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ABSTRACT

In stationary, homogeneous and isotropic turbulence in an incompressible fluid where there
is no over-all heat transfer, the theory, due to Chandrasekhar (1955) of taking correlations at two
points and at two different times, has besn used to obtain a differential equation in temperature
fluctuation m(r, t) in terms of Q(r, t)—the defining scalar of the second order isotropic velocity
correlation tensor €,;. This equation and the differential equation in @, obtained by Chandra.-

sekhar (1955), are the basic equations of the present paper. The equation in m(r, {) and p(r, #)
has been solved for the special cases of very small and very large Peclet numbers and the results
so obtained have been compared with those given by Corrsin (1951). An attempt has also bsen
made to solve the basic equations in a very special case.

1. INTRODUCTION

Since the basic papers of Taylor (1935), many important contributions
have been made to develop the statistical theory of turbulence. In most of
the papers the medium has been supposed to be homogeneous and the cor-
relations have been considered at two points and at the same time. Recently
Chandrasekhar (1955) has deduced a new theory of turbulence by taking
correlations at two points and at two different times. He has taken the
turbulent medium to be homogeneous in space and stationary in time. Thus
he has obtained one differential equation in one unknown @—the defining
scalar of the second order isotropic tensor-@,—with the use of the hypo-
thesis that the fourth-order moment is related to the second-order moments
in the same manner as in a joint Gaussian distribution. Chandrasekhar
(1956) has also obtained the solution of the differential equation in the limit-
ing case of zero viscosity. In his latest paper on turbulence, Chandrasekhar
(1957) has discussed the central problem of turbulence and has advanced the
reasons for the development of his theory. The author of the present paper
has generalized his theory from the isotropic case to the axisymmetric ease
and has obtained a set of eight differential equations in eight unknown defin-
ing scalars of the second- and third-order correlation tensors (cf. Jain 1957).
We have also applied Chandrasekhar’s theory to density fluctuations in an
inviscid compressible turbulent fluid and, then, have discussed the gravi-
tational instability of this medium (cf. Jain 1958a and b).
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In the present paper, again, the medium is supposed to be homogeneous
in space and stationary in time. The fluid is taken to be incompressible
and the turbulence is isotropic. We suppose that in such a medium there is
no over-all heat transfer and the temperature fluctuations are so small as to
have no appreciable effect on the velocity field. In the second section of
the paper, a differential equation in m(r, t) and @Q(r, t) has been deduced.
This equation and the basic equation of Chandrasekhar’s paper (1955) give
us a set of two differential equations in two unknowns. Then the equation in
m(r, t) and p(r, t}, which is of the same type as the well-known Von Karman and
Howarth equation, has been discussed for very small Peclet number. The
results, so obtained, have been compared with those obtained by Corrsin
(1951). The case of self-preserving solutions, when Peclet number is very
large, has been considered in section 4. In the end an attempt has been
made to solve the basic equations for m in a very special case when Peclet
number is supposed to be very large and the viscosity is taken to be zero.

2. DIFFERENTIAL EQUATION IN m(r, t) .

We consider a stationary, homogeneous and isotropic turbulence with
no over-all heat transfer. The heat transfer equation at the point P(x;) is:
00 .08 o« 02

atl+ o 7

= - 1
Oz, Pe, axjaxj (1)

where

¢ = the temperature fluctuation at the point x and at time ¢,
p == density,

C, = specific heat at constant pressure, and
a = thermal conductivity.

The equation of continuity is

. =0, T

In view of equation (2), equation (1) can be written as

20’ aukﬂ' 20"
3t'+ = rwrwilE . .. )
37
where
y o X
pC,"
Multiplying (3) by 6 —the value of the temperature fluctuation at the
point Q(x;) and at time t"—and averaging, we obtain
06’6 a 920" 6"

7 + 0'0"—‘)’ — .. .. ..
ot T, 3:c z; )
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Let t=|'—t"]; &i=u,—ux,.
° ° ,
Then 5?=5i]ft>t
2 ...,
and
e __9
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Equation (4) transforms to

a0’ 6" 7 R — 020’ 6"
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Let
m(r, t) —‘0—0.;2-
and
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= Vaw
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(5)

(6)

(7)

(8)

where g2 and %2 represent the mean temperature and mean velocity respectively.

As given by Corrsin (1951, equation 11)

therefore

and equation (6) can be put in the form

L2 _ [0 58]

o
+7 v 2(mb?), e
Putting p; = \/z_ﬁpﬁ; we have

d(mb2 ) —
+ (’;t ) [-a?;—‘ +2%]+rv2(m02).

Now we multiply equation (3) by «; § and take the averages.
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.. (11a)

We obtain

.. (12)
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I8 2 G 06", 1
or :':T af 71/ =YV .. .‘. ( 3)

Let us find the values of each term in this equation separately.

éazu:'eupl — éa_tu;gleﬂ
0 —__ '
= o 2 g2 e
==z [\/u G2 p(r, t) r]
£,3(pV 2 )
AR (14)

as r and ¢ are independent variables.

V20'6"y i,——VQTLHBII
o= £
=—V- \/uz gz p(r, t)?
= _ 0 §6 (10
= \/uz 62 5¢ [T it l{- 2 _ —}2)]

ror 2

2,
29p 102 ] (15)

S— 2
= \/uz 62¢; [_ﬁp+r2 ar+1 0r2

Tu order to obtain the value of the remaining term in equation (13), we
introduce the simplifying statistical hypothesis that the fourth order cor-
relation is related to the second order correlations in the same manner as in
a joint Gaussian distribution. Although the validity of this hypothesis to
the present case may be a problem for experimental verification, the above
law has been amply justified for its application to the problems occurring in
the theory of turbulence.

Thus
a r 7’ ” a
e ! / " X — 0[/ 9/ " ”
ag,ﬁ["”’ﬁ“t] ak[ w0, 6"u,+ 8, (0, 0) . 07, (0, 0)]
0
=2 182,
=% [6 ink]
—  om
= f? Qik *a—{k
1 d(mb2)
= ;fk @y or (16)

In deducing this equation, use has been made of the fact that there does
not exist an isotropic solenoidal tensor of the first order.
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Using the notations of Chandrasekhar (1955), we have

e — 2008, .. .. ... oam

r

Qik =

where @' denotes the partial differentiation of @ with respect to » and @ is the
defining scalar of the second order isotropic tensor ¢,,.
Thus from equations (16) and (17)

] [Hu 0w ] ZQa(mG)

%, E. .. .. .. (8

ror T

Therefore equation (13) can be written as

20 ama 17, .8 .o, — _
rat (\/uzazp) + =X 5 =Y 5 [2_27'5_—;'25—7'2] (\/uzgzp) .o (19
or

. ( 02) ap, (apl 2P
WG = w P v (T2

With the help of equation (11) it transforms to

ot
dpa
=*%
10
=i;§*a*t(1)1)'2) .. .o . .. .. (20)

ag r and t are independent of each other.
Thus

20,2 a(mﬂ ) 5 0 [ 0

—+" 57 57 V2] (mo2)

“ia(az,)"' ey

We rewrite equation (11) as
d — @
r2 [:!:& —)’VQ:I (md2) = 5 (p172).
Eliminating p;r2 from the last two equations, we obtain
0 [‘)QTZ—‘"*")’ 2 9 4 (igt __yvz)] (,mﬁ) = :l:_aa_t [irza%_y,-zv{l (m2)

= v 2% [:I:-q ——w2] (m82).
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or
d 0 - F om@2
[irﬁngyé-t(rzg;)] [ﬂ:a.—yvz] (m02)=2-a—r[(gr2 _7;7 ] . (22)
But
_ 9 9, = 29 02 _
Vz(m02)=5§—l~—gl(m02)= ;'a7+75) (m®) .. .. )
:!:2 —yye 2(m§§)_'3 ?_ Qr2 a_(@] (24)
ot T 2 or or v e

which is the basic equation giving the temperature correlation function m in
terms of . But the equation giving the value of @ is (Chandrasekhar 1955,
equation 32)

J | 02 °
P [aTz _v‘ng] =~205 D0, .. .. .. (25)
where
02 n—120
D,, = a_l‘_2+ - 5; . (26)

Equations (24) and (25) provide us with a set of two equations which
can be solved for two unknowns m and . The general solution of equation
(25) has not been obtained as yet. It has been solved by Chandrasekhar
(1956) in the limiting case of zero viscosity. Using this solution, we shall
make an attempt to obtain m from equation (24) in the last section of the
paper. In the following two sections, we shall concentrate on equation (11)
and try to obtain its solutions for very small and very large Peclet numbers.

3. CasE or SMALL ProrLET NUMBER

A Peclet number characterizing the combined heat and velocity system
may be chosen as

'\/;_E)xg
Y

PX = ~ - . .o e ‘e (27)
For very small Peclet number, equation (11) transforms to
62 —
f’K%)=yv=(maz) .. .. .. .. (28)

where we have taken the positive sign only.

Equation (28) is the exact form of the equation of heat conduction in
three dimensions with spherical symmetry. Hence the double temperature
correlation function m(r, ¢) is spherically symmetric in the physical space,
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We write equation (28) in the form

=, l o
=y(32"‘1+23_@_)(” .. . .. (28a)
or?2 " r or
where
my = mb2.

We proceed to obtain its solution as follows :

Ag the isotropic scalar function m(r, t) given by equation (7) depends

on the magnitude of the distance r between the two points, it must be an even
function of » and, therefore, for small

2

mir, 1) = 14+m"(0, 1) =+mi¥(0, £)

4 T
E I

4
l4+ ..... ... (29)

where the dash on the scalar denotes the partial differentiation with respect
to r. h

m(0, 1) = 1. ce e (30)
Let the solution of equation (28a) be taken as

my(r, 1) = M) M s(s) .. .. .. .. (31)
where
r
= == 32
’ \ e (82)
Equation (28a) gives

M) 1 [Mys) 1\,
M1<t>=2M2(s)[ 2 +(S+E)M2‘s’]' o B

The two terms of this equation have a constant value (_. Z)

Therefore, M, satisfies the linear differential equation'

sMy+2(2 4+ DMy +asMe =0 .. .. .. (34
which reduces to the Hermitian differential equation
H —2sH' +(@—OH =0 .. .. .. .. (35
with the help of the transformation
sMy = e~H(s). ce e LL(38)

Since m,(r, {) must approach zero as r — oo, H(s) also- approaches zero
for infinite s. Therefore, (a—4) is necessarily an even integer 2. In that
case H is the n-th Hermitian polynomial

(37)
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and

My(s) == e S H,(s). .. .. .. .. (38

1
S

From equations (31) and (32) we find that as r — 0, s~ 0. Therefore,
in the limiting case M,(s) must approach a finite quantity. Thus H,(s)
should be an odd polynomial. In other words, = is an odd integer of the type
2p—1.

@ =4p+2 € 1: 3 )
LM (1) 4p42
M= a e e - (393)
or
1
The solution of (28a) is obtained to be
1 -2
=L ! _r
ml(r, t) tpe . o HZp-—l (\/m .. o . (40.])
and the general solution can be written as
1 BEaRS A r
my(r,t)=-¢ ™ “PHy,_ — .. .. (40.2
=3 S i () (40.2)

the constants 4, being so chosen that the series converges and m,(0, t) is equal
to ¢2.
For p = 1, we know
Hy(s) = 2s. .. .. .. .. (40.3)

Denoting the constant by 4, the particular solution of the general equation

can be written as
2
7

Zm(r,t) = At-1e .. .. . .. (40.4)

which is of the same type as the one used in the turbulence decay.
Another particular solution corresponding to p equal to two is given by

= B ) 2
2 = 3 — N . .
Zm(r, t)\— 7 (3 2‘)’6) e 4yt. .. .. .. (40.5)
In this way we give different values to p to get, different particular cases.
Now we shall discuss the first particular case (p = 1) given by equation (40.4)
and obtain the values of the various characteristic statistical parameters
during the decay of temperature fluctuation.
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3.1. Following Taylor (1935), the thermal scale L, and the thermal
microscale A;, which are of the dimensions of length, are given by

o0

L9=J mdy .. . .. .o (41)
: 0
and
2 2
A m” (0, 1) (42)
Also
aar aerl aZW
ax. ox, 3xf3x’f
i Pt
0% (mb2)
T TOEQE.
§.9%; (43)
_ @ Om
08 D€,
- — g% lama %@_%@]
or r2 or2 3 Or
In the limit when r — 0,
09 90 e
e == 28 m” .. . .. ..
o, oz, 623;m” (0, 1) (44)
or
a6 a6 —
3, 3, = 300, )
g2
=65. .. .. .. .. .. 45
2

3.2. To obtain an invariant of the type of Loitsiansky invariant, we
multiply equation (11), viz.

m62 62 3 om
=7 \/u2 2)+'y 5 [ ar] .. .. (46)

by 72 and integrate with respect to r from 0 to co. We get

[02 f mrzdr] = 02 \/uZ [pzz]m +762 [12 %77]0 . .. 47

0

Now we introduce the assumption that p, m and % — 0 faster than #—2
"
as r - . Hquation (47) reduces to
0_2f mr2dr = N (const.) .. .. .. .. (48)
0

which is the required result.
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We use this result to get the value of the constant in equation (40.4).
Multiplying (40.4) by 2 and integrating with respect to » from 0 to oo, we

get
® r2
N= At—éf r2e Wiy
0
® r2
=At—%(2w)f e Yidr
0
= 24Y"/ 7
or
N
291/ 7’
Therefore, equation (40.4) can be written as
— N 2
2m(r, t) = = (Y1)~ le”
) v 411( )

3. We now study the time variations of various parameters.

equations (30) and (50) by taking the limiting value as r - 0, we get

AY
02 = —— (yt)-%.
Vi ()
Thus
r2
m(r, t) = e W

Also,

Lg = f mdr = —\—/1 '\/Z‘?t

o 2

or

L; =¥t
As

” » 1 r2 2

g = e e 4‘)’t
m(r, 8) It (1 2’)’6) ¢
. 2 2
e )‘0 = — 'lm = 41,
and
00 90 N 1 _
3o, T, = 6 (vt)=5/2,

N dm(riys Wi 4\/

. (49.1)

.. (49.2)

(50)

From

(51)

. (53)

(64)

(85)
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In order to compare these results with those of turbulence decay at small
Reynolds number, we have (cf. Jain 1958c)

— M 1 r2
u’f(r, t) = mwexp (—' a:t) . .. N (56)
— M
2= -% .. .. . .. 5
u 12\/‘"0"5) (57)
=2 .. .. (38
o
L2=th .. .. .. .. .. .. (59)

where A and L correspond to the double correlation function ¢(r, t) when the
velocity correlations are taken at two points' P’ and P” and at two times ¢’
and ¢" perpendicular to the line P P". If A, and L; denote the microscale
and the scale respectively for f(r, t), then

=2

Ly=2L.

Hence the temperature ‘ spottiness’ dies out at a slower rate than the
velocity °spottiness’ when both Peclet number and Reynolds number are
extremely small. This conclusion is the same as derived by Corrsin (1951)
by taking temperature fluctuations at two points and at the same time.

From the above equations, we also obtain

/\g 5 Y 2
g=2l= (60)
Ly_4 61
=5 (61)
X1
)Tg = (62)
v
and
L 1
=5 (63)
f
where the Prandtl number o is given by
PVOP
o= . (64)

%

4. SELF-PRESERVING SOLUTIONS WHEN PECLET NUMBER IS
EXTREMELY LARGE

A self-preserving solution is one in which m and p are functions of i_ only.
(]

m(r, 1) = m() ) (65)

p(r, ) =p(Q) )
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h =
.where Q2 7%
We define a characteristic Peclet number
= L
PL=\/U2?”- P ()

In equations (65) and (66), L, has been used in place of A; due to the
fact that conduction plays a relatively indirect role in the present case as
contrasted to the previous case. '

Using the value of 22, the Loitsiansky invariant becomes
e’zf mrddr = E?Lgf Qm(QdQ. .. .. .. (67)
0 Y

Therefore for total similarity, 62 Lj is a constant independent of ¢.
As P, is sufficiently large, second term on the right-hand side of equation
(11) can be neglected and the equation reduced to

%(ﬁm)=\/§0_2[gf+?ﬂ. S .. .. (88)

Introducing the approximations given by (65), we get

m@_@u@_vm[@ )
&I @ a0 I, lwetel
i

7 e take the limiting value of equation (11) as

(69)

To get the value of

r — 0 and obtain

— ~ )
00 sy m'0,) .. .. .. .. (70)
at

or

de2 6702
—_—— . .. .. .. {(71)
2
dt Ao
Putting this value in equation (69), we get
6vLy  dLg dm /= [dp 2;0] _
v m+ 9m+\/u2[m+§ =0 S (12)
which can be written in the form
1 (1)b1(2) +as(t)by(R2) F-as(t)bs(2) = 0. .. .- .o (73)

In this equation we have a sum of three terms, each being a product of a
function of ¢ by a function of 2. In three-dimensional space, if we consider
a,(f) to be the co-ordinates of a point 4 with pafameter ¢, the locus of 4 will
be a curve. Similarly, if we take another point B given by b{(2), we again

get a curve. Thus equation (73) states the fact that the line joining the
4B
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origin to any point on the A-curve is at right angles to the line joining the
origin to a point on the B-curve (Fig. 1).

A

F1e. 1.

Hence there are, a priori, two possibilities :

(1) The point A (= a;(t)) describes a straight line through the. origin
and the point B (==0,(£2)) lies on a plane passing through the
origin and at right angles to this line.

(2) The roles of the two points 4 and B, as stated above, are permuted.

In the first case, a,(f) are proportional to some constant numbers. In
other words, they are proportional to each other. Therefore,

Y Ly _
Vuz 2
and o (74)
dLg
@ =P )

where C and D are two constants.
Using these relations, we get the differential equation which connects
m and p, viz.

dm | [dp 2p] _ 75
60m+DQE+[E+'§ =1 . .. . ( )
In the second case, there exists three constants, «,, ¢y, and a3 such that
dm dp  2p
Q¥ P4 P
bym —d@_d2 @ . (6
o az &3 -
L dL =
A—gal+#’a2+\/uza3=0. N (&)

9
These conditions are of the same type as proposed by Sedov in the case
of the general theory of turbulence. From first of equations (76), we get

dm o dQ2
20— gy 2t .. .. .. .. (78
— =6 o 0 (78)
Integrating,
6)’1—29
m=pe M .. .. .. .. (19

where B, is a constant of integration.
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Substituting this value in equation (76)

dp 2p _ o0, Ta® '
T =0 e : T 1)
Its solution is
2 G}EE.Q
ag 1 a2 ¥ oy 4
P2 = 1&;{92 5 @ Q+~1~8~)'-2“_2 e ' 4Py .. .. (81)
2

Thus, from equations (79) and (81) we get m and p subject to the condition
given by equation (77).

5. SoOLUTION OF THE Basic EQuaTIoNS (24) AND (25) IN THE LiMrTING CASE
OF VERY LARGE PECLET NUMBER AND ZERO VISCOSITY

In this section we shall try to solve the basic equations (24) and (25) in
the limiting case of extremely large Peclet number and zero viscosity. In
the limiting case ag y — 0 equation (24) reduces to

22 d(mb?
o (i) = [Q2 (o )] L ®)
or
a;:’;l %5‘1 [Qr‘aml] oL (83
where .
my = mbe. .. .. .. .o (84

Equation (25) has been solved by Chandrasekhar (1956) in the limiting
case of zero viscosity. Using his notations and under the conditions proposed
by him, we have

. Q -
if —2'5:, B . .. .. (8{))
X = r—tg(x)
where ¢ } .. .. .. .. (86)
r=—
rs
and
o= %[¢—nd]. .. .. .. .. (87
As obtained there,
¢ = ap4a122taprttaqgxbd- ... ... .e . .. (88)
where
ao = 1
ay = —_'%2_
@y = —0-090534979 / - - .- (89)
ag = 024357263, etc.{
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Therefore from (87) and (88), we get
o = §[ag—ayx?—3aprt—>5azxs. .. ... 1.. .. .. {90)
Using equations (85), (86) and (990),
3 —aag = agr= 13 —at2r- 53 . Jat4r—9/3
—5agibr~ 1337 8y - 1713, .. .- .. (9)

Integrating,
2Q—K(t) = cgr2lB4a,i2r-284aottr=634 . ... .. .. (92)

where K(t) is a constant of integration.
Thus equation (83) can be put down as

o2my 1070 ,0m 2/3 2. - 23 46/

W = ﬁ E‘ [’I‘ -aT (K+(1077 i +Lllt r-= +a2t rT ) ...... ] .. (93)
which is the differential equation in the unknown m,. If & can be chosen
equal to zero with the help of the boundary conditions, we proceed further to
obtain a solution of equation (93) in a very special case. Let r be sufficiently
large so that equation (93) can be reduced to the form

®my 1 9 o.0m
aﬂ n;za[r'w]- . . .. .. (94)

Let one of its solutions be

—_— T Pk
= ArH(z) ’
where
Z =7 . .. . .. .. (96)
Then the differential equation in H is obtained as
H/;[k2y2l+n+2t2k—2_l2r2l+n+§t2k]+H, [k(k_l)rn+l+2tk—2
— (21n+lz+g l) 7'"“”15}'] —_n (n+§) P HE =0, .. (97

where a dash over H denotes the differentiation of H with respect to Z. We
suppose

5 -
n= — -

5 |

5 R (1)

J

Therefore using equations (96), (97) and (98), we get

d = —
an l 3

2(k-=1) _k.:E o
H [kz G —%kz2]+H’[(k—1)Z —§(2k—l)Z]+§H= . (99)
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In order to make this equation exact, we take k equal to unity.
4 _\d:H 2 _dH 2
il 2) — — T - = . s
(1 5% ) a7 o5l gt H =" (100)
Its first solution is

4 dH 2
(1— 522) ﬁ+§ZH = 01 . .. o (101)
or

2

24
dH 3 ¢y
uiind = . 2
dZ+ H . .. .. (oz2)

4 4
—Zze —_Z7e
o1 9Z 1- 97

which is a linear differential equation of the first order and of the first degree.
Its solution is

H 2 4 4 14 4 3/4
_“T4=0][§Z(1—§Z2) +EZ(1——§Z‘A’)
2

4
(1-32 |
7 dz
+ﬁ —-———-————————4 i +02 . (103)
(1‘ §z2)

Knowing the value of H from this equation, we get m, from equation (95).
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