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ABSTRACT

The statistical mechanics of associated mixtures where the individual components do not
associate but form one or more association complexes has been devsloped using a lattice model,
taking into effect the influence of orientation of the molecules, The theory has been compared
with the experimental data on the excess thermodynemic properties of chloroform-dioxane
mixture where complexes between chloroform and dioxane are known to occur. The theory

. gives an approximate justification for a purely thermodynamic theory based on the assumption
that all species including the association complexes behave ideally. The influence of difference in
§ize of the various components has also been investigated. An alternative theory involving
cell-model has also been developed. The sign of the excess thermodynamic functions is cor-
rectly predicted by this theory but the quantitative agreement is rather poor. This may partly
be due to poor approximations made in the estimation of characteristic molecular parameters.

1. INTRODUCTION

The last decade has witnessed considerable activity in developing a suitable
theory of mixtures of molecules having spherical symmetry (Prigogine 1957 ;
Guggenheim 1952). The development of a suitable statistical theory of
mixtures where association complexes are formed has largely been hampered due
to uncertainty regarding a suitable theory of mixtures of simpler molecules.
Unfortunately in the field of associated mixtures, greater attention has been
paid to binary mixtures involving aleohols as one of the components. Such
mixtures suffer from the complication that there is a possibility of existence of
dimers, trimers, etc., in addition to the probability of formation of association
complexes between the two components of the mixture. Hence it is desirable
that simpler systems where only one or two association complexes are formed
should be subjected to detailed thermodynamic study. Such a study has
recently been made for mixtures of chloroform and dioxane where the excess
Gibbs function and heat of mixing have been experimentally determined
(McGlashan and Rastogi 1958). These results were interpreted on the basis of
purely thermodynamic approach which assumed that all the species behaved
ideally. The agreement between theory and experiment is satisfactory, but the
theoretical expressions for excess Gibbs function involve two parameters which
are identified as the equilibrium constants for the complex formation reactions.
The weak point of the approach was the lack of positive evidence for the
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existence of association complexes between chloroform and dioxane. Quite
recently it has been shown that such complexes are formed in the liguid phase
(Rastogi and Girdhar 1962). _The purpose of the present paper is to develop
a general statistical theory of associated mixtures and to examine to what
extent the purely thermodynamic theory is correct.

As far as the development of a statistical theory of such mixtures is
concerned, the inspiration has to be taken from the current statistical theories
of mixtures. Out of all these, lattice-model theory is the simplest although it
is unable to account for the volume change on mixing. The cell-model theo-
ries (Prigogine 1957) and the theories (Longuet-Higgins 1951; Scott 1956) based
on the theorem of corresponding states or theories incorporating the essential
features of both are extremely complicated in actual application as these
involve explicit evaluation of potential energies using questionable inter-
molecular potentials. The evaluation of molecular constants involves doubtful
methods and hence quantitative agreement between theory and experiment is
rather poor. In cell-theories, the predominance of AB interaction as com-
pared to A4 and BB interaction is considered, but the case cannot correspond
with the actual cases where stronger interaction leading to the formation
of a compound is involved. Barker (1952) has used the lattice-model for
treating the associated mixtures by considering the different nature of contact
points, but the final result consists of a number of adjustable parameters which
make the approach of little practical value. Miinster’s (Miinster 1950) approach
is a promising one, but its main defect is that it leads to complicated relations.
Sarolea-Mathot (1953) has developed a theory for mixtures where only one
complex is formed and as such cannot be applied to mixtures of chloroform
and dioxane. Considering the present state of the subject, it seems worth
while to fall back on the simplest theory of mixtures based on lattice-model
for further development in the case of associated mixtures. Accordingly,
a statistical theory has been developed in this paper for mixtures containing
two association complexes. The theory has been refined by taking into-
consideration the movement of molecules in the cell.

2. STATISTICAL MECHANICS OF ASSOCIATED MIXTURES BASED ON A
LATTICE-MODEL

We represent dioxane by A and chloroform by B. The mixture congists
of A, B, AB and AB, species. Let n,, ny, n,; and n,y;, be the number of
moles of these species. Further, let ¢,, ¢p, ¢, and ¢, be the partition
~ functions of the molecules A, B, AB and AB, respectively. If —X,, —X,
~—X,5 and —X,p, represent the corresponding potential energies between like
pairs, the partition functions would be given by

¢, =ZeXanr

¢y = ZeXBpT
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& p = ZeXanpr
and ¢, = T eXaByT . .. .. .. (D

where the summation is made over the number of possible orientations which a
particular species can have. If eX*T = and suppose the number of
orientations are equal to p in case of pure monomers 4 and B, then

¢A=p-¢,4
and ¢, =p.¢, .. .. .. . o (2)
3 1
2 /1
A
4 2
1 3

Fia. 1. Determination of orientations.

The manner of counting the orientation for pure monomers and the 45 mole-
cule may be illustrated with the help of Fig. 1. Let us first consider Fig. 1
where the molecule A4 in the centre is surrounded by eight nearest neighbours
which are all A. The central molecule can have any one of the eight possible
orientations. We can imagine it in another way also. The central molecule
may be represented by a magnetic needle. Let the north pole of a magnet be
placed successively in all the eight positions occupied by the nearest neigh-
bours. The south pole of the magnetic needle will orient itself to the eight
positions corresponding to these positions of the neighbouring molecules.
Thus the number of orientations for pure monomers would be equal to the
number of nearest neighbours.

For counting the number of orientations of AB complex, let us again
congider Fig. 1, where we suppose A to be surrounded by B molecules. The
complex AB is formed by hydrogen bonding and hence we may assume
that the distance between A and B in the molecule is approximately the
same as that between nearest neighbours. The complex is formed due to
electrostatic force exerted by the unlike residual charges of 4 and B res-
pectively. But if the existence of 4B, species is also possible, that only
means that the residual charges are still there in the molecule. Keeping this
picture in view, we may suppose that the complex 4B is formed by the central
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molecule 4 and the molecule B in position 1. Now as far as AB is con-
cerned, it is a sort of dipole. If any other B molecule in any position subtends
an angle less than or equal to 90° to the line joining A and the B molecule in
position 1, that orientation will not be favoured since the formation of the
complex must necessarily involve the reduction of residual charges. It is clear
from Fig. 1 that the positions 2, 3, 2, 3" and 4 will not be favourable. Therefore
there is a possibility of occupation of only sites 1’ and 4’ by another B molecule
to form AB, complex. For the purpose of counting the orientations we have
examined the body-centred-lattice. But similar considerations can be applied
to any other type of lattice. It is clear that if p is the number of nearest
neighbours, the total number of possible orientations of 4B molecule would be
equal to (p/s—2). However, in the case of 4B, complex since there is no
residual charge in the molecule, there is one and only one possible orientation.
Thus

$.n=(Pla=2) A, . e BEST (3

because we can put

~X4p = "—XA_XB+ AEI

where AFE, is the energy liberated in the formation of complex 4B. How-
ever, when AB, complex is formed, there is no further possibility of the
complex to orient in any direction because there is no residual charge.on the
AB,; complex, hence

¢ABZ =4, “I’Z-E‘AEZUCT .. .. o4

where AF, is the energy liberated in the formation of AB, complex. The
orientations discussed above can be precisely defined only when lattice-model
is assumed. Hence, the limitations of lattice-model would be inherent in the
present approach also. A similar method has been adopted by Sarolea-
Mathot (1953) for the discussion of associated mixtures. The partition
function @ of the mixture would be given by

o = Qatrodnastnas)l [p) 14 [ph, 15 [(plg—20h by . e~ S BT

n4 ! nB! nAB! N4Bg - ’

Dk [, gl e ABTTAB,  (5)
Using Stirling’s approximation, equation (5) can be written as
InQ = (ma+ng+nap+nas) n(ns+np+nip+nip)—(maln ns4-nplnng
+napin nap+ 748, 10 Napy) + (Natnaptnas,) Ny, +(np+nap+2n4p,) Inthy

\E +7ap," AE,
F+(na+np) Inp+ngsln (plp—2)— (”“‘BA "',;T"“ )

(6)
Hence
F G = —kT{(na+np+nap+nas,) In(ns+np+nip+n4p,)

—(nalnns+nplnnpg+n pinnap+nap, In napg)+ (na+n4p+nas,)
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In z/;A+(nB+nAB+2nABZ) In ¢B+ (mat+npg)Inp
) +nABIn(p/2—2)-—(nABAE1+nA32AE2)/kT} . . (7)
Therefore the chemical potentials p of the respective species are given by

u = (i’f’_) - = —kTInp—kTln g ,+kTnn,
L2VEN X "4 Bg

—kTIn(na+np+n4p+nas,)

( ) . = —kTinp—kTIny,+kTlnny
ong TPnA Nyp. "ABz i

—kTIn (ng+np+n4p+nap,)

= —kTIn (p/g—2)—kTIn, —kTIn¢_ + AE
Hap = (anAB)T Py g are (p/e—2) '1[’,4 'l’B 1

+kTInn p—kTIn (ng+ng+n45+n48s)

= —kTIny , —2k7'1 AE+ET] )
Hap, = (anABZ)T Pyng np g P, n z/;B+ ot D %AB,

—kTIn (ma+np+nap+nas,) -. (8)

In the system, following reactions take place: ,
A+B=A4B .. .. .. N ()
A+2B = AB, O ()

At equilibrium the chemical potentials are related in the following manner :
Bap =ty
and
Pap, = Bat2pp .. .. .. 9
Combining relatfons (8) and (9), we get

n4 .MB AEl

1
nnAB(nA+nB+nAB+nAB )+ n(pla— kT (10
and '
N4B . NB AEBy— AR,
1 —1 —_ =22 =71
n'nABg(nA+nB+'nAB+nA32) npp/a—2) kT (11)
which can be rewritten as
' AE
f-ln K1+ln<(p/2—2) = le e .. (12)
and
E,— AE
—in K=l p(plp—2) = 2222851 L )

where K; and K, are the equilibrium constants for the reactions (@) and (b).
Equations (12) and (13) can be identified with van’t Hoff reaction isochore.



MECHANICS OF ASSOCIATED MIXTURES 475

From equation (8) it follows that the form of chemical potential is identical
with the one when the solution is ideal. Thus, the present statistical evalua-
tion justifies the purely thermodynamic approach in treating mixtures where
association complexes are formed. But in the present discussion it is impli-
citly assumed that all the species have the same size. This is certainly not
true in the present case, since 4 B species will occupy two sites while A B, species
will occupy three sites. Of course, in the present case both A and B have the
same molar volume (molar volume of dioxane = 96-89 c.c, molar volume of
chloroform = 95-47 c.c). These facts will certainly affect the combinatorial
factor. The necessary corrections to the theory are discussed below.

3. EFFECT oF DIFFERENT SIZES OF THE SPECIES

The mixture under consideration consists of four species out of which 4
and B occupy one site each while 4B and 4B, species occupy two and three
sites respectively. Following Guggenheim (1944), the combinatorial factor
can be written. This will have the effect of replacing the factor

( N4 ) na(na+np+2nap+3n45,)°
na+np+nap+nan, (ratnp+inas+3inas,)

We shall examine quantitatively the effect of such a change.
Thus

(ratnp+inap+inas,)  natnp+2ng5+3nas, {nA+nB+%nAB+%nABZ}4

na(na+np+2n4p+3n4p,)* B Ny natnp+2nap+3nap,
i +np+2n45+3n4s, { inap+inas, } (14)
o Ny L na+np+2n4p+3n45,) o

If

(natnpt2n p+ 3nABz) > (ingpt %nABZ)

which appears to be true, we can retain the first power in the expansion, in
which case
7 5 4
(ratnpting g tin,g) nytnptn ptnyp,

.. (15
nA(nA+nB+2nAB+3nAB2)3 ~ Ty (19)

Thus the theory outlined in section 2 will be approximately valid even if
the difference in size is ignored. We shall examine below the above equality
a little more quantitatively.

Taking the values of K, = 1'11 and K, = 1-24 as a first approximation
(McGlashan and Rastogi 1958), we can evaluate the values of true mole-
fractions ¢, &5, €45 and €,,, for a fixed value of £; by using the following
set of relations:

§atép+laptian, =1 P § 1)
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_ ta
Ky=g®% . )

_ ban,
) 4.6

For £; = 0-5, when the appropriate values are substituted in equation (14) it
is found that the equality (15) is valid to within 5 per cent.

2

4, CoMPARISON WITH EXPERIMENT

The general form of the theory is in agreement with the purely thermo-
dynamic theory, but a more quantitative comparison can also be made. From

the recent vapour-pressure and heat of mixing data (McGlashan and Rastogi
1958)

K1=111, AE1= —-84K.j. mol~1
Ky, =124, AE;,= ~151K.j. mol™1

Using equation (12) and the above data the value of p is found to be equal to 6,
which is not unreasonable. Further, the same value of p is found to satisfy

equation (13) within 10 per cent, showing thereby the consistency of the
statistical theory.

5. FuRTHER REFINEMENTS IN THE THEORY

The greatest weakness of the lattice-model is that it is assumed that
molecules occupy rigid lattice-points. The only freedom of movement that
the molecules have is with respect to vibrational motion at fixed lattice-point
as the mean position. We shall now reformulate the above theory on the basis
of cell-model. We shall not abandon the idea of lattice but shall assume that
now the molecules are not rigidly attached to the sites but have freedom to
move in the cell-volume of each molecule. The partition function p of a
molecule is related to the cell-partition function ¢ corresponding to a molecule

in its cell referred to the energy of the particle at the centre of the cell in the
following manner :

p=oY. MV L (18)

where $ Nw(0) is the energy of the system when all the particles are at the
centres of their cells, N is the number of molecules and «(0) is the potential
energy at the centre of the cell. g = 1/kT.

The net partition function of the mixture would be given by

0= (ma+np+nantnas,)! [0”" W Ty mA(o)] [0n3 it AT wB(O)]

ng!np! ngpl nag,! 4 B

[onAB_e—;kT.nAB.wAB(O)] [enABz‘e—}kT.nA%.wABz(O)]
AB AB,

(19)
8B
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For the sake of simplicity we choose the smoothed potential model according
to which the cell-partition function is given by (Prigogine 1957)

- «\373
0=%.(r‘)3.(0—1’,)[1-—1/2*(%” .. .. .. (20)

Further, w(0) = 0 and hence ¢~~/#7*® = 1. Tn the above expression

r* = distance corresponding to the minimum of potential energy as
defined in Lennard-Jones model,

* ()‘.)3

V= where y is the numerical factor which depends on the

geometrical arrangement of the molecules ;
v = molar volume.

Substituting the appropriate values, the partition function is given by

- 5 o ), -3 (T
0L T ). LT

£l o bt (1T
3 T UAB) Tyt Aan, 2t \v 4B, ) o . . o

The Helmholtz free energy F is accordingly given by

o

F=_—kT [(nA-l-nB-i-nAB-l-nABq) In (nA+nB+nAB+nABz) —(nylnn,+n,lnny4

( * v
ln—§ 43 In (/"4) +In 71,

P LI TS o3 T ln Myp, )+72
+\ A
+31n [l — )IE (li) ] }
- AV A
4 * (] 1 {o* %
+n, 1n—§+3ln(rB)+]n 7 )+3ln 1—27 s
+7 {ln +31n(r )+ln( ) +3h\[l_l(v')§ ]$
+ k’w AB 22 \v/4p
+n {ln +31n() )-l-ln( ) +31n [1__1_(73:)& J
ARy AR ABs 5%\ 5

Y/ ABg

o

]

S
(22)

where the subscripts A, B, AB and 4B, refer to the species themselves.

From equation (22) it follows that the excess Gibbs function ¢® is given by

‘ G*
E — e —
7= (R TS LT = [ (EAln Eatéplnéptiypin §‘4B+£A821n 5_482)
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setimeam {56 (E) [ G
soarmeam {1 {2) -5 )
e r(E) [ SE)T)
ST

where ¢ is the true mole-fraction and z is the stoichiometric mole-fraction of

478

the respective species.
The heat of mixing A* is given by

1 (0 916+2 O3k1’)‘~‘(203k)

1 . 9 Z e
W= — k% 2:303 | £,(1—2,) )(1) 208k 4 ACad ke g
}( vla\z e, [ (0 01642 OSkT) ] j
7o\-$/203k\
{ lﬁ 0-016+2:03 L ) ( 3 )}
v* 2:03k ZB BB ZBGBB L
+E,(1-7) (Z - i
5°BB 0-916+2-03 )
2 ZB BB
( %(0 016+203 KT o AB)—3 203k )
2 ’ 7, €
v* 2-03k Zyp 4B€4B, AB
+as v/)as\7Z . + 2.03k7 \~? \'
AB AB, AB 1___(0 916+ b }
2 ZAB AB ,AB
i kT -4/2.03k
0-916+2:03 — AB a5, 7 €15 AB
¥ 2-03k Bz 4B, 2 2
Hoan T 4B\ 7 € 2.03k7- \7*
AByAB,, ABy, [1——(0 916+~———————)
\ 2 AB AB AR, ,
since, as shown earlier (Prigogine 1957),
\ kT
(;—)_0916+203Z* S 2

where the following form of Lennard-Jones potential has been used :

PR EED
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In the above ¢* and r* are the force constants. The subscripts denote the
interaction between respective species. Further, z denotes the co-ordination
number.

g® and k* can be theoretically computed provided the values of * and —?;;
v

are determined. For the various species ¢* was calculated by assuming the
approximate relation ¢* = 1-92 kT, where T, is the melting point. From

v
these, the value of % was computed. For monomers, * was calculated

from the relation (r*)3 ~ V, where V, is the critical volume. For calculating
the same for AB and 4B, species the following procedure was adopted. Since
the species are formed by hydrogen bonding, we may imagine that the space
occupied by the molecule is entirely due to the two parts of molecules in 4B or
the three parts of molecules in 4B, which may be imagined to be formed as
follows :

O—O—@

Keeping in view the above picture, the critical volume of 4B may be assumed
to be the sum of the critical volume of 4 and B, while the critical volume of
AB; species may be assumed to be equal to the sum of the critical volume
of A species and twice the critical volume of B species. Thus knowing V,,
r* could be calculated. In this manner all the characteristic molecular
constants were calculated and determined. Using these parameters, the excess
Gibbs function and heat of mixing could be calculated. The values of various
constants used in the calculation are given in Table I.

TABLE T

Temperature = 323° K; Z4 = ZB = 63 ZABRS 4By = 3

Molecule r+(A) Je

Molecule (per moleculo) vfek
A (dioxane) 3:69 1-12
B (chloroform) 3-66 | 119
AB . 4637 1-20
ABy 530 1-23

The values of g°, 2 and T's" were computed by using equations (23) and (24).
s® is the excess entropy. The theoretical values are compared with the
experimental values (McGlashan and Rastogi 1958) in Table II.
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TaBLE 11

Comparison of theory with experiment
Temperature — 323° K; Xp = 0-619

Excess thermodynamic Theoretical value Experimental value
function (J.mole™?) (7.mole™ 1)
i
gE . 3580 5 —-750
hE . —5113 } 1900
TsE .. —1533 ‘ —-1200
i

In the calculation we have used the values of equilibrium constants as deter-
mined by McGlashan and Rastogi as a first approximation. We have made
calculations by allowing 10 per cent variation in the value of equilibrium
constants, but the magnitude of the excess thermodynamic functions is rela-
tively insensitive to it.

6. APPLICATION TO MIXTURES OF ACETONE AND CHLOROFORM

The preceding theory can be applied to mixtures of chloroform and
acetone where the complex of the type 4B is known to be formed (Wyatt
1928). The previous equations will apply with the only difference that in this
case AR, is non-existent. The excess thermodynamic functions would be
given by

gt = —kTx2303{ —({Iné +&, né +£€,,In € )}

Lot 13
+¢,(1—z, ]n[ (4) ( )A' 27(;)4”

1 *\ 3 3

st (2, -5 )]
{. 1 (ﬁ‘)“”" (" 03k) }

hE = —kT2x2:303 | £4(1 —a4) - (”—) (203k)+ A erlfA
! . A A AA l___l__ _7.~ ’ ‘
( 2*(1}‘) )
—_ /:

ZBGBB 1_—%(0 )—1/'3 $
1 /v
2:03k y
J(z) ( »osk )+2%( )B (203K[z,, . € 14)
l 4B \*?

4  + \g [V 1 /o"\¢ 3
7 il _ = .. .. oo (2
+§AB[3 ) (”t)Au{l 2%(”)‘413}} 25)
1
2
v Z €
( l(~) (?i’?f‘),
N\ /2.03ky 2\ 2 €
+én(1—2,) 1(%) ( 03 )+ 5__\BEp
B
v . ABe:iB,AB 1_}.(3)’1/3 ‘
2t o ,

+€45
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The values of g° and A* may be calculated from equations (25) and (26) in the
manner discussed in section 4. The values of various constants are given in
Table I1I.

Tasre ITT

Temperature = 35-17° C; 2z, = zp = 6; 2yp =19

!
* A) | v
Sub ™ f il
ubstance (per molecule) ’ (v*)
Acetone (4) 3-625 ! 1-2207
Chloroform ( B) 3 -665 i 1-175
Complex (AB) i 4-535 : 1-2916

The calculated values are compared with the experimentally determined
values in Table IV for x, = 0-58; K = 1-299 (Sarolea-Mathot 1953).

| —310

TasLE IV
! .
1 Experimental value
Excess thermodynamic Theoretical value Cal/mol
function Cal/mol (Staveley, Tupman and
Hart 1955)
i
: |

g ! 759 | —140

hE i —1245 ‘ —450

Ts® —486

1

It is clear from Tables II and IV that the agreement between theory and
experiment is poor although the sign of excess thermodynamic functions is
correctly predicted. It is difficult to comment on the merits of the refined
theory as a number of approximations have been used for evaluating the mole-
cular constants. As far as the present stage of our knowledge in the field of
theories of solutions is eoncerned, the statistical theory outlined in section 2 is
adequate for mixtures where one or more association complexes are formed but
the individual components themselves do not associate. The individual
species may be assumed to behave ideally so that the arbitrary constants
occurring in the pure thermodynamic theory may be identified with the equili-
brium constants for the formation reaction of the complex. The statistical
theory shows that this identification is justified.
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