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ABSTRACT

1t is proved that the abscissa of absolute summability by typical means of a Dirichlet series
is a convex function of its argurnent.

Given the Dirichlet series

Z'la,,l;z, l<lh<ly...<l,—®,z=a+iy
there exists to each ¥ > 0 a number 3, called the abscissa of ab-
solute summability, such that the Dirichlet series is summable ]l, k} for
x> 8,, but not for x < 3,. It is our aim here to show that 3, is a convex
function of k. It is now known for a long time that the abscissa of summa-
bility (I, k) is a convex function of k while the corresponding result for abscissa
of absolute summability does not seem to-have been proved so far.*

It has been shown by Tatchell (1954; cf. also Bosanquet 1953) that the
abscissa of summability |), k| of Za,e-A* and the abscissa of summability
{1, kj of Za,l,", l,=¢" are the same. Further the same is true for
Laplace-Stieltjes and Mellin-Stieltjes integrals. In what follows we prove
the theorem for Xa,l,” and the argument will be such that it will apply
easily to Mellin-Stieltjes integrals also, so that in all cases abscissa of absolute
summability will be a convex funetion of the argument.

As usual we write

A (w) =2 (@=1)ta,, 4 (@)=0 for e<l

ln Ko

= f (@—t)fdA(t), Alw) = dg(w).
0

We then have the following Theorem :

Theorem 1. 38, is a convex function of k.

This theorem will follow immediately from the following theorem which
we shall prove. ’

* I understand from Dr. Bosanquet that M. C. Austin has obtained results covering the result
of this paper. His results have not yet been published, but the proof here is believed to be of
independent interest.
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Theorem 2. If 0 <l<m <1, then

18k+m+ (m“l) 3
m 3

Srni <

We need the following lemmas.

k>0 R ¢}

Lemma 1. A necessary and sufficient condition that Za.l,?* may be
summable |1, k|, k > 0, 2o > 0 is that '

f t%% 4, (1) dt

0

is absolutely convergent.

This is Theorem 26 of Bosanquet’s paper (1953).
Lemma 2, If0<§<w O<m<l,k>—1

k l 1

= f Apt(t) Bw: f(t) dt .. .. . (2
0
where

B, ¢t) = m (@— )M —t) I (E—t) " —0 < t < £ < w < 0.

This is contained in the proof of Lemma 1.41 of Chandrasekharan and
Minakshisundaram (1952). It is easily verified that the condition k& > 0 can
be replaced by £ > — 1. The following property of 6, ¢(f) will be useful in
the proof of Theorem 2.

Lemma 3. If { =&(w) <ew is a positive monotonic increasing and con-

f()

~ tinuous function of « such that >—-— las w - o0 and if 5(f) is the inverse

function of £(w), then
] f 0™, ()do =0HE)AA>0 .. .. (3
w=7)

where 0, ¢! is the function defined in Lemma 2.

Proof: Near w = 7(t) the integrand on the left side of (3) has a singularity
of the type (é—t)™™, 0 < m < 1 and hence is integrable, Further the integral
is dominated by v~ =2 O(5(t)) 2. At o, the integrand is of the order ™A1
and hence is integrable. Thus the lemma follows.

Proof of Theorem 2. We shall assume without loss of generality that X g,

is summable |I, k| at every point on the line z = 8, for every k¥ > 0 and
also that 3, > 0.
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Then by hypotheses of Theorem 2

flAk-1<'w)lw‘k‘5"dw<oo k>0[
0

or )
f |d4(w) |0 %dw < 0 k=0 j
. 0
and
” lAk+m—1(w) |

In order to prove Theorem 2 it is sufficient if we prove that

[4yy_; ()]
f +k+l+x do < oo .. .. .. .. (6)
for r>m B, +m—03 1} =35, D=3 +(m=4)D

where D =m"1(3,—8,,,). We start from the formula
T'k+1)IQ) w )
Tk @) = . (w=1)""dA4, (1)

f w
=f (w—t)"tdA, (t)+ L (w—1)"1dA, (1)
0

. = J;+J, say. .. .. .. .. {7
J1=f (w—t)'"1d4, (t)
0

=f (=) ™ (w—t)""1d4, ()
0
£
= (w_f)l-mf (w-—-t)m_l(lAk (t)
0
¢ l-m-1 ! m-1
+(l—7n)f (w=1) f (w—u)"""d4, (u)
0 0
£
= (=)™ f 4, (00, (Od
0
4 -m-1 ‘
+(l——m)f (w—1t) dlf 4,0 (w) Bw,,(u)du
0 0
¢
(o)™ f Ayyrr 1 () O, ¢ (0 dt
0

¢ ) ¢
+({l—m) foA’”f’”“l (u) d’u,f (w—t) j-m— 10 ;(“)
=J1’1+J1,2Bay. .. ) v .. . .. .. .. (8)
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We observe that the integrand in J;, ; contains the factor

rq)

l—m-1
FIEI=miT) (w—u) . 9

¢
‘ f (w—t) ™18, (w)dt <

Using (7) and (8) we can write

k41)I (w) ® »
([':];_F)Z)( ) J 1;:[:_1 dw = f Jl, 1w~kfl-xdw+J~ Jl, zw‘k"l"‘dw

+J“J2w‘k‘1’”dw. R e L1

We shall show that each one of the integrals on the right of (10) is absolutely
convergent if © > m=1{I8;4n+(m—0)8} after a suitable choice of ¢ .

Let D=m- I(Sk '_Sk-{-m)
so that

m"l{l8/¢+m+(m—l)8/¢}
= 8, —ID
= Sprm+(m—1)D

and also let
£ = £@) = a—a1=".

The inverse function 7(¢t) satisfies the relation
n(t) >1t, p(t)—t~11-P,
With this choice of D and ¢, we observe

@ T oA @ '
f |} ==t <0f w'k‘l"‘dwf (w—t)=1] dA(z) |
¢

<0fw | dAxt)| fm (=t S
13
<C f '—‘f—,;flrﬂr%)-'(n(t)-t)’dt

<C f ;*——‘dA"(t” dt

E itz i(1-D)

< © . R ¢ § T B
if kt+i+2—l1—D) = k+zx+ID > k+8k or x > 8,—ID.

Now, using (9) in J;, ; we observe

o ¢ .
iJy, 2l dw I
f k-l{-lf-r do <C f whHits jo l Ak+m—1(u) [ (w_u)l ! du
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j—m-1

o] . [ 4] —-t
< Of [k em-1(8) ldtf ('e‘,;,k—lﬁ?_“ dw
)
. @ 4 . ) o
<0 f —%,%—l%‘(n(t)-—t)l dt

“ 4 t
< OJ. k+m-1( ) dt

fF 7= (-m)(1-D)

< .. .. .. .. .. .. .. (12)
if k+l4+z—(—m)(1—D) = k+m+tz~m—ID > k+m—+814m
or z 2 Opym+(m—1)D.
Finally
1/ * (w—g) "
kil-ﬂrd —def lAk+m () |0w§ t) dt
<0f |Ak+m_1(t)[dtf g h=i-+i-m1-Dy 8,,, £(t) de
)
<0f°° ‘Akm———-—l( | dt
ktltx—i-m1= i-D
7(t)
<Of ’Ak+m 1(t)l-—k I~ x+l —Edt
by Lemma 3
<o .. .. .. . . .. .. (13)
if
k+l4+z—I—m 1D = ktm—m—ID > k+m+3,,,
or z >89, ,+m=U)D

Combining (11), (12) and (13) we observe that the integral on the left side
of (10) is absolutely convergent if

x> 8,—ID =3,  +(m—)D=m"1(5,,, +m—1s,)

which proves Theorem 2.

Theorem 2 shows that 8, is convex in the neighbourhood of each point
and by known properties of convex functions it follows that 3, is convex in
any finite interval which is Theorem 1.
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