glance that the terms involving g-F_ are
Zo

directly integrable whereas those involving [S_F , F(xo)] are not. But as a
Zo

9F (zo)

result of the non-commutability of F(x,) with -2 =
0

it is not possible to

perform all the integrations oceurring in the terms involving g_F exclusively
Zo

unless certain terms are subtracted, and it happens that these terms exactly
compensate for the non-integrable terms involving gzg This means the so-
0

called surface terms in the interaction Hamiltonian are compensated by the
terms arising from the main part. This is exactly what Mathews (1949) has
shown by a different method. We shall not demonstrate the process of
* integration, but shall quote the final result which reads

Utan )= 3 5 A o) =" e Py + 257 P )+

- 1,\F(zo) +1,\F(zo)

+(=1)'F y)} V*(x) Vigo); Viwo)V'(zg) =1. .. (17)
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It is worth commenting that the above result can be obtained by using an
effective interaction Hamiltonian (one in which the surface term has been

oF (750)] is taken to be zero while
axo

omitted) provided the commutator [F(zo),

performing the integrations in equation (15). This is analogous to the con-
clusion of Mathews (1949) that the surface term in the interaction Hamiltonian
can be dropped from the covariant perturbation theoretic conclusions if

<@, 2) 2

0
i 0 — A z—x').
5, 0 > is taken equal to P #l )

We are now in a position to oi)tam Yy(x) and $4(z) explicitly in terms
of ¥(x) and ¢(x). This is done by using the closed expression (17) for U(x,, o)
in equation ( 12) as follows:—

(%) = U' (2o, 40)$(2) Uz, %0) = V' (y0) V (x0)b(2) V (z0) V (0)
V*(y “ N @G (@)e M EV (yo) = Vi(yo)b(@) V (o)

- f dySVWyo){A(x 9% _ 44y 92=Y) ?’)}V@m

ay Y,
~ [ { a@=9) > SR [ Po. o) ..
n=0
04 A (x—y)
X I:F(y()), 5:‘/—0] ' ]n brmket5—¢(y) ayo }

= [ ap{ a6 2 -~ LBED 4|

= ¢($)+i/\fflysA(z—-y)z[:T(y)n,b(y), .. .. .. .. .. (18a)
because
[F(xo), $(x)] = 0, [F(xo), :—2)] = ¢ (zo)h(z) and [F(z,), P! (@)p(@)] = 0.

Similarly
$u(@) = U0, yo)p(@)Ulmo, y) = V(go)e ™ Col(z)e™ N ) 7 (y)

i

VT‘-%){ > L @), Fleo), ... (B, g . ,.bmkets);V<yo)= 7o)

n=0
x( G 4o ))¢(x) V(yo)
n=0

i
= ( 0)EM@V () Vi yohh(x) V(yp) = — { @)~ 2 dy’A(w*y)llJT(y)llJ(y)}
X { Sdy3S(z—y)oV (4o)b) V (yo)
- _{ei:\¢(w)~/\2f dy’A(m-—y)W(yM(y)}{ j‘dy3S(z—-y)}'o¢(y)e‘W(y)}, .. .. (18b)

4
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because

[F(xo), ()] = (x)d().

5. CoMPuTATION OF MATRIX ELEMENTS OoF HEISENBERG FIELD
OPERATORS

We have seen in section 3 that for the evaluation of S matrix elements we
have to compute matrix elements of the type

< lp}})ut (&) l ‘/‘H(x) [lplgut (@) >.

For this purpose we can make use of equation (18) to express Yy(z) in
terms of free field operators, more specifically the ‘out’ operators which are
obtained by putting Yy = +4-co in equation (18). For the state vector we
use equations (8) and (10) according to which
st (pr) > = Lo: - &yl @) | P >h (pr, x)

Y’(HO) >h (;r x)

=f &, Ulzo,+00) ¢}, (2)U (o, +0)
To=+00

= fdi bhu(@) |y > B (pr, 2) 1, () |20 >

and in a similar way

e

v (5 7) > = o, (€) a1, o)

which show that the state vectors can be constructed out of ¥{) by means of
free field (out) creation operators. Thus both the state vectors and the field
operators in the desired matrix elements can be expressed in terms of out
field operators. This makes it possible to compute these matrix elements.
We shall demonstrate below the method of computation by working out a few
of them.

P >

—

<¥2|4, @] ¥ (%) > = <o|s|T >,
since
<oyt g |b>=0, e .. (%)
i Yo=t
<Ol et W) |pr, gs >
_ wi(2)vle) m Sprag, 7)), oo - (199)
= 3 3 = (FoT90), "\ p+¢
2 (2m)3(po-t90—1€) v/ pogo

4B
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<olui 1 () > = — [anste—siro <0

]W(I)l/lout(y)[;r><O!M(w,y)10>, .. .o <. (20a)

Wiz} = e__xz f R dym(z—yﬁm (WWout (y)’ M(a:, ) = ei,\¢out(z) e—»it\tﬁout(y).

In order to compute the R.H.S. of equation (2) we have to find the matrix
elements of W and M. This can be done by performing Wick’s ordering of
these two operators. We shall refrain from giving the details of the process of
ordering because it will take a lot of space. This will be given in a future
publication. We shall simply use the results. After putting the ordered
expressions of W and M in equation (20) some algebraic manipulations are
made. The final results are

—> _aZaih —>
<914, @ ¥(pr) > = 7O <010 > 1(pr, 2)
=Z'<0lg@)pr>, .. .. .. .. (200)
1}1(0) ,Pout(2) _) —];) —_ dy3S(z— olW -
< Wy l¢p@ [y "\ pr, k) > s o Y@= 90 < O W) pr >
=
<01M|7§>=i,\z*h(}fm)f(7§, :v) e .. (200)

-~

<% ) g 122, F) >

- N .
= — f oo dy3S(»'l7'—'y)yo < OlWl'bout(y)lpr > < k ‘Ml k>
g =

= Z*h(;rm){3(—1«?——76),)+/\2f'(_l;;:)f(—1:x)} R 11
where :
f(_k)a:) - L and 2} = < 0| W[0> o~2A(0)

V2,
is the wave-function renormalization constant. Other matrix elements can
be computed in a similar fashion. We shall not take the trouble of writing
them out, but discuss the significance of the results obtained. It will be
noticed that the matrix elements of ¢ are proportional to Z* which is zero
in magnitude because it contains the exponential of —iA2A{;) which equals
—co. This means all the divergency that will be encountered in the theory
can be separated into a multiplicative constant factor y,(x) and hence can
be removed by using renormalized fields ¢, = Z8 4y

The physical contents of the matrix elements can be explored by the
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introduction of external sources. Let us take the interaction Lagrangian for
the coupling of the external sources with our field as

L = J@$@)+i@y@ +yem@, . .. .. @)

where J(z) and 7(z) are external source densities. These external sources
can produce out of vacuum various physical particle states. The probability
amplitude for creating a physical fermion (for very weak source) by

! pt o0 N

PO s = Z’-’J  ddei(@)h (pr, x).

-

wfermion (;);) =< TS) (;T) f+w d4]‘7—](x)¢'” (:l)
- 00

(22)

Because of the Z! factor this probability amplitude is zero. But if we take
the view that the observable source strength is Z* #(z) = #,(z), we can make
this probability finite by assuming that 7(z) is infinite in such a way that
#i{z) = Z! 7(x) is finite.

The matrix elements computed above can now be used in equation (11)
to calculate the transition probabilities between the incoming boson-fermion
state and the various outgoing states that are possible. The transition ampli-
tude for elastic boson-fermion scattering according to equation (11) is .

—’

< pr ,—I;

—

S| 2 = o () i G 7) > =

—>/ —>\
pl',k/

o (5 o (DG

(23)

¢! (@)

where the factor Z~* appears for making the norm of the incoming state unity.
Substitution of equation (20d) in the above formula gives
Gt s

prk > =8 (p—p)s (k) +

vl () V- (5) |
Velp)e(s)o (i)« (i)
The first term of this expression represents the incident wave unaffected by
collision while the second term gives the effect of the collision, i.e. the scattering

of the boson by the fermion. The & functions in this term represent conser-
vation of energy and momentum in the scattering process.

—

+ %@ Bgp d (;—F —;-—I;’) (24)

6. RENORMALIZABILITY OF VECTOR MESON INTERACTIONS

The V-A theory of weak interactions can be formulated very successfully
by the introduction of intermediary vector mesons. But the interactions of
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vector mesons are known to be non-renormalizable when analysed with the
help of covariant perturbation theory. Recently some physicists have cast
doubts on the correctness of this conclusion and have re-examined the problem
(Glashow 1959; Salam 1960; Kamefuchi 1960). We shall in this section base
the examination of the problem of renormalizability of a field theory with a
coupling between spin half fermions and spin one-vector mesons (in the V-A
theory the mesons are pseudo-vectors). The interaction Lagrangian for this
problem is L = ?:Al/;GyFi/lG¢g which means the field equations are

(r " +mp@) =axv b, .. .. .. (24a)
(00" —k2)pr(@) = N (@@ .. .. .. (24D)
If we subject the fields J;(x) and ¢§(x) to a unitary transformation
d(@) = Ul(xg, —0 ), (@)U (mg,—0)... .. .. (25a)
$5(@) = Ul(zo, )@V, (a0, —0), .. .. (25b)
with
o
U (xg, —0) = (expif dtj:\,(t))
-0 +
where
: 1 94"
B O) = Ny, by Aly, Al = gl — a%
the transformed field operators satisfy the equations
(L m) @) = Ry g o, L (260)
(0,01 =0 =(3,2"—k%) 4k, .. .. .. (26h)

with
udly(w) = 0,[A])(2), 4](x)] = B A (@—2").

The field theory whose equations are (26) is just what we have solved.

The theory whose equations are (24) cannot, however, be solved exactly. But

one can use perturbation expansion of

z,

0
Ua(2g,—0) = (eXp—-Af dt «ﬁHY,ﬁ/'H‘zl’I;)
. o +

in equation (25) and proceed in a Feynman-Dyson fashion to consider the
renormalizability of the theory. In order to be able to do this we require
the exact

A(z—2') = < 0| T($,,(x)p () |0 >
and Sp(z—2') = < 0| (@), (=) |0 >
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obtained from our exact solution. Of course, we have not computed this
function. But this can be done by using our results.

In this manner one can examine the question of renormalizability of vector
meson interactions.

7. CoNCLUSIONS

In concluding, let us take stock of what concrete results have been obtained.
The most important of these is that we have been able to solve a relativistic
quantum field theory in four dimensions explicitly and exactly. Secondly,
we have shown that the theory is renormalizable in contrast to the conclusion
derived from covariant perturbation theory. Finally, we have a dynamical
method, based on our exact solution, of examining the question of renormal-
izability of vector meson interactions.

Coming to what we have still to do, we find that we have to compute the
various Green’s functions, the renormalization of mass (this can be done after
the computation of the twofold Green’s function), the scattering of fermions
by fermions, bosons by bosons, ete. -
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