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ABSTRACT

Stress free boundaries with strains giving rise to dislocation of rotation in plane strain and
axial dislocation of translation in axial strain of the material whose cross-section is bounded
by two ellipses are considered. The latter case requires an annulling Saint-Verant torsion
solution while the complex potentinls for the former are found to be in the form of an infinite

series,

I. INTRODUCTION

The dislocations considered here are for the elastic material whose cross-
section is bounded by two concentric ellipses. Using the conformal transforma-
tion (Muskhelishvili 1953)

z=c(§+’—\) .. .. .. G
S
the two concentric ellipses
2 2 2 2
2t ma T
o B % By

in the z-plane are transformed into concentric circles of radii a, b, b > @ and
origin as centre in the {-plane, where

oy = C(‘l‘l‘g) oy = c(b+g)

nfd  meq)

provided that a2, b2 > A. For dislocation of translation see Shivakumar (1960).

* The abstract of this paper was communicated to the Sixth Congress of Theoretical
and Applied Mechanics, Delhi, 1960.
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II. DisrocaTioN oF ROTATION IN PLANE STRAIN

The stresses and the displacements in plane strain in terms of the complex
potentials £(z) and.w(z) are given by (Stevenson 1945)

' @+ = 3 {Q)+2(3)} R 7))
Bm—gg+2i5g = -3 {L'2)+a"®)} .. .. .. (3
8uD = (3—dn)Qe)—2¥ @) —a'(z) .. .. @)

where
D =u+tiv, u = u(x, y) and v = v(z, y).

The dislocation requires for stress free boundaries,

CyD =iz . .. .. .. R )]
2F = Q2) 420 (3)+&'(3) - .. ()
= constant.

and the resultant stresses
X4iv=—=}iCyF =0 .. .. .. (D)
and the resultant couple
N = Re } Oy {w(z)—2'(2) }

=0 O
Now (4), (6) give on using (1)
8D = 7z (B Q=T H=a0) .. . @
and
2F = 2 (FOBO+H O+ @) T . . (0)

= constant on {{ =2, r = a, b.

Now we have to find suitable cyclic and non-cyclic complex potentials which
satisfy (5), (8) and (10).
The cyclic complex potentials
0 = MBzlog {
w(l) =0, M = pjn(l—n) . - .. (1)

give on using (9),
Cy8pD = (3—4n)2mizMB+22mi MB

= ifz.

Clearly (11) satisfies (5) and gives on substitution in (10),

2F=%{2(1+%)}+Mﬂ210gr2. .. e (12
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Assuming
2(8) = —McB (C— -2) we get using (10), (13)
2F = ~M§Bc (r—z - ’:_5) ~ g Mbe ( ;2) (14)
Equations (12) and (14) give

2F = Mpz log r2— MXc (%" - )\_C)

= MB % [2 log r2—72]+MBL [;-2 log 2+ ;"2]
= e
where
L(ry = MBer2(log r2—1)
M(r) = Mge }2 (log r2+1). (15)
Hence we get
= it ] -]
o8 = st | B+ [1-
= o [ Ho=om_2500)
Further assume
28) = 28 A,
oy =c 5 LA (17)
A, and B, are real constants, and » being odd only and B.; = 0, 44 == 0. Sub-
stituting (17) in (10)
7 — ¢ 5 5 #n A =1 2‘ b nl
2F = z,(c)l_z‘:“cAnc (1 €2)+ 2 Ant (c+z)+ X2 B, 5
+2 A 224 2 Ann-€"+ )3' Bl"}

@0 2
oF = ¢ SZAL—Z'A,,
e el Ac"ﬂ

[A Ao, 2/\+(n+2

,,.211 - rg(n 2)

B,,] g-} - 8

5
Tz (z) ey
Combining the complex potentials given by (11), (13), (17) we get

@ A A
[3 440 Mmoo d ™ e v o

2 T R
LN =2M() AL(T)]

QF =
F=25
z T

-

6B
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Since 7 is odd only, we require
2F =0,onr=a,b.

Equating coefficients of {" to zero we get, onr = a, b,
for

n = l, ;IE A_I‘ATZA_3+7‘2A3+£\§ A1+BI+M(7‘) =0 . (1)
A ..
n=—1, 27‘2,41—76A_1—-ﬁA_1+L(r)—/\M(r)=O .. .. (i)

n=—3, r6A3—xr10A4;4r24_;—3 ;/\E A_g+B_g—AL{r)=0.. (iii)

3A

1 A .
n=3, T*(,’A_3~—7—.§A_5+7‘2A5+7—_2*A3+B3=0 o .. (IV)

For n # —3, —1, 1, 3, coeflicients of L*, {"""2 are

1 A nA
;E;A—”—WA""2+TZA"+2+EA’I+B"=O . . (V)

P20+ 4, o~ N2HOA 4 A _ 12— (n+2)4 _,,_2%+B*,‘_2 =0. (vi).. (19)
Clearly (19) (ii) gives, on r = a, b,
Ay (= a1 +iay)
and
Ay (=aytiay)
which, on using (19) (i) and (19) (iii), gives
Ay (= ag+iay’), A_g (= a_g+ia_y’), By (= by+iby'), By (= bp+iby')

and so on. In the same way other constants 4, and B, can be evaluated.
Detailed evaluation is not necessary as the system gives no stresses on the
boundary.

Hence the complex potentials

Q(2) = MBzlog L’—-—Mcﬁ({— /—2)+_3‘ A
w(z)'_—-.-.c_%n—lj_liz”'l, e o)

4, and B, being real constants, n being odd only, B_; =0 and M = p/n(1—1)
give the dislocation of rotation, clearly satisfying (5), (8) and (10).
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III. Ax1an DISLOCATION

Taking Z-axis as the axis of the cylinder and defining the axial strain
by =0, v==0, w=w (2,z), we get the stress displacement relations in
the form

W=Ez\+i§5=2p%’ o

which on substitution in the only non-vanishing body stress equation,

oY  o¥
wtm="0
giving
@ =0orw=w, (2)+o, (z) (2)
3.5 . L .. . ..

Since we require, for a dislocation, the curved boundary of the cylinder to be
free from applied traction, we have the condition

Yils—Fdz =0 Y £:)

on the boundary and the vanishing of the end resultants require the annulling
of twisting moment given by

N=Ref 2PdS .. .. . e (4)
S
For the dislocation, we require :
Cyw =y
Clearly
."y
w (@) = — 5 log ¢ (5)
gives the required cyclicity and
' ¥ = 24 (2)

which on substitution in (3) gives, on using (5),

7

d d -
+ . [EEIOg {d=+ Elog gdz]

= %’id (log £Z) = 0 on | {| = r = constant,

satisfying the boundary condition.
The only end resultant is N which is given by (4) and on using (5) we get

N = Ref 2izp.w; (2)dS,
s

. 0r_ =«
= Re 24 fcg_;[zz w, (2)]dS
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which gives, on using Complex Stokes’ theorem,

N=Renj z—zwlm d

= f(“c)(ﬁig)zdg

2
= pcy [72+ 2—2] onf{l=rtr=abb>a .. (6
c

giving N= %;%Z (b2—a?) [a2b2—A2), .. .. )
Now this twisting moment has to be annulled on using a complementary Saint-
Verant torsion solution. This solution is expressed in a manner appropriate
to the ring space by Stevenson (1948).
Taking
D =iz, w = r{wy(l)+a5(D)}

1c2) a2 1
(")3({) b4+ 4{ + ZA2 b2+a2 2“2

where Z is the third spatial co-ordinate, we get the torsion moment N, given by
Ny=wr(I=Jd)

- (8)

where

I= —%iJ- zEZz'(C)dCI
and i .. . oo (9
J o= —%f z?.w{({)d@’

wct 1
I == ~‘—- I:b4—'a4-" ‘1 - (’;i]
and
et b2—a?
7= [8/\2 o +a2]
_17'.”’7'64 4t -4y 2bZ—a2
e [ =

_nl—"fc (bz—-az)[(b"+a2)(l+ 4b4) m]

Choosing for = the value given by N = — N; or

7 = [ —202y(a2b%— \2)a2b2] / { Wcz[(b2+a2)(d4b‘+ 1)— 81%;_] } . (10)

we have annulled the twisting moment N given by (7).
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Hence the complete solution for the problem of axial dislocation is given by

7

w= — %log §+:—Z-:~’Tlog I+ tr{ws(0)+a5(D) }
D= u+iv = 1127
where w3({) is given by (8) and 7 is given by (10).
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