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ABSTRACT

In the present paper we have considered rotational ideal gas flows in which the velocity
magnitude is constant along streamlines, and for these flows we have (i) given two independent
proofs of the results of Prim (1952) for plane and axially-symmetric (with poloidal components
only) flows (unlike the proofs of Prim which hold for product equation of state only, these proofs
hold for all equations of state and do not require the use of the substitution principle or the
reduction of the basic equations to canonical form), (i) considered axially-symmetric flows of the
given type with toroidal components as well and obtained most general flows of this type,
(iii) extended his result for two-dimensional flows regarding the constancy of the vorticity magni-
tude along streamlines to the more general case of doubly-laminar flows, (iv) obtained a new
characterization of doubly-laminar flows of the given type, (v) proved that for general spatial
flows of this type the sum of curvatures of the curves of the congruences of the principal normals
and binormals of the streamlines must vanish, and (vi) obtained a general condition for vorticity
magnitude to be constant along streamlines for general spatial flows.

I. INTRODUCTION

Prim (1948, 1949), Nemenyi and Prim (1948a¢, b) and Munk and Prim
(1947, 1948) have studied the steady rotational flows of ideal gases. They
obtained the general properties of such flows and studied the families of exact
solutions to the equations governing them. The considerable progress in
rotational flow theory obtained by these authors was ascribed by Prim (1952)
to two factors, viz. the discovery of the substitution principle and the canonical
equations of motion, on the one hand, and the exploitation of this simplified
formulation by the use of inverse methods for discovery of families of exact
solutions, on'the other. According to Prim this approach was not practicable
using the older formulations of the equations.

It is, however, possible to obtain almost all the results obtained by these
authors by starting from the classical equations. In the present paper we
have investigated one such problem, viz. investigating those flows for which
the velocity magnitude is constant along streamlines, by using the direct
method. Nemenyi and Prim (1948a) and Prim (1952) proved that for steady
plane motions of a gas with product equation of state the streamlines for such
flows must be either parallel straight lines or concentric circles. Prim (1952)
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also proved that for an inviscid liquid subject to no extraneous forces, the only
steady axially-symmetric flows in which the velocity magnitude, pressure
and density are constant along each individual streamline are purely
axial flows. We shall give below alternative proofs for both these results
which are valid for a gas characterized by any equation of state and also investi-
gate spatial flows of the given type. Our result in this case will enable us to
decide whether a given family of curves can form a system of streamlines for
such flows of an ideal gas.

Prim (1952) had considered axially-symmetric flows with poloidal com-
ponents only. We consider in section 5 axially-symmetric flows with toroidal
components as well and prove that in this case helical flows in which velocity
magnitude is constant along streamlines are possible, thus generalizing an
earlier result of Hamel (1927) for incompressible flows. We may point out
here that the flows in which the velocity magnitude is constant along stream-
lines are very important, for it is possible by the application of the principle of
substitution to obtain from these flows other flows in which either the density
or the velocity magnitude is constant throughout (Kapur 1962a).

A number of results of incompressible fluids are thus applicable to these
flows. Recently Kapur (1962b) proved that only on such two-dimensional
flows can a transverse magnetic field be superposed.

2. Basic EQuaTioNs AND GENERAL PROPERTIES

The basic equations for the steady flow of an ideal gas are—

P u4Pu;, ;=0 [continuity] .. .. ..o (D
Puju; i = —p ; [momentum].. .. o (2)
S ;=0 [energy] .. .. ()
flp,p,8)=0 [state]. . .. .. .o (4)

For flows for which velocity magnitude is constant along streamlines, we
have the condition
Cui(ugeg), =0 or wauu, ;=10 .. . oo (8
From (2) and (5)
up,; =0, .. ‘e . .. .. (6)

so that the pressure is also constant along the streamlines. From equation
(3) entropy is constant along the streamlines. Also from (4),

0 0 d
%uip:i-l-a;ﬁuip,i—i"a_‘guis,i = (), . . . (7)
. From (3), (6) and (7) we get

P =0, .. .. .. .. .. (8
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so that the density is-also constant along the streamlines. From (1) and (8),
gy =0. .. .. .. .. .9
Since the specific enthalpy is a function of p, § given by

P
dp
Mp, 8) = ——— .. .. .. .. (10
(7, 5) jﬂp(p,s) (10)
it is also constant along the streamlines so that
By, =0 .. .. {08

Similarly since 7' is a function of pressure and density, we have
T oag=0 .. .. .. .. ... (2

Again, from Crocco’s Vortex Theorem

qXZZ:grad (h+3¢%)—T grad S, .. .. .. (13)
N - —
where ¢ and w are velocity and vorticity vectors respectively. For two-
dimensional motion, (13) gives
0 08
qu = 5 (h+1e%)—

Té—'r—a , (14)

where % denotes differentiation along the normal to the streamline. If

% denotes differentiation along the streamline we get

q 0 [0k 9qy OT0S 0 08 _
g = (5 as)*a‘%“%—na’ o 1Y
so that
ow
0s
Thus in the case of two-dimensional motion vorticity magnitude is also con-
stant along the streamlines.
Thus, if the velocity magnitude is constant along streamlines, the velocity
components have to satisfy the two equations (5) and (9). If, further, the

flow is isentropic, (2) will give the conditions of integrability, viz.
curl [ujui,j] =0 .. .. .. . (A7

=0 .. .. .. .. .. (16)

3. PrLANE Frows HAVING A CONSTANT VELOCITY MAGNITUDE ALONG
EACH STREAMLINE

In this case the velocity components have to satisfy the equations

Ouy | Juy

72, o = =0 .. .. . .. (18)
and
g 0ty 0 0 0
" a—"' 12(;;1+a";2)+ 25“_27_0 . (19)
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The first equation is satisfied by putting

u1=g—f2,u2=-——§z£1 .. . . .. (20)
Substituting in (19), we get
(p2—q)s—pg(r—t) =0, .. .. .. .. (21
where , . 54
p=%,q=g——i,7’=%,s=ajlgxz,.=5—£2—2 .. .o (22)
Integration of (2) gives
2+q2 = f(¢) e .. .. (23
A further integration gives the solution
F(p) = 2y cos o+ xg sin a+ 8. .. .. o (24)

The complete integral gives a family of parallel straight lines for stream-

lines. The singular integral does not exist and the general integral is obtained
by eliminating a between '

F()) = zycos ot xo8n add(a) .. .. .. (25a)
and

= —xysinatagcosoatd’'(e). .. .. .. (25b)
Now from (2)

curl [:U,jlli‘j] = curl [-—— Il—)p, i]
1 1
= —grad 5 X grad p— P curl (grad p)

= ;}2 grad px grad p. .. .. .. .. o (26)

The R.H.S. would vanish if p is a function of p. In our case also it
vanishes, since p and p are both constant along the streamlircs so that the
vectors grad p and grad p are along the normals to the streamlines and in the
case of two-dimensional motions these coincide. Thus the velocity com-
ponents in two-dimensional motion have to satisfy a further condition, viz.

0 ?ig a’M2) _ d ( au1 aul) -
gzl(ulazz-l-’llz-a?l —%-'2 uléa+u2a—2 .. .. (2‘)
or
0 0

7z, (ps—qr) = oz, (gs—pt) .. .. .. (28)

From (25), we get
F'($)p = cosa, F'(f)g =sina . . .. (29a)
FIr+pF'(§) = —sinos | FU+HEF) = cose 25 . (290)

xy ’ oxy

7B
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’ " - L3 a = ad
F'(p)s+pgF"(f) = —sin o z— 3z, COS o ooy .. .. (29¢)
Substituting in (28) and simplifying, we get
0% J%u
= 0. .. . .. .. (30
ox +az (30

2
From the second equation of (25)

oL . ” aZu . e all 2
—coS % 5—+(—x) COS a—2y SN 4o (a))é—z--{-—(xl sina—xy cos a9’ '(x)) (_) ={.

ory z 07,

24
—SinuaaTm-{—(—xl COS a—Z3 8in e ¢" (o)) Z 5+ (21 sin o —xp cos at¢"'(«)) (a“) 0.
2

or
Za

Adding, using (25), (29) and (30), we get

2 2
(4" (0)+4'(2)) [(%“;) +(-§x—2) ] =0.

Either « is constant, which gives the families of parallel straight lines, or

¢'(a) = 4 cos a4 B sin «, ¢(a) = —A sin a4 B cos a+C, .. (3D
so that the general integral is
| [ —CP = (@1 +B2+(@—4)? .. .. .. (3

50 that the streamlines are concentric circles.

Thus we have proved that for steady two-dimensional motion of any gas
characterized by any equation of state the streamlines are either parallel straight
lines or concentric circles. Thus we have not only given a direct proof of this
result of Prim (1952), but have shown that in this case the restriction to a
product equation of state is not necessary. The result had been proved by
Nemenyi and Prim (1948a) for a perfect gas and by Prim (1952) for the gas
characterized by the product equation of state.

4. AXIALLY-SYMMETRIC FLOWS HAVING A CONSTANT VELOCITY
MAGNITUDE ALONG EACH STREAMLINE

- > =

Let ¢, ¢y, i, be the unit vectors in a cylindrical polar co-ordinate system
and let », v, w be the velocity components in their directions. If velocity
magnitude is constant along each streamline, the equations to be satisfied by
the velocity components are (5), (9) and (36). The right-hand side of (36)
again vanishes since grad p and grad p are both in the meridian plane
perpendicular to the streamlines. In terms of u, v, w these equations become,
on remembering that for the axially-symmetric flow,

(]
v_.-,ao 0.

%(ur)+—a%(wr)=0 .. . .. .. (33)
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?E+uu (gu aw)+w Qz—l—) =0 .. .. .. (34)
z
0 ou ou 0/ ow ow )
a?:( W az) é—r(uw+w~é;). N £ 1)
The first equation is satisfied by introducing the function ¢ defined by
_ 1y 19y
w=—-o w=-ot (36)
The second equation becomes in terms of ¢,
1 ; g
— W) (=) el ) =0, L (37)

of which the complete integral is
f) =5 7\/72_1)2 = b2 log TV ’+‘/’ O b, . .. (39)
and the general 1ntegral is
F) = ?\/ﬂ—bz L b2 log ’—il/’—_—+bz+¢ ® .. .. (3%)

0= —blog ﬁ_‘fﬁ__+z+¢ @) .. .. .. (39b)
The singular integral does not exist. In terms of the dependent variable
i, equation (35) becomes

Y AR TR

0
ar {r3¢'¢' 72¢rr¢'+ lib‘l'rz} . e .. (40)
Substituting from (38), it gives
' 26317 ) 2f’ 4r2—362 )
A = frsre—e2)' (@

which gives b = 0 so that the flow is purely axial. Substituting from (39) in
(87) we find it is not possible to find (d) so that (39) may satisfy (37) unless
b = 0 so that again we find that flows are purely axial. Thus we verify
Prim’s results that the only steady axially-symmetric flows of ideal gases in
which the velocity magnitude is constant along streamlines are purely axial
flows and again our result is true for every ideal gas characterized by any
equation of state.

5. AXIALLY-SYMMETRIC FLOWS HAVING BOTH POLOIDAL AND TOROIDAL
COMPONENTS

In this case though all the variables are still independent of 8, the velocity
vector has all the three components u, v, w. To satisfy (23) we replace (36) by
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__ 19 _L _ 1oy .
U = raz v-—;_—, w—;“‘— o N .. (42)

Since p is independent of 8, we get from the second of the three equations of

momentum
av v 0v ov  uv
.t nt = . .. .. (43a)
or .
1, @ Q 1
- ‘bzar()+ ‘/’faz() S4.9=0 ... (43b)
which gives, on simplification, ) ,
0(82, ) _
By =0 e @
so that
Q= fih) .. .. .. .. (4D)
where f(4) is any arbitrary function of . Equation (37) is now modified to
1 2 9
— 4, [, () 0 (4, =) =0 . (46)

Since, in the present case, the streamlines are not necessarily plane curves,
grad p and grad p are not necessarily in the same direction so that the equation
corresponding to (35) need not hold. If we assume, however, the flow to be
isentropic, the corresponding equation will hold and (40) will be replaced by

L S L RS Y .y Y,

041 1 1 i
= —a—;{ﬁ Sbrﬁbz"';g l/’rrﬁbz'f‘;g l/l,-l/J,z:’ .. .. .. ey

The integration of (46) and (47) presents somewhat more difficulties than
of (37) and (40). It is, however, easily seen that both the equations are still
satisfied if  is a function of r only.

Thus we find that the flow given by

w=0, v=f(r), 2= &) .. .- .. .. (48)
gives a steady axially-symmetric flow of an ideal gas in which the velocity
magnitude is constant along streamlines. The streamlines are right circular
helices and since grad p and grad p are functions of r only, the flow is not
necessarily isentropic or irrotational. It is obtained by superposing a flow
parallel to the axis of z on a two-dimensional flow as discussed in Kapur (1962b).
Hamel (1927) had proved that the most general irrotational spatial flows in which
velocity magnitude has to be constant along streamlines are those irrotational
helical flows obtainable by normal superposition of a uniform parallel flow and a
potential vortex. The present investigation shows that rotational non-isentropic
Sflows of the same type are also possible.
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6. DoUuBLY-LAMINAR FLOWS IN WHICH THE VELOCITY MAGNITUDE IS
CONSTANT ALONG EACH STREAMLINE

A doubly-laminar flow is one in which the streamlines are normal to a
one-parameter family of surfaces, i.e. it is a field of the type

;=mgrad¢ .. .. .. . o 49

where o and ¢ are scalar point functions, For this field the condition for the
streamlines to be intersected normally by a one-parameter family of surfaces,
viz.

greurlg=¢q-w=0 .. .. . .. (50)

is satisfied. We,now define a curvilinear orthogonal system of co-ordinates
with streamlines and an orthogonal system of curves on these surfaces, say the
lines of curvature, giving the co-ordinate curves. In terms of the reduced
velocity vector the basic equations are

. = 1
—w2)BW | = =L . 6
div [(1 w)u] 0, B=5— (51)
eurl | WXxcurl W =0; .. .. .. .. (B2)
. 1—w2 .

here w is the magnitude of the reduced velocity.

— = —> -

If a, b, ¢, are the unit vectors, a being along the streamlines,

We=wad0.b40.0 .. .. .. .. (53)
If £, m, s are the curvilinear co-ordinates and
ds? = hi2(d€)° 4 ho2(dn)® + ha2(ds)®, .. .. .. (54)
equation (51) gives
0
5% {w(1=uw2)Bhohy} =0, .. .. .. .. (55)

but since the magnitude w is constant along the streamlines we get

2
gplhsh) =0 . (59)
From (53)
> 1.9 = 1 3, -
and

F_;'XCurlP_I;_ 1 _q

= 1 1 1 4
T—wt T— w2 hyhg 9L

—_
1———_’0.02 ﬁ;h—z —a; (hlw)wb .o (58)

(A 1w)w:+
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Substituting in (54), we get

/f w 19
a_f(l—wzh—lé;]-(h1)w)=0 . e (B9)
d(/ w 10 .
a—g(l—wuﬁa_;(hlw))=“ O (1)
0 w 1 0 6 {f w 120 .
Remembering that
dw
="
(69) and (60) give
a‘.’Z
m;ﬂoghl)= , agac(logh) .. .. .. (62)
so that on integration
by = f(E)fo(n, O . . R (i

From (61) we get

w 1
a(-l—_’wzil—l’hlw)_“o o a(l—' 2,10 h)
(1, ) - a(, 0)

2
so that if log %, is a known function of 1 and £, then 1—_%—02 is a function of

=0.. .. (64)

that function.

Thus in any triply-orthogonal system of curves, the curves 7 = const.,
{ = const. will be a possible family of streamlines for steady flows in an ideal gas
in which the velocity magnitude is constant along streamlines if

by = F1(Efaln, D), he = falf, m, D), e = ff(ff”;] G

For a two-dimensional flow, these give

= ¢1(€)ba(n), kg = $3(n) - .- .. (66)

This particular case was discussed by Prim (1952) for obtaining the
streamlines for the two-dimensional flow and in this section we have used his®
method for generalizing his result.

For a three-dimensional case it is interesting to apply criterion (65) to
triply-orthogonal system of curves in particular systems of curvilinear ortho-
gonal co-ordinates. By applying this to cartesian, spheriecal polar, cylindrical
polar, confocal ellipsoidal, prolate spheroidal, oblate spheroidal, elliptic cylin-
drical, conical, confocal parabolic, parabolic, and parabolic cylindrical co-
ordinates, we find that this criterion is satisfied only in the cases of circles and
straight lines, a result which we expect.
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7. A ProPERTY oF SpPATIAL FLOWS FOR WHICH THE VELOCITY
MaaNITUDE 1S CONSTANT ALONG STREAMLINES

The equation of continuity in the natural co-ordinate system provided by
the streamlines and the congruences of their principal normals and binormals
is given by

? - dt > d
ajg(Pq)+Pq[ s T J =0 . .. .. {67a)
— > >
where £, n, b are the unit tangent vectors to the three congruences. In the
special case considered by Kanwal it reduces to

9
== (Pg)—Pg(K'+1") = 0 .. (67h)

where k&’ and k'’ are the curvatures of the curves of the congruences determined
by the principal normals and binormals respectively. In our case,-since p
and ¢ are constant along the streamlines, it follows that

E k" =0 o . (88)

This result generalizes to completely three- dlmensmnal flows the result of
Prim (1952) for doubly-laminar flows, viz. that in that case the streamlines
must be normals to a one-parameter family of minimal surfaces.

Instead of using the equation of continuity (67) we can derive (68) from a
result for three-dimensional flows proved by Kanwal (1957), viz.

1 ap Up x 1 — M2
P2 s ¢ M2
where M is the Mach number of the flow. The result (68) follows at once from
(69) by using (6) or (9). '

This deduction leads us to expect that (67) should lead to an easier proof
than Kanwal’s for the result (69). This can be verified as follows. From (67),
10p 10
pas+§a%’ T ¢ )

but from the equation-of motion along the streamlines and from the equation
of state, we have

B4k = (M2m1) = (69)

KAk =

dq p ¥ _1dp

Pl =—% 5=sa S an,
80 that
= — s 2= Vpq 3 =122 2
—_?ffu,.uju,.,j=l—};—ffff;—’f C e (13)

For two-dimensional flows for which the velocity magnitude is constant
along streamlines, (67) or its simplified form (Von Mises 1958).
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a  (Pa)+pg ag =0, .. .. .. .. (18

where ¢ is the angle which the tangent to the streamline makes with a fixed
straight line, show that for such plane flows the curvature of the normals to
the streamlines is zero or

80
Wm0 . (1)

Thus the congruence of normals for plane flows-for which the velocity magni-
tude is congtant along streamlines is rectilinear and this fact is consistent with
the™fact proved earlier that the streamlines for such flows are concentrlc
circles or parallel straight lines.

8. ALTERNATIVE PROOFS OF THE RESULTS FOR PLANE AND
AXIALLY-SYMMETRIC FLows

The vorticity magnitude for plane flows is given by (Pai 1959)

w..—:qlc—-%. .. .. .. .. (76)
Using (16), we get
ok . dq 0 (0g\ -
ég-l-kgg-—gﬁ (a:.)—() . . .« (74)
Since in our case %% =0, equation (77) gives
: ok
H=0 . R 1))

i.e. curvature of the streamlines is constant along the streamlines but the only
families of curves which have this property are families of concentric circles or
- of paraliel straight lines. This provides an alternative simple proof of the result
of section 3, though this depends on (77).

For axially-symmetric lows with no toroidal components, we find from
equation (13),

0 N
qw—§~ (h+1g%)— T~a~1 .. .. .. {79)

where a—ar-b denotes differentiation along curves perpendicular to streamlines in

the meridian planes, i.e. along the principal normals to the streamline. As for
plane flows, it shows that the vorticity magnitude is constant along streamlines
in this case also. As shown by Kanwal (1957),* the vorticity magnitude for
axially-symmetric flows is also given by (76) and therefore it follows that the
curvature of the streamlines must be constant along the streamlines. The

* *Kanwal (1957) had proved his results for isoenergetic flows only. These results have
been extended to general flows without this restriction by Kapur (1962¢) and thus can be validly
applied here,
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streamlines in the meridian planes can therefore be either concentric circles or
parallel straight lines, but the families of concentric circles and of parallel
lines inclined to the axis of symmetry are ruled out as their existence would
imply the possibility of an infinite number of directions of flow at points on the
axis of symmetry. Thus the only possible axial-symmetric flows are purely
axial flows where the streamlines are parallel to the axis.

9. COINCIDENCE OF ISOVELS, ISOCURLS AND STREAMLINES FOR DoOUBLY-
LAMINAR AND SPATIAL FLows

For doubly-laminar flows, the streamlines are intersected orthogonally by
a family of surfaces and the velocity vectors and vorticity vectors are ortho-
gonal so that from Croceo’s Vortex Theorem we get

qw—-]’gi %) .. .. .. .. (80)

where ain denotes differentiation along a direction perpendicular to both the

velocity and vorticity vectors. From (80)

ow 78 (as) 980T o (aho) oS T (®1)

a+as 9 \3s) Tonds "on\Bs) =9 s

For flows for which the velocity magnitude is constant along streamlines
o7 oq
0s 5—
magnitude is constant along streamlines not only for two-dimensional flows
but for all doubly-laminar flows. This generalizes the result of Prim (1952)
and Nemenyi and Prim (1948b) for two-dimensional flows.

Again, from (81), since ko and § are constant along streamlines

dw, o _ 1asa( 12)

zero and therefore from (81) %% is also zero. Therefore the vorticity

= amgat, .. . . (82)

w=;}<§§q 0[%:0 .. . .. (83)’ (84)

g2 88 7 o8 ok,
Cp on- ~on  om
or

N
(q2+ho)gn+aah° 0 .. .. .. (85)

Differentiating along the streamline

which is the same as (84).
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Thus we find that if in doubly-laminar flows the vorticity magnitude is
constant along streamlines, then the velocity magnitude is also constant along
streamlines. This again generalizes a result of Prim (1952) and Nemenyi and
Prim (1948b) for two-dimensional flows only.

For spatial flows, the velocity magnitude is given by (Kanwal 1957)

’ 2 2
w? = ¢*o'—0")2+ (56732) +(q7c— a%) » - .. (86)

where o', 0" are the torsions of the curves determined by the congruences

of the principal normals and binormals and 5% , 9% denote differentiation
1 2
along the principal normal and binormal. Differentiating (86), we get -
aw — _a_g ’ e 5 [l " _g_ ’ ” aq a (aQ)
w—ég-—qas(a —a")24-q%(0 —U)as(a —g”) 5@%—2 Bs
aq) ( ok ,dg @ (aq)]
ok ) oG5t = o (5
If ¢ is constant along streamlines,
aw ’ " a t ’ ” aq ) ak -
X = %o’ —0") = (' ~a” - 249 )
W= =qio'=a") 5 (0'—a")+q (qk on,) s (87)
so that the vorticity magnitude will be constant along streamlines if
] 2 8q ok
T o' —a") k2] == 24 T%
== [(0'—a")+42] . e (88)

The results for two-dimensional and axially-symmetric flows with
poloidal components only follow as particular cases.
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