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ABSTRACT

We have considered the case of two scalar mesons with scalar interaction, which is actually
equivalent to two non-interacting scalar fields with renormalized masses. This exact result
is compared with the solution in terms of ‘ bare’ particle states. It is noted that such a solution
does not exist; but we find that if we take an infinite field operator renormalization, an approxi-
mately correct solution is obtained. Thus we have an example where an exact solution exists,
but an attempt to express the solution in terms of * bare’ particles gives rise to spurious infinities.

INTRODUOTION

We observe here that it is possible to solve exactly the case of two scalar
particles having a scalar interaction. The solution becomes equivalent to the
case of two non-interacting free scalar fields, and are obtained fairly easily
since the field equations are homogeneous and linear in the operators.

The field equations are

(D -".“?)4’1 = gd’g

and
(O=edd,=09¢,. .. . .. o Q)
Thus the field operators satisfy the fourth order equation
(o "f"f)([]—pg)—g2)¢’1, 2 =0. e . @

We can solve equation (2) as a free field equation by starting from a Lagrangian
with second order derivatives. Such a procedure, however, will give rise to
negative energy states (Pais and Uhlenbeck 1950) and will thus be unphysical.
We shall, therefore, confine our attention to equation (1) and employ standard
field theoretic methods to solve it. Then we find that ¢, and ¢, consist of a
mixture of free scalar field operators ¥; and 4, of rest masses m, and m; which
are roots of the equation

(mz_pf)(mz_,,g)_gz = 0. .. .. 2 (3)~
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SoLuTiON

Finally we ought to have m, and ms épproach p1 and po as g approaches
zero. Hence from equation (3),

2 _ 2 92 .o
m? = sec 2u(H; cosZa—p, sin%x) ,

my = sec 21([1.2 cos2a—p? sinZe) . .. RT3
where
2 . 2
tan 2¢ = 292 or sin 2o = 29 3. .. .. (B
=P, my ="y

u? and u are expressed in terms of m; and m; as
2 .
#f = mf cos?a--m, sin? a,
2 2 2 .
B, = m, cos2a+4-m;sin?«. .. o . .. (6

Now we shall show that the field equations (1) are equivalent to two non-
interacting fields ¢, and . given as

(O=—m)hy = 0; (Q—m)Pe=0. .. .. .. (7).
When we substitute in equations (7)
!/11 = (}51 cos oc+¢oz sin a,
o= —¢sinat¢scosa, .. .. .. 8
we obtain, on rearrangement and subsequent simplification,
(O —(m} cos? a+m sin2a)) ¢y = (m} —m3) sin « cos aby,
(O- (mg cost a4-m’ sin2 «))g = (m:—m2) sin o cos agh;. 9

The above equations are equivalent to equations (1) when we use (5) and (6).

Hence, rewriting equation (8), we find that the solutions of equation (1) are
given as

¢1 = b cos a—hg sin «,
do =ty sinatfpcosa. .. .. .. ... (10)

We can also see that substitution (10) reduces equation (1) to equation (7),
and thus the two equations are identical.

Hence the example that we have given is a trivial one; but we find that
the application of the standard method of field theory to this equation gives
rise to inconsistencies that are rather suggestive for models of physical interest.
When we take the bare particle states as fundamental, and try to express the
interacting field operators in terms of them, we find that, rigorously speaking,
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no solution is possible; but that there is an approximately correct solution
when we take an infinite field operator (or wave-function) renormalization.
In momentum space equation (1) becomes’

(P*+u)ds = —gds,
P2 +EDde = ~gds. .. .. .. .. o(Q1)
On introducing bare particle field operators, we thus obtain

$i(p) = N g p —g/(p2+1‘f)$z (»),

$a(p) = NodPp)—g/ (2 + D)) .. .. .. (12)
where
(P2 +1)$(p) = 0 and (p2+1)d(p) = 0, S (1)
and N, and N, are normalization constants. From equations (12) we get
$ (P) =N (0)( )__ q [N 7(0) ]
1 191 (P 2+ 26y (P)— @ +I‘2) $i(p)

which reduces to, using (5) and (13),
(221D (02 +15) =
(P +#) @ +1)

1(p) = N1¢(0)(p)—— sin « cos a N Zc,ium) )

or

2 1 w2V p2au?
$i(p) = (p2+1) (24 12)

(1)2+Mz)(p2+#2)—,qz[Nl‘*Z’;m(f”)_Si‘”‘coS Ny (p)] .. (14)
1 2

Similarly we also obtain for §o(p),
(P2+”’f)(1’2+“2)
(B2+) (0% + 1) —g
Applying again equation (13), we find that §; o(p) vanish whenever g0,
which shows that it is impossible to obtain the field operators ¢; and ¢, in
terms of the ‘bare’ particle field operators satisfying equation (13).
We shall now see that we can give an approximate interpretation of equa-
tions (14) and (15) when we use the familiar technique of (infinite) wave-function

renormalization.
On taking (Killen 1952, Lehman 1954)

<0l p; 0> =2t < 0| () p; 0>
<0|dep)] 0; p>=2Z <0| @0 p> .. .. (16)

do(p) = [N ¢(0) )4sin « cos aN $(O) Y .. (15)

we find that we have to take the renormalized field operators as
2 (p) = $ip) = 21§ (p)— 2} sin  cos « ) (p),
223 = 20 (p)+Z sina cos ad(p). .. .. .. (A7)
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Now, if we take the two renormalization constants as identical (both are zero),
ie.if Z =27, =Z,, then

$(fﬂ)z$(0)(p — J(O;
$(f") NJ(O)(P +a$(0) .. .. .. (18)

Thus we find on comparing with equation (10) that ¢, and ¢, after renormal-
ization can be expressed in terms of the ‘bare’ particle field operators correct
only up to the first order in the coupling constant. This illustrates how we can
have infinite constants coming in when we attempt a solution in terms of the
wrong type of field operators, even when the problem has a consistent solution
free of infinities.

This later aspect we shall demonstrate by solving the same equation
essentially by field theoretic methods but employing the field operators with
appropriate singularity.

For this purpose, let us divide equations (11) respectively by (p2-«})
and (p2+«%), where «; and «, are masses to be defined later on from physical
considerations. Then we get

2py N N

i%*—; $1(p) = Ly (p)— (—p?z_—;?) p2(p
2

P ;¢2(P) 2;['2(

( 2y ¢1 P), . .o (19)
where §;(p) and ch(p) are the free field operators of masses »; and «, and
L, and L, are normalization constants. Then we obtain from the above two
equations
,(p2+;t§)(:b"+#§)—gz¢( - 2L¢( )

(p2+"?)(p2+"3) a 1"'"2 A "1"’"2
In deducing equation (20) we used ¢,(p) and J.(p) which satisfy free field
equations of masses x; and «x;.

From continuity, the field operators ¢i;(p) and Jis(p) must be such that
when g approaches zero, #; and ¢, must respectively approach ¢, and ¢,.
Thus, in equation (20), (p2-+«%) must be a factor of (p2+u?) (p2+ul)—g® for
any non-zero value of g, since otherwise §;(p) is incapable of depending on
$1(p). Similarly (p%+xZ) must also be a factor of (p2+u?) (p2+p2)—ge.

Thus «; and «, are nothing but m; and m, of equations (3) or (4). Hence,
using (5) and (6) equation (20) reduces to

$1(p) = cos® o Ly §y(p)—sin « cos a Lg o p). .. .o @y

Similarly we also obtain

Bolp) = cost o Ly folp) +sinacosa Lufulr). .. e (2

Lye(p). .. (20)
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When we normalize the field operators ¢, and ¢, the same way as ; and y,,
we get from equations (21) and (22)

2 . 2 A
cost a L +8in? « cos? x L, = cost a L§+ gin2 « cos2 a Lf o (23)

such that L, =L, = sec «. Thus we find that these equations are identical
. with equations (10), which, without any field theory at all, we had earlier
shown to be equivalent to equations (1).

Discussions

Field equations (1) can be solved also by other methods, e.g. by starting
with a mass renormalization at the outset and taking a suitable variation of
the above method. The case here is trivially simple because in equations
(11) there is no integration on the right-hand side. We cannot, however,
extrapolate the conclusions to more physical examples where the equations
are non-linear. But the fact that an erroneous method can give spurious in-
finities without any perturbation calculation, and that when we remove these
infinities by a renormalization procedure (more exactly a zero wave-function
renormalization) the method still describes an approximately correct solution
for small values of the coupling constant, is rather suggestive for examples
of physical interest.
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