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ABSTRACT

Einstein’s field equations for empty space-time admit solutions, in the linear approximation,
which may be interpreted as describing plane gravitational waves. In order to study the non-
linear effects, we make the linearized field a starting point for exact caleulations and examine
its gravitational significance in the light of Einstein’s field equations. The perfect fluid hypo-
thesis leads to a new metric form for the Einstein universe. When the metric potentials are
functions of the argument ¢ t«, they describe null electromagnetic fields. In particular, a space-
time metric for a uniform null electromagnetic field has been obtained. The empty space-time
conditions lead, in general, to fields of pure gravitational radiation. The physical significance
of a particular solution, describing gravitational radiation, has been discussed by means of equa-
tions of geodesics and geodesic deviations. It is also shown that the gravitational waves possess
a positive pseudo-energy density.

1. INTRODUCTION

The possibility of the existence of gravitational waves, propagated with
the speed of light, was first pointed out by Einstein (1918) in the case of a
weak gravitational field. The usual procedure, in Cartesian co-ordinates,
is to start with a field '
(L1) G =nuth,, k=1,234,

where 71, is the Galilean metric and A; describe the modifications due to a
weak gravitational field. In view of the linearized field equations R, = 0,
coupled with a set of co-ordinate conditions, the &, satisfy the wave equa-
tion. In particular, when h,, depend on ¢ and z only, there exists a co-
ordinate system (Bergmann 1942) in which one can take all the components
k., to vanish, except

(1L.2) hoz = ~hg3 70, hog = hgp 7 0,

where the non-vanishing components are arbitrary functions of the argument
t—z. The solution is interpreted as describing plane gravitational waves
travelling with the fundamental velocity in the positive z-direction. Since
general relativity is essentially a non-linear and covariant theory, its intrinsic
consequences cannot be based on a weak field approximation and there must
be certain reservations about the conclusions drawn from the linearized field
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(1.2). The question, whether these linearized solutions may be regarded as
first order approximations of the rigorous solutions having the same symmetry
as (1.2), does not seem to have been answered conclusively. Bondi, Pirani
and Robinson (1959) demonstrated the existence of plane gravitational waves
described by the exact solutions of Einstein’s field equations for empty space-
time. But as it has been remarked by these authors, the planeness of the
waves is disturbed if it is required that the departures from flatness be repre-
sented against a Minkowskian background.

In order to appreciate the values and limitations of the linearized theory
better and with a view to obtaining rigorous solutions having the same
symmetry as that of the approximate field, we study, in the present note, the
restrictions imposed by the exact gravitational field equations
(L.3) ' R, = —8a(T;,—1g9,7),

ik
on the Riemannian fourfold
(1.4) ds? = dt2—da®~ (1 — A)dy2—(1+ A)dz2 +2B dy dz,

where A and B are functions of ¢ and « only. The main conclusions of this
investigation may be summarized as follows:—

(i) It has been shown that a perfect fluid distribution of matter is
possible if A — B. The solution obtained is shown to be a
transform of the Einstein universe.

(ii) When A and B are functions of (t+x), the line-element (1.4)
describes a fluid distribution of photons with null geodesics as
lines of low. As a particular case, the space-time metric for a
uniform (covariant constant) field of photon distribution has
been deduced. :

(iii) When A and B are functions of only one of the variables ¢ or z,
the empty space-time conditions imply flat space. When
A = A(t—2) and B = B(t—=z), the field equations R;, = 0 lead
to only one differential relation between 4 and B, and the
empty space-time fields are shown to be characterized by the
presence of gravitational radiation of type IT (Pirani 1957). In
particular, when B = 0, a line-element, describing gravitational
waves, has been obtained.

The physical features of-the models are discussed with the help of geo-
desic and geodesic deviation equations.

2. THE CURVATURE TENSOR AND THE FIELD EQUATIONS

In case of the line-element (1.4), the determinant g of the metric poten-
tials turns out to be .
(2.1) . g= —(1—A42—B?) = —P,
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and in order to have the proper signature it is understood that A2 B2 < 1.
The contravariant non-zero components of the metric tensor are given as

. 1+ 1—-4 B
2 —_—gll = 44 — 22 — o 38 o o 28 — o =
(""2) g g ]~> g TP » g F2 g P-

The surviving components of the 3-index symbols can be expressed as

Ty = _F;:a:%’ —P§2=F§s=4§$: F;3=F;2=%1:
(2.3) N s, 2= 1%, = 35 {4+ 44,4 BB,},
P, =% = — L {1+ 4)B,—B4,},
Iy =TI} = g}) {(1—4)4,—BB,}, Iy =T, = — 51.}_, {(1—A)B,,+BA;},

where x and v take the values 1 and 4 only and
' 04 94

e

The non-zero components of the curvature tenmsor and the Ricci tensor,
obtained by direct calculation from (2.3), are furnished below:

A‘E

Rosss = (43— 43+ B}~ ),

Riusw = é {2PA,L,—(1;A)A,LA,_(1+A)B“B.+B(A“B,+A.B“)} ,
(24) { Ropo, = — é {2P A+ (14 4)4,4,+(1—A4)B,By+ B(4, Byt 4,B,) } ,
Rapsw = = 35 {2PBur— (1= 4) 4, By +-(1-+ 4) 4, By~ B(4, 44— B,By)}

1
Bogis = 55 (418, — A By).
\ 2P

Ry = — 515 {2P(4 4+ BBu) +(1+ 43— B) 4,4, + (1— 434 B)B, B,
+24B(4,B,+ 4,B,)} |

’ 1
(2.5) { Bt Bo=5(d,—41+B~B)),

Raa—Rys = 5 {P(Au—A4u) = A(B;—B) + B4 B~ 415}

1
Rsy = Ryy = 5p { P(Buu— Bu)— B(4;— 4))+ A(4,B,— 4,B))} .
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From (2.5}, it follows that

iy 1
(2.6) R=gR;= 7;2[2P{A(Au—A44)+B(311—B44)+%(3+A2—-B2) X

(A?"‘AZ)+%(3+BQ—3A2)(B?—B;§)+4AB(A 1Bi—A4:By)}].
Out of the four possible cases, namely i
(i) 45£0,B=0, (i) 4=0, B0, (ii)j4d=DB, (iv) 4#B,

which arise from (1.4), the first three are metrically equivalent.” By means of
the transformations

(2.7) 1—5*/—\/27)'1-‘/’ \/277 ), =,
the line-element (1.4) can be expressed as
ds? = dr2—d§2— (1—B)dn2— (14 B)dy2+24 dn dy,

which shows that the cases (i) and (ii) are equivalent. When A = B, the
transformations

(2.8) y=\/i§(kn+%¢), \/2 (n—1), k2—2k—1 = 0,

carry (1.4) into an orthogonal form similar to case (i). In case (iv), when
A # B, reduction to the orthogonal form is not possible if we allow only the
group of transformations

y =Yy, 2), z =2, 2),

and any other choice of transformation will introduce more cross-terms in
the metric.

3. TuE PrrrEcT FrL.utp DISTRIBUTION

We first examine the compatibility of perfect fluid distribution of matter,
defined by the field equations
3.1) Ri = —8n[(p+p)vive—igi(p—p), g vin =1,

where p and p are the proper pressure and proper density respectively and
»; is the flow vector. In view of (2.5) and (3.1), we have the following four
relations : —
(1—A)"'Rye = (14 4)"'Rgg = —B™ "By

(3.2) {(1=A)Ryy—Ryo} {(1—A) Ry, + Rop} = (1—4)2R],.
Two of the relations, contained in the first set of the above equations, give
3.3) [P(A44—A11)+A(A3~A?)+B(A4B4—A131) =0,

‘ ( P(Bys=Bun)+B(B{—B}) + A(4,B,— A1) = 0.

5B
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These relations are compatible if 4 = B and the resulting single equation
(1-242) (A= A1) +24(43~40) =0

is satisfied by

(3.4) A =L in/3 Mzt m),

V2
where M, I and m are arbitrary constants. It is verified that (3.4) satisfies
the second equation of (3.2). From (3.4), the space-time metric, describing
the perfect fluid distribution, can be expressed as

(3.5) s? = Q2 da®— {1— L sin 2k x+nt)} dy?
V2
—51+—\7: sin 2k ( x+m‘)} dz242. ‘\_/I—Z sin 2k (x+nt) dy dz,
where k and'n are constants. The pressure and density of distribution are
given by
(3.6) 8up = —k2(1—n2), 8mp = 3k2(1—n?),

and the unit flow vector is

. n 1

(3.7) vE [:l: V1—n2’ 0. 0. '\/l——n*]'

The requirements of a positive density and a real flow vector demand
that » << 1. The cosmological term is needed in the original field equations
(3.1) in order to make pressure positive. The properties of the model indicate
that (3.5) should be metrically equivalent to Einstein’s universe. This can,
in fact, be demonstrated by means of two successive transformations. By
the transformation (2.8) the line-element (3.5) goes into the form

(3.8) ds? = dr2—d¢2— {1 —sin 2k (E4n7) } dn2— {1 4sin 2k(E4n1)} dy2,

A further transformation

r sin § = 7:51+sm (sz é-:-_n;2) & ’

2—r2)}(r cos 0)-1}, =

(3.9)

= tan™1 —=4¢,
. \/ R Vg
where R = 1, carries (3.8) into the well-known spherically symmetric metric

for the Einstein universe.

It may be remarked here that the transformations (3.9) break down
when # = +1. The metric (3.8), with » = #£1, no longer describes a perfect
fluid distribution of matter as it is evident from (3.6) and (3.7). It will be
shown, in the next section, that (3.8), with #» = +1, describes a uniform null
electromagnetic field.
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4. TEE ELECTROMAGNETIC DISTRIBUTION

In order to examine the possibility of an electromagnetic energy distri-
bution, we consider the field equations

4.1) R, = —8n[}g,F F"—¢"F F ],

= ab
where F,, is an anti-symmetric tensor satisfying the field equations of Max-
well in the form )
(4.2) (V=g F7); =0, (Fs)s+(Fp)i+(Fu); = 0.
The scalar B must vanish as a necessary consequence of (4.1). We see from
(2.8) that B = 0, provided
(4.3) A =A@+ ), B= B({t + z).
From (2.5) and (4.3), the non-vanishing components of the Ricci tensor can
be expressed as
1
2Pz
+ (14 A2—B2)4'24(1— A2+ B2)B'?),
where an overhead dash indicates an ordinary differentiation with respect to

the argument {—=z. In view of (4.4), the four eigenvalues 8, defined by the
determinantal equation

(4.4) ‘Rll = —-.R].‘ = '—R41 = R44 = - [2P(AA”+.B.B”)+4:ABAIB’

| T4—sgi5| = 0,
turn out to be zero and then the equations

T4Vi = sgyVi
admit only one real eigenvector V* which is null. Hence it follows that the
line-element (1.4), with the relations (4.3), is always compatible with a ‘null’
or ‘gelf-conjugate’ electromagnetic field. A detailed examination of the
equations (4.1) and (4.4) shows that the only non-zero components of the field
tensor F; satisfy the relation
(4.5) Fig=Fgy, F13=Fy,,
and the field equations (4.2) reduce to mere identities when use is made of
(4.3) and (4.5). ’

‘When we substitute (4.3) in (2.4), the non-zero components of the Riemann.
curvature tensor satisfy the relation

1 .
Bg13, = R3q34 = —Rgyg4 = 1p [2PA"—(1—A)4"*—(1+ 4)B2+2BA'B’],

1 . .
(4.6)  Rigis = Ragoq = Rygey = — iP [2PA"4+(14-A4)A'2 4 (1— A)B'24-2BA'B'],

S 1
Rgy51 = —Rgjz¢ = Roggy = — iP [2PB"—~B(A'2—B'2)+244'B'].



OF ELECTROMAGNETIC AND GRAVITATIONAL-RADIATION 431

From (4.6), by direct calculation, it can be shown that the invariant
RhiijMjk = 0.

The invariant R,-jR"j also vanishes on account of the relations (4.4). Hence
a noteworthy feature of the Riemannian fourfold (1.4) characterizing the null
electromagnetic radiation under consideration is

(4¢.7) RyRY = 0, RyijpRMik = 0,

A null electromagnetic field is interpreted as a fluid distribution of photons
with null geodesics as lines of flow (Lichnerowicz 1955).

In particular, we get a uniform null electromagnetic field by imposing
the condition that the covariant derivative of F; be zero (Bertotti 1959).

In the special case, when B = 0, the set of conditions

(4.8) Fays = %%',f Pyl — FyuI™ = 0,

admit solutions

(4.9) Fio=Fy=kV1=4, Fiy=Fy=0k\V1+4,

where k is a constant. The equations (4.1), (4.4) and (4.9) imply the relation
. (4.10) A" (2401 — 4%))"14"2-2k2471(1 — 42) = 0,

which admits an integral
A = sin 2k(t 4 )

giving ultimately the space-time metric for the uniform null electromagnetic
field in the form

(411)  ds? = di2—da?— {1 — sin 2k(t & z) } dy2~ {1+ sin 2k(t & x)) d22.

There is a close formal connection between (3.8) and (4.11) in the sense
that the latter can be obtained by putting » = £1 in the former. Kinemati-
cally, n stands for the co-ordinate velocity of the material particles filling
the model and hence it cannot exceed unity as long as the material particles
persist.

5. FieLps oF PURE GRAVITATIONAL RADIATION
When 4 and B are functions of the argument ! + x, the empty space-
time conditions, B,, = 0, provide only one differential equation of the form

14 A42—B? 1—A24-B _, 24B v
24 By A'B =0

7 (5.1) AA"+B +2(1_A8_.BZ)A T2(1—-A2—Bz)

It may be pointed out here that this equation does not come into the picture
in the process of linear approximation as it is of the second order in 4 and B.
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In order to study the structure of the Riemann tensor, we introduce, at a
point of the empty gravitational field, a vector tetrad defined as follows:—

Ay =11,0,0,0], A5 =1[0,0,0,1],
(5.2) : .
,- 11—\t pooa-b 1 1A\ ! -1
= _—= I A -—"2 - j T A - 2 - j
X, [o,\/é (1+A) {(1—a5}—B) (1_A) {142} =B} ,0],

’ \7‘5
; 1 [/1—A\¢ . -1 1 /1+44\7¢ L
= —_ (=2 — A2} - (T4 — A%} i
Xy [O’\/E(HA) {(1—42)}4+ B}, vi(l—A) {(1-42) +B},0]
The time-like member /\fﬂ is interpreted as the world line of the observer
who uses the space-like triad as his local frame of reference. The physical

components of the curvature tensor can now be obtained by making use of
(4.6) and (5.2) in the formulae

. r i j k
(5.3) R apys) = B M) Aig) Xy Ass) »

where the Greek indices, running over the values 1, 2, 3, 4 have been used as
labels for different vectors of the tetrad. In view of the empty space-condi-
tions (5.1), the curvature matrix turns out to be of the form

0 0 0 0 0 07
0 —06 ~w 0 —w o
(5.4) [Bapl=]0 —w o 0 o w
(@,6=1,23,4561}0 0o 0o 0 0o o]’
0 —w o 0 o w
0 a w 0 w ~—a
where
V/1=42—B2 1
5.5 = = 4PB"—~B(A2—B'2)4+244'B'|.
(5.5) TV L ( ) ]

This proves that the empty space-time is characterized by the presence of
gravitational radiation (Pirani 1957). ‘

Since (5.1) provides only one relation between two unknowns 4 and B
one more relation is needed in order to solve the problem. We consider the
special case B = 0. The relation (5.1), then, reduces to

deA d4\*
—A2) . 2 — o = {—
(5.6) 24(1—-A4 )dx2+(l+A )(dx) 0, X=t—ux.
On integration, we have, from (5.6),
dA
5% — == 0 “Hy 42} .
(5.7) ix +mAT(1—A2)

m being a constant of integration. We recall here that the solution (5.7)
has already been arrived at by Singh (1955) in a discussion of gravitational
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significance of Ricci’s coefficients of rotation. However, the involved im-
plicit relation (5.7) makes the co-ordinate system (¢, x, y, 2) inconvenient for
the study of the gravitational potentials in the exact form. By means of
a co-ordinate transformation, defined by the equations

A= mu), u=r1~£y=nz2=4,
(5.8) dt—dx = {1 —(3mu)’ } “*du, di+de = dr+dé,
the space-time metric for the empty gravitational field can be expressed as
(3.9)  ds? ={1—(Fmu)t} }(dr2—dg?)— {1 —(Gmu)’ }dn? - {1+ (3mu)' }age.

It is worth noting that in the new co-ordinate system the determinant
gy of the metric potentials satisfies the condition

(5.10) AV =g =1.
In order to investigate the behaviour of a test particle in the empty

gravitational field, we consider now the equations of geodesic world-lines

a2 datdat

izt gy 7z ="

which, in view of the metric (5.9), admit the first integrals in the form

d¢ 1 0 d¢]
%—;‘5&[1—12{1—- 3mu) }_Hg + %
(5.11)

(;;Z = B{I—A(%"“‘)ﬁ}_la (fl‘lé = 7| 1+(“3mu)§}‘1,

d

Eg [1+a2{1— (3mu)i} g +'y,i’l]

where a, 8 and y are arbitrary constants. From (5.11) it follows that

5.12 @=if~’§_ _ sk
(5.12) el Ml N wfl—(3mu)i}?,

We also have, from (5.9), (5.11) and (5.12), the relation
(5.13) s = a(r+§)—(Bn+v¥)+const.,
which gives the proper time s along the geodesic in terms of the co-ordinates.
If we impose the initial conditions
g—i = (), (—?I =],

at u = 0, the constants «, 8 and y are required to satisfy the relation

(I —a?)+p2+72 =
which implies that x = %1 and =1y =0. Hence it follows that a test
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particle, having no initial motion along 7 and ¢ directions, will continue to
move along the axis of £ and its co-ordinate velocity is given by

d¢ _1—{1—-@muil' dn _ % _o.
= 14 {1—(gmu)t}?’ dr dr

(5.14)

The test mass approaches the boundary hypersurfaces #mu == +1 with the
speed of light. This indicates that an observer falling freely along ¢-
direction cannot cross the null boundaries situated symmetrically about the
central plane © = 0.

In order to investigate the behaviour of neighbouring test particles we
consider the equation of geodesic deviation in the form

Stmé
(5.15) 581)2_+R;kﬂ\7.,)k/\l =0,

where 7 is the infinitesimal displacement vector perpendicular to the two
adjacent geodesics in question and X is the unit tangent vector to one of
the geodesics. 8_83 is the operation of absolute differentiation along the

geodesic. We take )’ to be the world-line of the observer falling freely along
{-direction and hence, we have, from (5.11),

(5.16) =1{[1= {1~(Fmu)*}], 0, 0, {1+ {1—(Bmar)t}*1}.
We also have a triad of space-like vectors _
f= I+ {1=@mu}], 0,0, 41— (1—(@mu) 11},
(5.17) Ny=10.  [1=(m)'T, 0, 0 }
Xy = §0, 0, [1+@m)'], 0},
undergoing parallel propagation along (5.16).
We can now write .
(5.18) 7= XAy, ¢=123,
where X, are three scalar point functions. On substituting (5.18) in (5.15)

and making use of the parallel propagation of (5.17), we get the invariant
form of the deviation equation as

a2X
—5 +K

— =0, b=1,23,

(ab) ()

where

(5.19) K, = —R X

i
(abd) hijk (a)A /\(b)
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In view of the space-time metric (5.9), the only non-zero components of K (ah)
are found to be

me 4
(5.20) K(g9) = — K33 = e (§mu)~s

Physically, the quantities K ,, describe the relative acceleration of the near-
by test particles referred to the vector tetrad used. From (5.20) we infer
that the gravitational waves are transverse in character as they do not impart
any relative acceleration to a test mass lying along the direction of propaga-
tion of the waves.

The problem of gravitational waves is essentially a problem of _energy
transfer in empty space-time through gravitational interaction alone. To
deal with this problem we examine the behaviour of the pseudo-energy-
momentum density of the gravitational field resulting from the local conserva-
tion law

2 W (@)} =o.

In view of the empty space-time conditions 7" =0, the symmetric pseudo-
energy tensor t* (Landau and Lifshitz 1959) can be expressed as

: 1 0 0 ; .
—_F = e . L T(— $k i il
(=9t = 1= 55 5-m (=9 vy )]
For the field (5.9), it is found that the only non-zero components of the ¢*
are related as

2
(5.21) (11 = {14 = (41 = {44 = mw (%mu)'g .
167

Hence we conclude that the gravitational waves, described by (5.9), carry
energy and the energy density, ./ —g t#4, is always positive.

- The co-ordinate system, in which the metric (5.9) has been expressed,
becomes inadmissible as # — 0 in the sense that the derivatives of g,, become
infinite when « —= 0. On the other hand, the metric (4.11), describing a
photon fluid model, can be expressed as

2)-% {
(5.22) ds2={l—(%muo)%(f—o) } (dﬂ—df?)—{1—(%muo>§f—’ofdn2-—

{14 ot & g

by a suitable choice of co-ordinates satisfying the condition / —g = 1. It is
easy to see that the metric potentials of (5.22) and (5.9) are continuous at
% =1uy. The first derivatives, however, admit finite discontinuities across
U = %p.



436 PANDEY & RAO: ELECTROMAGNETIC AND GRAVITATIONAL RADIATION

The formal connections between the Einstein universe, the photon fluid
model and-the field of pure gravitational radiation discussed above leads
one to think of a cosmic process which may be described as

Material particles — photons — gravitons,

the change-over from one situation to the other being followed by abrupt
changes in the metrical as well as topological structure of the space-time
continuum.
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