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ABsTRACT

The problem of heat transfer in the barrel of an automatic gun is treated mathematically
by assuming the effect of the passage of the successive shots through the hore to be equivalent
to supplying heat flux of & square-wave pattern at the inner boundary. In the first part of the
paper, the problem is simplified by assuming the barrel to be an infinite hollow eylinder absorb-
ing flux of & square-wave pattern (as a function of time) at its inner boundary, end radiating
heat at its outer boundary. A numerical example has been solved and the results are exhibited
graphically. In the sccond part of the paper, we discuss the more general problem of heat flow
in a finite hollow cylinder with the same type of boundary conditions as in the first part. On
account of the finite length of the cylinder we have now to take into account not only the fact
that the heat flow is both radial as well as axial, but also the fact that the boundary region
supplying the heat flux is a variable one.

INTRODUCTION

In this paper, we consider the heat flow induced in a hollow cireular cylin-
der by a periodic surface source. The flux at the inner boundary is assumed to
follow a square-wave pattern. Such a boundary condition is suggested by the
case of a small-calibre semiautomatic gun, where it can be assumed that the
barrel is suddenly filled up with hot propellant gases during the firing of a shot
and in the interval between the ejection of one shot from the muzzle and the
start of the next one there is no appreciable loss of heat at the inner boundary.
To simplify the problem, we assume in the first instance the cylinder to be
infinite. The problem then reduces to the case of an infinite hollow cylinder
radiating heat into an atmosphere of zero temperature at its outer boundary
and its inner boundary absorbing flux which follows a square-wave pattern.
This problem has been solved in the first part of the paper. A similar problem,
but with temperature at the inner boundary defined as a harmonic function
of time, was solved by Awbery (1939).

However, in the actual problem the cylinder (gun barrel) is finite and, more-
over, on account of the motior of the shot the region 6ccupied by the hot gases
(which produces the heat flux at the inner boundary) is variable, depending on
the instantaneous position of the shot. The heat flow in the cylinder can no
longer be treated as purely radial. In the second part of the paper we give
the solution of this more general problem.
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Part I. Rapian Frow

Statement of the Problem.—Consider thé heat flow in a hollow infinite cylin-
der bounded by the surfaces r =¢ and r=d, ¢<d and initially at a
temperature zero. The cylinder has been assumed to be radiating heat into an
atmosphere of zero temperature at r = d while at r = ¢ there is a heat flux

of square-wave pattern (as a function of time).
Mathematically, the problem can be stated as

2 100 100
or2 ror kot

where k is the diffusivity of the material
0=0, c<r<d, t=0 .,

fort >0, c<r<d

%+h0=0atr=d
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where K is the conductivity of the material.
If g is the Laplace’s transform of ¢, defined as
o
= f 6. % dt
0

We have, by multiplying (1) throughbut by e " and integrating

d2@ 1d6 p;
FEANTT Sl
with boundary condition

@+h9=0atr=d
dr
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Thus
d0- Qo{l-—eqﬁl} 1

—= e = = .. .. .. (8
dr K{l—er Y p abr=c ®

The solution of Bessel’s equation (6) is ,
0 = AIy(ur)+Bko(pr) .. .. .. )

where
and A4, B are constants to be determined from (7) and (8).
Therefore
j= _ D l—e‘f”l} e To(wr){pskon(ped) — Rko(ped)]+ ko (pr) [y (pd) + o (pd)] -,
K\ T—e=7 § pd Iy (po) phy (pd) — kko(pd)] — ks (o) pd 1 (nd) + R o(pd)]

The inverse of this is
QR f”"”{be%} .
- T K2m y—iw T—e 7 § pt-
To(un)[pk(pd) — hko(ud)] +ho(u) 13 (pd) +Rlo(pd)] dp

T () [k () — oo () | — oy () [Ty () + P L o ()] ©

The integrand has poles at p = + 2gmijr, ¢ =1, 2, 3.... and p = — ko’ where
4= «; are the roots of the transcendental equation

Jy(ae){a Y (ad) —h Y o(ad) } — ¥y(xc){ a1 (ad) —hTo(ad)} = O .o (13)

(12)

The integrand has also a singularity at the origin. To determine its character,
-we expand the portion of integrand outside {} in ascending powers of p.
In the neighbourhood of the origin, we have (Carslaw and Jaeger 1948)

Io(z) = 14422 Ii(z) = 42

ko(z) = —log 3z—Y  kqy(z) = $2+ 3z log ¥z
Putting these values and neglecting the powers of y higher than unity, we see

that the expression behaves like ¢ {1 — kd log r/d}. u/hd which shows that there
is a simple pole at the origin and the residue there is
—T7T1 €

Thd! —hdlog L } s P

To find the residues of the integrand at p = & 2ngijr,¢=1, 2, 3.... we find
that

i

_ (P\} _ (27qi T
.u—(k) ('rk) =8 . - - (19
also (Mclachlan, 1955)

Io(2it) = ber 244 bei 2= Moz)e®® .. .. .. (16)
0
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where
My(2) = {ber®z+beizz}t I 0 ¥ )
and
Go(2) = tan—1 bei z/ber z .. .. .. .. (18)
Similarly _
‘ I,(z}) = My(z)e’ (a9 -4m) ¢ 1))
ko(28!) = kerz4ikerz = No@2)e®® .. .. (20)
also
ki(2i%) = Ny(2)eil$r@+72) R 61 )
Therefore the residue at p == J-2¢mi/r is
@qm) R {1 — e 2T {2 ko dn S k,'ne"a'm}m =1,2,34 .. (22
where
ky = By Mo(Byr)N1(B,4) 81 = By(Byr)+ b1 (Bd)+37/4 - (23)
ky = —hMo(Byr)No(Bed) 82 = Oo(Ber) +bo(Bd) . - (24)
kg = BaNo(Ber) M 1(Byd) 83 = ¢o(Br) +0:(BA)—7/4 .. .. (2D)
ky = hNo(Byr) M o(B,d) 84 = Bo(Bd) +o(Byr) .- .. (26)

and K,, and &, are also defined as above.
Expression (22) can now be reduced to

MRt (2qn) -t exp ¢ {A—X —¢,—3n/d+2ngt/r} .. .. (27)

where M, is the quotient of the moduli of >k,e® and Xk,e®™ and
A=tan"1 {Xk,sind,/ 2k, cos8,} .. .. .. (28)
XN =tan1{Zk sind [Tk cos8 } .. .. .. (29)
a,=sgingrrfr .. .. e .. .. .. (30)

and
- q11‘1'1 w

¢q=tan1(—;—-—-§) .o .o .o . (31)

The sum of the residues at
p= +%%_ﬁand p= —2nqifr
forg=1,2,3 .... is given by
bi oy -3 , i
2% X M,a,(2qm) "% sin § A— A —¢,+— —7 .. .. (32)
g=1 T 4
The sum of residues at p = —kx? where & «, are the roots of (13) is found to be

o0
—n X
§=

(33)
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The temperature distribution at any time ‘¢’ is thus given by

6K _ o fr1lT ot T Ma (2t si {,\— - ??_’I_t_’:}
Qo_hd{hdbgd-‘-l}r kqu1 2,(2qm) ¥ sin JA—2"—¢ + -1

a.z-rl k]
. ; {l—ek s }Jl(cas){hJO(asd)—ale(asd)}z{Jo(asr)+?/o(asr)}6 ot (34)

ka‘f-r ots[{hJ olosd)—asd y(asd) } 24T f(ms)(hz.i_af)]

s=1
l—e

However, when the quasi-steady state has set in after the first few cycles,
the temperature distribution is given with sufficient accuracy by the first two
terms only on the right-hand side of equation (34).

Numerical Example.—The quasi-steady state temperature distribution in
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Fia. 1. Heat flow in a hollow infinite cylinder induced by a periodic surface
gource at the inner boundary.
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case of a circular cylinder of internal and external radii 0-4 cm and 0-7 cm
respectively has been obtained.

In this example 7/ has been chosen to be ! and the value of r = 0-25
second, which means 240 cycles per minute. The value of ‘A’ has been
assumed to be 0-035 and the material of the cylinder to be steel for which %, the
coefficient of diffusivity, is 0-12. The results are given for values of ‘¢’ from
start of a period up to ¢ == 0-125 second, i.e. half a period.

The periodic-term series, i.e. the second term on the right in (34), has been
found to be sufficiently convergent so that its values after ¢ = 3 can be neglected.
The values for ¢ = 5 have been found to be less than 0-1 per cent of the values
at ¢ = 1. For convenience of plotting the constant part of the first term, i.e.
¢r1/hrd on the right-hand side of equation (34), has been moved to the left.

It is of some interest to estimate the number of cycles after which the
transient term (i.e. the third term) on the right side of equation (34) can be
neglected with a particular percentage of error. For this, equation (13) was
solved graphically and its first root was found at o = 10-6. The value of ‘¢’
was then calculated so as to make the value of the third term of the order of
0-1 per cent of the second term. It has been found that just after at most
three cycles, it is permissible to consider the system to have attained the steady
state with sufficient accuracy.

Parr II. ComBINED CASE OF RaDIAL AND Axiar Frow

Statement of the Problem.—Consider the heat flow in a finite hollow cylinder
bounded by the surfacesz =0,z =1, andr ==candr = d. A constant tempera-
ture 0, is maintained at z = o and zero temperature at z =I. There is radia-
tion of heat at the surface r = d into an atmosphere of zero temperature. At the
inner surface of the cylinder, i.e. at r = ¢, shots are passing at intervals of length 7.
The shot is supposed to be suddenly set in motion at z = o with a velocity U
and moves with the sameelocity for an interval r;, after which it is ejected
z =180 that ] = Ur;.* It is assumed that the hot gases behind the shot give a
constant flux ¢, to the inner boundary of the cylinder and so at any instant ‘¢’
the length of the cylinder in contact with the hot gases is given by U(t~—nt) where
n is the number of shots that have preceded this particular shot. But during
the interval nr-r; to (n+-1)r, which is the interval between the ejection of
one shot and the start of the subsequent one, there are no hot gases in the
cylinder and the loss of heat at the inner boundary during this interval is neg-
ligible. This cycle is repeated and it is desired to obtain the temperature
distribution in the barrel at any instant. ’

* Even if the shot is supposed to be moving with constant acceleration or the position of
the shot is given explicitly as a function of time, say x (¢), the treatment would hold good.
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Mathematically the problem can be formulated as follows :—
020 1060 020, 109

it —a—z—§=l—c~ézfort>0 _
ce<r<d 0<z<Ur; .. (1)
=0 att=0 R )
0=06atz=0 .. .. .. o (3
8=0 atz=Ur, .. .. .. .. @&
g—z+h0=0 atr=4d .. .. .. R )]

or K

a0 = 2o [H{U(t-—m—)——z}] for nt <t < nrdmy }at r—oc
=0 for nrd7 <t < (n+1)r

where H{U(t—nr)—z} is Heaviside unit-step function, so that its value is
unity for z < U(t—m=nr) and zero for z > U(t —nr).

This transient state problem can be broken up into three simpler boundary
value problems (Sneddon 1951), one of which is a steady state problem. If 4,
63 and 65 be the solutions of these problems, they are determined by

220, 196, 226, _

(P, t')=0 atz=0 .. .. . .. (8
0(P',tY=0 atz=Umn - - .. 9
3—91(—;—’-‘—)+h01(P',z') =0 atr=a .. .. .. (10)
aol(P': t’) - QO ' — ] ’
—a— == H{U({t' —=nr)—z}| for nr <t <m-+71} r=c .. (I1)
=0 for nr47; <t' < (n41)7

where ' is some parameter other than time and P’ represents a point on the -
surface of the solid.
3%0, , 180, 02, _ 106

(i) St T s 70 - .. .. (12)
Ma,—;iﬂ+h02(P’, L,th=0 atr=d .. o (13)

%‘i—’=0 abr=c .. .. .. .. (19

0o(P, 0, t") = —0,(P,t') .. .. .. .. (15)

where P represents a point in the solid and 6; (P, ') is the solution of the
boundary value problem (i).
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920, 100 9205 120,

(iii) 5;2— rar+azz-—7c-"5t—'t>0 .. N .. (16)
(P, t)=0 t=0 .. .. O ¥ A
20 _
-a—r-O at r=c .. .. .. (18)
893+h93= 0Oat r=d .. .. .. (19)
03(P’, t) = 00 at 2=0 . .. .o (20)
93(P’, t) =0 at = U’Tl .. .. .. (21)

The complete solution of the B. V. Problem stated in equations (1) to (6) is
then given by

O(P, t) = 0,(P, t)+§2J. 0o(P, t—1', t")dt +03(P, 1) .. .o (22)
0
We now proceed to solve the three subsidiary problems.

SoLuTION OF THE FIrRST PROBLEM

Defining 6,,, as the finite sine transform of §; with respect to z, we have

T mnz .
0y, = -0 .sinm—d =123,.. .. .
In fo 1-sing-dz om=1, , 3 (23)
Multiplying eéuation (7) throughout by sin%—? and integrating we get
1
d%0,, 1db,,
dr; ‘ —E 01, =0 .. . .. (24)
where
£ = min2 U, .. .. .. .. (25)
Also
d01"+h0,._0 at r=d .. .. .. (26)
and, if we expand the right side of equation (11) in a sine series of ‘¢’ ’, we have
20, 20, 3 ga(t’ —nr)
?;——qulquIU —*:*‘—— . .. . (27)
where
T w(t' —nr)
by = J. H{U{ —nr)—2} sing—-—jr-———dt'

=]

= L 1= cos T#
i (l cos U-r) .. .. .. (28)
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and thusat r =¢

oy, 2 - vm1
im Qo . qu(tT n-r)f (l—cos qmz

d0yn _ __) i T2
ir = En,21g" Ur) T

_ 20 5 {U"'l 1y mn { qmry |
X - 1 — e 9 ] (=1
Kﬂ' —1q { + } mgﬂ_z_ q277'2 ( ) COo8 —— (
U2n2
_ 20 ¥ qu(t n7)
erq? F(m, q) sin ~—— .. .. .. .. .. (29

The solution of (24) is given by

01,(P, V') = A I Ear)+ Bakoleat) .. .. .. (30)
where 4,, and B, are constants to be determined from conditions (26) and (29).
Finding these and inverting 6,,,, we get
Io(f,,.T){f,.kl(f,,d)—hko(f.d}
+holéar) {Eal1(Ead) +hlo(€nd) }
Li(wol Enkr(£0d) —hlio(Ead) } —Fr(€n0)

’ 8Q0 - F m
6’(P’t)"‘KU771w£1 m{,‘l (m, q)

{§u‘[l(£md)+h10(§nd}
1 . t'— .
X sin q—"(——-;l‘f—) sin %’;’—f (31)

SorLuTiON OF SECOND PROBLEM

Defining 6, as the Laplace transform of 8, with respect to ‘¢’ and 6,,, as
the sine transform of 6,, we have

try 0% mmz
== 0, e Pt gin——dt-d .. - .. (32
f fo 2 sin Ty 2 (32)
Now, taking into consideration (15), we get the transform of equation (12) as
dgggu 1 d92, p
drz +; dr (U2 g+ ) 02& - GIM(P t )/k .. . (33)

The solution of the Bessel’s equation (33) is
01-(P > tl)

k (ih—€2)

92n = OIIIO(f"-r) +an0(f"nr) - (34)

where

F,-""‘_.:(gi.}.%) .. .. .. .. (35)
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The values of C,, and D,, are to be found from the boundary conditions (13) and
(14). We thus get

Y+iw
. N _ 86 L |
2mify(P,1, 1) = kU-r'rlrrm{lq§1EJ

Y —ico

F(m, q)[lo(["mr) { .u'ﬂkl(f"'nd) "hko(#md) } +k0(F"nr) { F'mll(""md) +hlo(y""‘d) }e#dp]

Piten[ L1 (100) { o1 (pinGrm) — Pl o) } =K1 (1) { pimd 1 () + 1L o () } ]
Y+

g'rr(t —n*r) smWL_’”’z - J‘ BI(P’ 4 ) eP‘dp.

T ’ uUTy

sin (36)
Y—im

The integrand in the first integral is exactly similar to the one obtained in

equation (12) of the first part and can be treated accordingly. The integrand

in the second integral has simple poles at p = —kffn and has the residue

01(P, t') there.

Therefore

0.(P, t, t')=___8_9_0._ S 3 Fm, q)e'kf,%,,‘ c(hd log p/d—1)
kU"'Tl”Tm_—_l g=1 ]Cf’znkd

2 oraltTa(en) W o(od) —asTa(oad) 2 Jo(e) + Yo(e) }

T e [ oot —aT (o) [ (o a2 )]
sin T gin 270 =77) (37)
U‘l‘l
where =+ «’s are the roots of the equation v
J]_(G.G) {G.Y]_(ad) —hYO(U.d) } - YI(M){GJI(Gd)—Mo(md)} =0 .o (38)

SoruTioN oF THE THIRD PROBLEM

This problem is similar to the one discussed in the earlier work of the
author (Kumar 1960), except that this is the case of a finite cylinder instead of
a semi-infinite one, and in the present case there is the radiation condition at
the outer boundary.

If 9, is the Laplace transform of 9,,, where 8,,, is the finite sine transform
of 6;, we get the solution to be

0,
g = Rulalia?) +S2Fliar) Hm? o (B)

Now, from the transformed boundary conditions given at (18) and (19) we get
- lel(l‘nc)_snkl(l"mc) =0 (40)

Rl T )+ Hlolpnd) S0 bl pal)— i pnd)} = 250 . (41)

"
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Solving for R, and 8,, and putting them into (39) we get

9 = hfmeo [1 _ IO(.u'mr)kl(.u'mc) +I1(au'mc)k0(}“mr) ]
T o BT Iy(pa) Ly () — R (pta®) } By (100) { a1 (@) + AT ot}

e (42)

and therefore
' T Lo(itar s 10+ Talprali1tar) ] v
2 — - mn " er'dp
s e J\V—iw ;;z [h Il(l“"mc){au'kl(.u'md)'—hkO(lJ'ud) } +k1(.ufmc){.u'mll(.umd)""hIO(F'md)}
(43)

Evaluating the residues at the poles of the integrand, we find the solution to be

%_oqz[i _ Gle,d, 7, &)
Ury m | 1€y €n
+ s Jl(CﬂJ){ﬁJJl(ﬂjd)—hJo(ﬁjd)}[Jz(ﬁjc)Yo(ﬂﬂ‘)—Jo(ﬁJC)Yl(ﬁﬂ)]“—k(ﬁ?f;‘;)tJ
7=1 (BT+E[1B1T1(B1d)— T o(Byd) } 24 T (Bye)(h2+87)]
sin TZLZ (4
wlhere
G, d, r &,) = To (€ar)y(€me) +1L1(€nC) o (€7)

I1(€,0) {Ekor(Ead) = hheo(€0d) } + by (£n0) { EnT 1(End) +RIo(Enel) }
(45)

and B, are the roots of
J1(Be){ BY 1(Bd)—hY o(Bd) } — Y 1(Be){ BT 1(Bd)—hJTo(Bd)} =0 .. (46)

Having thus determined 6,, 8, and 63 the final solution of the problem is given
by (22).
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