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ABSTRACT

A general method of constructing three-dimensional solutions of magnetogasdynamics from
two-dimensional solutions of gasdynamics and magnetogasdynamies is given. The conditions
under which transverse velocity and magnetic fields can be superposed on two-dimensional
flows have been obtained and, in the incompressible case, explicit expressions for the most general
fields of this type have been given.

1. INTRODUCTION

The number of known exact analytical solutions of the basic equations
of gasdynamics is not large and almost all of those—the vortex flow, radial
flow, spiral flow, Prandtl-Mayer flow, Taylor-Macecoll flow—have been discussed
by Howarth (1953) and Pai (1959). Most of these solutions are two-dimen-
sional and are valid only for steady isentropic irrotational flows. Recently
Kapur (1962a) gave a method of constructing three-dimensional solutions of
the basic equations of gasdynamics by using the principles of substitution and

superposition. In fact it was proved that if g is the velocity vector for two-

dimensional solution, then f(y)g--¢($)k also gives a solution where f(¥) and
#(y) are arbitrary functions of ¢, the stream function of the two-dimensional

flow, and k is a unit vector perpendicular to the plane of low. By proper
choice of f(y) and ¢() it is possible to obtain exact analytical solutions of any
desired type—rotational or irrotational, isentropic or non-isentropic, isoener-
getic or non-isoenergetic, Beltraml or non-Beltrami. In another paper Kapur

(1962b) proved that if q, H glve a solution of the basic equations of

magnetogasdynamics then Kq, ’H will also give a solution where K is a func-
tion constant along the streamlines of the original flow and K’ is a constant.
The present paper continues the study and aims at giving a method of -
constructing three-dimensional solutions of the basic equations of magneto-
gasdynamics from two-dimensional solutions of gasdynamics and magneto-
gasdynamics. Mitchner (1959) recently discussed in- detail a particular case
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of this by superposing a transverse magnetic field over a two-dimensional
gasdynamic solution. Our discussion generalizes his results and shows that, in
addition to superposing a transverse magnetic field, we can also superpose a
transverse velocity field but the discussion also shows that these superpositions
either separately or together can be made only for particular types of two-
dimensional gas flows, viz. those for which the density is constant following the
motion of the fluid. These, of course, include all two-dimensional inecom-
pressible flows.

The present paper also extends some of the results for the steady case of
Kapur (1962c) to the unsteady case.

2. THE Basio EqQuaTtioNs

The basic equations of magnetogasdynamicé for ideal gases (i.e. inviseid,
non-heat-conducting with infinite electrical conductivity) in the usual notation
in tensor form are:

) § 10p _ pe p 38,

St i e = T pom dmp e D)
0H; 0H; _ 6 ou;
—a‘t—+u]a a +H,a =0 .. .. .. .. .. (2
U5 +pg”f—o R £ )
Zj
oS8
E+uj55=0 L @
flp,P,8)=0 .. .. .. .. a0 (B
Let uy (w1, Ty, 1), ug(w, To, £),0; Hiy(zy, 23, 1), Hy(x), 25, 1), 0 } . (6)
p(xl, Zg, t)) (2?1, Zg, t) S(xlv Zg, t)

satisfy these equations. We want to superpose fields
0, O, ua(xl, 1152, t) 3 0, 0, H3(x1, Xg, t) ‘e .o .. (7) -
on it so that
ul(xl’ Zg, t)’ uZ(xI’ Xy, t): uS(xl’ Zg, t) 3 Hl(xli Zg, t); Hﬂ(xls Xa, t): Hﬂ(mli Zg, t),
p(xl’ T2, t)’ P(xla Xg, t): S(xl, Zg, t) .- * . (8)
may also be a solution of the basic equations. Substituting (8) in (1) to (5),
we get :
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B B0 P (e B0 130
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x(H1%+H2%%+H3%%3) .. (10)
%{fé+u1%%+u2%§—:—-(HI%Z—?+H23—~::)+H3(%+§%§)=0 - U4
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§+m§§+%%%=o P ([
fppS)=0 . ..

3. CoNSTRUCTION OF THREE-DIMENSIONAL MAGNETOGASDYNAMICAL
SoLUTIONS FROM TWO-DIMENSIONAL GASDYNAMIC SOLUTIONS

Let the original two-dimensional flow be that of the ideal gas in the absence
of a magnetic field so that

H, =0, Hy =0 N ¢ 1)
and let
. H?
p=p+ids sop .. . .. .. (19
8

s0 that p is the total pressure, being the sum of the hydrodynamic and magnetic
pressures. In this case (9) and (10) reduce to the corresponding equations for
two-dimensional flow and (12) and (13) are identically satisfied. Equations
(11) and (14) give

au3 aus . 3u3 _ P
Gt gt =0 ce 20
aH;; aHs aH3 aul auz) _
—ﬁ-l-’llll-a?l'-l-uzm"'lis 3—1;1+a—2 =0, .. .. .. (21)

Comparison of (15) and (21) gives
H3=Kp, . . . .. ve (22)



SOLUTIONS OF MAGNETOGASDYNAMICS 339

where K is a constant depending on the initial conditions. For a perfect
gas (16) and (17) give

1% (Pp?)=0. .. .. .. .. (23
Also for the two-dimensional flow, we should have
%(ﬁp"):ﬂ. .. .. .. .o (29)
Using (19) we get
%(Hé,fﬂ:ﬂ P 1)
or using (22)
Do, L Lo

i.e. both the two-dimensional flow and the three-dimensional flow will satisfy
the energy equation only if p is constant following the motion of the fluid.
From (15) and (186), we get

au, auz 9
Ernar el - 2D
From (20) and (21) then
D’ug _ DH3 — 2
Dt_ﬂ' -—l—)r._(). .. - .. o (28)

Also (15) and (21) give in this case
Hy=f(p). .. .. . .. .. (29

Hence, if we are given a two-dimensional unsteady flow of an ideal infinitely con-
ducting gas in the absence of a magnetic field, we can superpose on it a transverse
magnetic field andfor a transverse velocity field only if in the original motion P is
constant following the motion of the fluid. If this condition is satisfied then both
the transverse magnetic field Hs(xy, 2, t) and the transverse wvelocity field
us(®y, Xz, t) are functions of the density of the original and the new field and
are constant following the motion of the fluid in both the fields.

Since the densities and entropies are constant following the motions of the
fluid in both the fields, it follows from (5) and (17) that the hydrodynamic
pressure, the magnetic pressure and the total pressure have the same property.

We now consider two important particular cases of the above results.

Case I. Steady flow

In the steady case, the above results imply that the pressure, density,
lemperature, entropy, the transverse velocity and the transverse magnetic field
are all constant along the streamlines of the two-dimensional as well as those of the
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three-dimensional flow and are functions of ¢,.the stream function of the two-dimen-
sional flow. In this case the velocity magnitude is also constant along the stream-
lines and the streamlines for the two-dimensional flow have to be either concentric
circles or parallel straight lines (Prim 1952 ; Kapur 1962c). For the superposed
three-dimensional flow the streamlines would be either right circular helices
or limiting cases of these.

Case II. Incompressible flow

In the case of incompressible fluids, we have

eHz Du,

23=p+—%7—§,p=p,%£t3=0,-b—t§=o, . .. (30)
80 that in this case the pressure in the original field is equal to the total pressure
in the new field. Since for incompressible fluids there is no relation between
pressure and density, this change in pressure does not imply any restrictions
on two-dimensional flow and we can always superpose transverse velocity and
magnetic fields on any two-dimensional incompressible fluid motion in the absence
of magnetic field of an inviscid, non-heat-conducting liquid. The transverse
velocity and magnetic field components are constant following the motion of
the liquid in the unsteady case and are constant along the streamlines of the
two-dimensional as well as of the superposed three-dimensional flow in the
steady case.

4. MAGNETOGASDYNAMIC Frow wiTH A TRANSVERSE MaaNETIC FiELD

Mitchner (1959) recently discussed the effect of a transverse magnetic
field on a two-dimensional gas flow. In his discussion the hydrodynamical
pressures in the two-dimensional flow and the superposed flow differ by a term
proportional to the square of the transverse magnetic field while the density is
the same in the two flows. Therefore the energy equations cannot hold for
both the flows unless the conditions discussed above hold. Thus in the un-
steady case we can superpose a transverse magnetic field only on such two-
dimensional flows in which the density is constant following the motion of the
fluid and, in the steady case, we can superpose a transverse magnetic field only
if the streamlines in the two-dimensional flow are concentric circles or parallel
straight lines, e.g. on two-dimensional vortex flow, radial flow, spiral flow,
parallel low or on rotational versions of these flows.

Mitchner gave an interesting generalization of Crocco’s Vortex Theorem
to the case of a steady flow with a transverse magnetic field, viz.

2
>

H -
V(%q2+k+—87;)=Tvs+qx(qu), .. .. .. (8D
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so that
2

- Ha -
q.V(éq2+h+§5)=Tq.v.s. e e (39

Equation (32) shows that the quantity

HZ
192 8
zq +k+877p

is constant along the streamlines. This is as we expect since lg%+h is
constant along the streamlines of the two-dimensional flow and so are Hj3 and
p. The more interesting generalization is to the case when we have also a
transverse velocity field when the quantity -

H
2 3
g +h+8mo

is not only constant along the streamlines of the two-dimensional flow but also
along the streamlines of the three-dimensional flow.

Mitchner discussed in detail the case of steady isentropic irrotational
flow, but rotationality or irrotationality of fluid motion, while it is a permanent
feature of inviscid incompressible flows and of inviscid non-heat-conducting
barotropic gas flows, is not a permanent feature of magnetogasdynamic flows,
for from the equations of motion

-

.Dq _ 1 He T T
E‘— —;Vp+mcurleH, .. .. .o (33)
we get on taking curl of both sides
- - - — - =
%: (w. V) g—w (V . q) -V % X V p+curl [%curleH] e (34)

Due to the presence of the last term on the right-hand side we cannot conclude

that if w = 0 at one instant it will be zero at all subsequent times except in the
~cases of vanishing magnetic intensity or of force-free fields. This fact was
first noticed by Cole (1956) whose deduction of (34) was, however, slightly wrong
in that he missed the first two terms on the right-hand side of (34).
In our case, however, this term reduces to

y

— curl (Sﬁ% grad Hg) = — g;:— (grad % X grad H;) .. .. (35)

and this vanishes if H; is a function of p. Thus in that steady case, when we
can validly superpose a transverse magnetic field on two-dimensional gas-
dynamic flows, we can certainly speak of irrotational isentropic flows and in
this case all the results of Mitchner continue to hold.
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If we superpose a transverse velocity field also, then, even if the original
field is irrotational, the new field will be irrotational only if the transverse
velocity is constant. With the constant transverse velocity all the results of
Mitchner will hold with some adjustments. The main difference will be that
streamlines will not now be circles or parallel straight lines but right circular
helices and their limiting cases.

Again, given a steady two-dimensional flow in the absence of a magnetic
field, we can generate a three-dimensional flow from it (Kapur 1962a) which

will be both 1sentroplc and isoenergetic and for which ¢ x curl q will vanish

though curl g itself may not be zero. If we superpose on it a transverse magnetic
field constant along the streamlines of the two- or three-dimensional flow, it

will be isentropic and for this flow the quantity
HZ
£ e

will be constant. Thus we shall have a generalization of Mitchner’s results to
the rotational case.

5. CONSTRUCTION OF THREE-DIMENSIONAT, MAGNETOGASDYNAMICAL SOLUTIONS
FROM TwWOo-DIMENSIONAL MAGNETOGASDYNAMIC SOLUTIONS

In the last four sections we have discussed the construction of three-
dimensional magnetogasdynamical solutions from two-dimensional gas-
dynamical solutions by superposing transverse velocity and magnetic fields.
We now consider the cage when the two-dimensional flow has a magnetic field
as well.

In this case, we let

p=p, p=p, 8=8 .. .. .. .. (36)
Since we are given that the two-dimensional flow (6) satisfies the basic equations,
the conditions that the flow (8) will also satisfy the basic equations are:

dHg =0 0H,

i P = () (37)
ou. ou ou
s+ Uy ax3+u2 3x: 0 .. .. . .. .. (38)
aHa aus aus) aul aug —
B (Hl s+ Hy="|+H +3x7 = 0. .. .. (39)

From (4) we see that in view of (36) and (37) if the energy equation is satisfied
in the two-dimensional case it will be satisfied in the three-dimensional case
also.

Equation (37) requires that H; is a constant or a function of ¢ only. (38)
requires that us is constant following the motion of the fluid. Choosing u3 to
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be any function satisfying (38), we can determine H; from (39) provided it
comes out to be a function of ¢ alone or a constant. This will, in general, not be
possible. The following cases are, however, possible.

Case I. Steady motion with no transverse magnetic field

In this case we have

dug

Er +23x =0,

Hy =0, u, +H2 6x =0, .. (40)
i.e. u3 is constant both along the streamlines and the magnetic lines of force.
This can be possible only if in the original two-dimensional flow these two
coincide. Thus if in a steady two-dimensional flow of a conducting fluid the
velocity and the magnetic vectors are given by uy, ue, 0; Hy, Hq, 0, and if in this
flow the streamlines and the magnetic lines of force coincide, then it is possible
to superpose on it a transverse velocity field 0, 0, ug, where ug is constant along the
streamlines of the original flow and the new field and in both the fields, pressure,
density and entropy are the same. Moreover, though in the original flow the

- -

interaction term ¢ < H vanishes, it is not zero in the new flow. Thus while
the original two-dimensional flow may not be of sufficient magnetohydrodyna-
mical interest, we can generate from it a flow field which is of some interest.

As a particular case we can superpose a motion 0, 0, 43 on a magnetic field
H,, Hs, 0 provided u3 is constant along the magnetic line of force., As another
particular case we note from (40) that a constant transverse field can always
be superposed on any two-dimensional magnetogasdynamical flow without
changing the pressure, density and entropy fields.

Case 11. Non-steady motion with no transverse magnetic field

In this case we have:

3u3 3u3 3113 3u3

Hz =0, 3t+13 +2a =0, Hl +H2 =0. .. (41)
One particular solution is
wy = uy (x4, 1), g = g (T3, X3, 1), Mg = ug (21, 1) } N 4
Hy=0, Hy= H, (2, 1), Hy = 0,
where %3 is determined from
3“3+1ax =0 .. @

Thus in an unsteady motion if one of the magnetic field components is zero and
the corresponding velocity component and the other magnetic field component are
Junctions of the space variables and time, it is possible to superpose a transverse
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velocity component on such a magnetogasdynamic fluid without affecting pressure,
density and entropy fields.
Case III. Incompressible flow

In the case of incompressible flow, we put

#Hz

and the other two equations of (30) are modified to

aua 3u3 3u3 ", ( 3H3 aHS) —
Ui + U g T TP Hl?f_i-ﬂz?:}; =0 .. .o (45)

8H3 3H3 3H3 aug
o Uiy th g, (

+Hzg“3) =0. .. .. (46)

Since wuy, ue, Hi, H,y, are known functions of x;, x,, #, it is always possible to
find H3 and us from (45) and (46). Thus given any two-dimensional steady or
non-steady magnetohydrodynamical flow of an inviscid non-heat-conducting
incompressible liquid with infinite electrical conductivity, it is always possible
to superpose transverse magnetic and.velccity fields on it and these flelds are
determined from (45) and (46) which can be put in symmetrical forms by using
the substitutions

M,
ui+ mﬂi= Ui, ui=

“’Hz’=V¢ [f=1,2,3] .. .. @)
p

so that equations (45) and (46) become

aU3 WUy, . U,

—4 laxl-]-Vz-———axz = () .. .. .. (48)
av A aV
*3t3+ 150 +U2 8 =0. .. .. o 49

Equations (48) and (49) respectively determine U; and ¥, and by addition
and subtraction we get us and Hj.
For the steady case let functions # and z[, be defined by

alp al?b . alﬁ = ‘ = :
= s Y a o H,, a_xg _\/Z&;Hl . (50)
then (48) and (49) give ,
Us == 2f(¢—!ﬁ), V3 = 2¢(¢+¢) .. .. . (51)
or
=f—P+e+d) . .. .. L (52)
and

RHy =

:7';)33=f(¢—517)“¢(¢+5&)‘ B !
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Thus we have for the steady incompressible case explicit expressions for the
transverse magnetic and velocity fields which can be superposed on a two-
dimensional magnetogasdynamical flow. Applying our results to Pai’s (1959)
discussion of one-dimensional steady flow, we get the three-dimensional solution

g = iy +[ f(uzg+ BHey) + $luzy —BHa) Jig (5
\17=Hi—z)+%,[f(ux2+BHx1)—¢(uxz—BHx1)]§ . (59)

where » and H are constants and 4, 15, ¢; are unit vectors in Cartesian co-
ordinates.

Again applying our results to Agostenellis’ (1957) results we get the three-
dimensional solutions where

- BOP oP\ >
=773 i+ (wr—B ~a—;) 1g
+{fl(4Bh—j)2 1+ [(~1Bh—dw)p?+2BP)}iy .. (56)
> 10P7 oP\
H= ;a~6-7/,.+ (hr—- -a—r*)%g
+é{f[(%Bh—%w)ﬂ]—sﬂ[(—%Bh—-%w)r2+2Bp]}i: e
where B, w, y, h are constants and either
(i) VIP=0 .. .. N 1)
or (ii) B= J 4%)
and
oP : oP
vz(a—t—yv2P+(w—ﬁh) ﬁ) =0. .. .. .. (59)

In particular we get the solution

> a7 B\~
¢ =i+ (or—62) 5,

+ {fI(3Bh— )2+ @ H(w+ BRyr2—2B(A+B log r+ad+b]} .. (60)
E == %;:-I—(br— g) 'L_;
+% {f[(ﬁBh—w)rz]—¢[§(w+Bh)r2-—2ﬁ(A +B log r+a0+b]}, .. (81)

where f and ¢ are arbitrary functions of the arguments indicated.
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