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ABSTRACT

The equations of geodesics in a relativistic gravitational field have been expressed in a vector
tetrad space. The properties of a tensor Lige that appears in these equations and those of a
vector Cy obtained by contracting the tensor Lize have been examined. It is found that the
voctor Oy, is associated with the Newtonian force to the first approximation for certain well-known
line elements of physical significance.

1. INTRODUCTION

Vector tetrads have been used by different authors for the mathematical
formulation of general relativity and cosmology. A number of well-known
field theories have also been proposed using tetrad fields. Recently McCrea
and Mikhail (1956) have used tetrad formalism in general relativity to admit
creation of matter in a steady state universe. They have shown certain advan-
tages of a tetrad field over the tensor field g,, used in orthodox relativity.
Ricci tensor which plays an important role in general relativity is analysable
into parts which are themselves tensor invariants couched in terms of the vector
tetrad. With a view to investigate the geometrical and gravitational signi-
ficance of some of these invariants we express the equations of motion in terms
of the tetrad. It is found that a certain third order tensor L,,, appears in the
equations of the geodesics which is connected with the arc rate of rotation of
the geodesic with respect to the tetrad. L,,, is not an absolute invariant
in so far as it depends upon the tetrad chosen. A certain scalar associated with
it is found which is of electromagnetic significance.

2. Tuar TETrRAD FORMALISM

In this formalism the space-time is taken as a four-dimensional continuum
of events labelled by co-ordinates 2” (v == 0, 1, 2, 3), #° corresponding to time
and x!, 2, 23 to the space co-ordinates. Wlth each event are associated four
linearly independent contravariant veetors A where u (=0, 1, 2, 3) is a vector
suffix while m (== 0, 1, 2, 3) is a tetrad suffix. Throughout the present work
a Greek suffix will represent a vector or a tensor suffix a.nd a Roman suffix
will be used as a tetrad suffix.
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A tetrad of covariant vectors X, is then defined as the normalized co-
factors of X in the determinant |X,|. This definition then leads to the
relations

Ad, =8
and o .. .. 3]
N =,
where &, and 8 are Kronecker’s delta symbols.
The metric tensor g, of the space-time is defined by

gy,v=A1:/\?, . .. .. .. (2)

summation being implied for a repeated Roman suffix regardless of its position.
As a matter of fact the tetrad suffix is used as a subseript or a superscript
only for the sake of convenience and it does not have any significance of cova-
riance or contravariance. From equations (1) and (2) it is possible to show that

gl“’:AthA;z. .. .. .. .o (3)
The vector or tensor suffixes can be raised or lowered as usual with the
help of the tensors g"* and g.» defined by (3) and (2) respectively.
A third order tensor %, is defined by

Ve, = A" .. e 4

m v,0o’

where a semicolon indicates a covariant derivative, and y%, is a tensor associated
with Ricei’s coefficients of rotation (Eisenhart 1949) y,, in the following
manner :
'yp.va = Yirr /\L /\: /\];. s l (5)
')’yva = gpp 750 . }
From (5) follows the identity
)’F,va‘l‘}'v#a = 0, . v . . (6)
in view of the relation (Eisenhart 1949)
Yue+Vur = 0.
Contraction between the suffixes ¢ and v of the tensor y!, leads to the
identity

yﬁa=0, .. .. .. SR (7N
while contraction between # and o gives a vector which is denoted by ¢, :
=7, . (8)

The tensor y{, and the vector ¢, play important parts in the works of
Levi-Civita (1929) and MoCrea and Mikhail (1956). They are also important
in the subsequent work,
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3. EqQuaTioNs oF THE (GEODESICS

We have for the Christoffel 3-index symbols
It =3¢""gve, ot Joo,v—Goo, @)y - . .. (9)

where a comma preceding a suffix denotes an ordinary derivative with respect
to the corresponding co-ordinate variable. Substituting in (9) from (2) and (3)
we obtain

Iy, = X, [(0X) o+ ,—(%X) ],
which reduces to
Iy, = W00 o 20 AN =X o)
Fah (A =20 2] o (10)
Now the equations to the geodesics are

dzer ., da¥ da’®
ST =0 o

Substituting (10) in (11) and simplifying we get

a2zt m « dx¥ dx°
‘d(? ’\7‘; [’\v, 0+/\m valcr] E ES— =4, 0 - (12)
where
Lvow = ,\: (,\;’ g")‘z,a .o .. .. .. (13)

(12) gives the required equations to the geodesics. Other forms to which (12)
can be reduced are

d [ xdor « datdz® _
d—s()\l‘—d—é“)-'-/\k LF“”_E;E;_O’ . .. . (14)
and
13 d & dak dx¥ dx° _ =
/\BE;‘(/\IL ds)+LvﬁU ds ds =0 o ” - (19)

4. PROPERTIES OF THE TENSOR L 4,

(13) shows that L, is a third order tensor covariant in all the three
suffixes and antisymmetric in « and 0.  This tensor can be expressed in terms of
the tensor y,,, as ‘

Lvaw = Yvao—Vvou- .. .. .o .. (16)

From (16) and (6) we get the reciprocal relation expressing y,,, in terms of L, :
2Yvae = Lyoo+ Lgov=Liova. - .. .. (17
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From (16) and (5) we obtain
Lo = )\f/\Z/\:(Vzhk—Vzkh), . .. .. (18)

which gives the relationship between the tensor L,, and the Ricei coeffi-
cients of rotation. Vanishing of L, , implies

Yinr = Yikn,

for all values of /, 2 and k implying thereby the vanishing of all the coefficients
of rotation and therefore of the tensor y,,,. That the tensor y,,, vanishes
whenever L, is zero can be directly established from (16) and (8).

Equation (14) lends a geometrical interpretation to the tensor L,,,. For

this purpose we put the unit tangent vector %f—: =" and denote the vector

—— by ¢,. With these substitutions equation (14) becomes

d y
75 ") = =X4, .
ie.
d
sy ==Ndy, .. .. . .. (19

6, being the angle between the unit vectors Aﬁ and »". The left-hand side of
equation (19) gives the arc rate of variation of cos @, while the right-hand
side is merely the negative of the projection of ¢, on the vector A¥.

Let us now contract the tensor L,,, which in view of equations (7) and
(8) yields the vector ¢, with a positive or a negative sign according as we con-
tract v and ¢ or « and o.

Thus
Ly,=~L e .. .o (20

[ 47

However, since N
¥
Lyag = 2 L(’\ o Ot)

we have
Lo =X X0 (0, =X, )
=X (% =25 o)
Hence
o= L, =X (g =N o) - . . (21)

The structure of equation (14) suggests that the tensor L, can in some way
be associated with the classical foree vector. To demonstrate this we examine
the vector ¢, in relation to certain well-known gravitational fields.
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(1) Schwarzschild’s Exiernal Field

(A) In the isotropic co-ordinates the metric tensor for this field is
represented by

M 2
: (1"’2‘) 1 / 1 4
v = diag —L,—(l+¥.),—(l+¥),—(1+1‘i) s (22)

z 2r, 2r
145

the co-ordinates (¢, z, ¥, 2) corresponding to (0, 1, 2, 3). We choose the tetrad
Ay given by '

(- 3)

-5 2 2 2
X! = diag —“”,5(1+M) (1+0), (1+%) ,
and therefore

(1+a)) 3 -2 / -2 —-2?
N = diag d ~——= ,-z(1+‘l{) "”"(H%) ,—¢(1+%) -

Equation (21) then gives the vector ¢, as

__g (l"g) ar M (l_lg) or

M M?fi’ﬂ( M)( M)é’—y
0 (- R (1 (S
(-%)
M B or

727’“’?)53 ’
(“ﬁ)(\l"z

which to the first approximation agrees with the Newtonian expression for
force except for the sign. If we consider the contravariant components ¢* we
get the force with the proper sign.

(B) In the spherical polar co-ordinates the metric tensor is given by

(23)

\ 9 -1 .
= diag g (1— g—i—”) , — (l— :%) , ==r? --r:'sin?(?}, .. (24)

r

(¢, r, 8, ¢) being the co-ordinates corresponding to (0, 1, 2, 3). Choosing the

tetrad
-k
-..:-.diag{(l—%g—[) s i(l—-%u) , o, irsin@},
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we get the vector ¢, as ‘
2 M{(, 2M\™* )
Ga=(0, _;_7‘_2(1— —7—) , —cot 8, O). .. 7. (25)

The gravitating matter M contributes only to the component ¢; and this
contribution ¢, is given by

- M, 2M\"*

01='—'ﬁ(1——) PR .o .o .o (26)

This agrees with the Newtonian result to the first approximation. It can be
seen that the rest of the terms in (25) are due to the choice of the tetrad. To
show this we calculate ¢, for the flat metric

ds? = dt2—dr2—r2df2—72 sin2 0 dg2.
We choose the tetrad
)\Z: diag (1, ¢, 7r, ir sin §);

and obtain

2 . \
Co = (0, — >, —cot 6, 0). I €1}

(II) Schwarzschild’s Internal Field

We have in this case

) rz\2 2\ ! .
gp.v= dlag{ A—B 1——-?2‘ y (I—R‘z‘ ? —7‘2,—7‘231D20}, (28)

where the constants are given by

B= 2 —g\/l_T_L, B=1, m—4;por§, C . (29)
m being the total gravitating mass. We choose

2 2
)\:f=djag{(A—B,\/l—I%2), i(l—-%z\),ir, ir sin 9},

and obtain

RN

The contribution of the gravitating matter &, being
R Br

€1 = =
2
32 l_ﬁ(A B\/l_.’f_)

*IN?

—cot 6, 0) .. (30)
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Substituting the value of the constants from (28) we have
877 Por 1

g e o

and assuming % < < R2 to the first approximation we obtain

& = —

_ 47TP o
3 °

~

Cy ==

(31)

which again agrees with the corresponding Newtonian result. It can also be
seen that at the boundary r = r, the expression for c, in the internal field agrees
with the expression in the external field.

(1I1) The Axially Symmetric External Field of a Matter Dipole given by
Bondi (1957)

We have in this case

9, = diag {62 —g 20420 __,9,-2¢ __,-2¢+20) .. (32)
where
— ll o 24 2 & 21 — m1 _ mg
¢ 0g {(r + ) + } {Tz-'-(z—hl)z}* {72+(z—h2)2}§" .. (33)
and o= }tlog {3+1a(r2+297}

my and m, are the masses of two spheres of radii a; and a, placed with their
centres along the z-axis at z = hy and z == hy respectively. h; and he(he > k)
are positive and (t, 7, 9, ) are taken in the order (0, 1, 2, 3). For this field we
choose the tetrad as
X = diag, (e%, 47977, ire ™%, ie %Y.
¢, 18 then given by
1 .
G¢={O> (_;_*-(ﬁ,l_o,l)’ 0: (¢,8—0,ﬂ)}' ‘. . (34)

Substituting the values of ¢ and ¢ and collecting terms in , and m, only we get
the contributions &, and ¢; of the masses to the vector ¢, as
6 = myr n mar
P k2R (2 (e— R}
PR \ Gl ) meg(2—hg)
P {2} {r2(a—hy2 )
The expressions have the expected Newtonian form of the components of the
force except for the sign. Here again the proper sign can be obtained by

considering the contravariant vector ¢*. Thus in the above cases the con-
travariant or the covariant representation of the vector gives the Newtonian

(35)
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force to the first approximation.
upon as the relativistic correction.
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The second order de\fiation can be looked

The vector c, can also be related to the scalar curvature R in the following

way. It is well known that
i i . n
Av; Pu_/\r: op T R;wpo)i .
so that
23 { x
’\i (A: pPo v o'P) = R
As
2%} [+ 4
’\1A:/ P va ’
we have

and hence
R* —*

vpo vp o

Contraction in « and o gives

3 o o i @ i
RI’P = VYop:aYox: pTA;: pA = o?

A 4
wherefrom we obtain
R=g"R, =g =& 4 A =X

[ S 4
I o'P o, O .
Now ¢ y 7. 4 can easily be shown to be equal to —c; «

o x P PN
R = _20; '1+’\i; P’\i; a_Ai; oz'\i; p

[N 2 N

(36)

bYe

iy oy pt

We. therefore, have

(37)

Hence a necessary condition for the field to be electromagnetic, namelv R=0,

can be expressed as

_°‘ Az
AP/\I(Y. 1'11P'

(38)

In case the metric is orthogonal the tetrad can always be chosen so as to form

a diagonal matrix.

of equation (38) vanishes and we get the relation
R=—2"

HE 2
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