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ABSTRACT

The three-dimensional boundary layer equations in general form are used. In section A
we have discussed the flow in the boundary layer on a rotating paraboloid of revolution without
suction. In the neighbourhood of the vertex of the paraboloid of revolution, we get the flow
similar to that of rotating disc. There is inflow near the vertex which changes into the outflow
at y2 = %, where «, 8, ¥ are the paraboloidal co-ordinates. In section B we consider the effect
of suction on the boundary layer on a surface of revolution, e.g. sphere, spheroids and paraboloid
of revolution rotating about its axis, We find that the flow near the pole of the body of revo-
lution is the same as due to a rotating disc with uniform suction as obtained by Stuart (1954).

1. INTRODUCTION

The solution of the boundary layer equations for the flow engendered
by a sphere rotating about a diameter in otherwise undisturbed fluid has been
investigated by Howarth (195la). He obtains a solution of the boundary
layer equations in the form of power series and he has shown that the flow
at the poles approximates to the rotating disc solution of Von Kdrman (1921).
He concludes that the boundary layers on the two hemispheres may be re-
garded as originating at the poles and developing towards the equator where
they impinge on each other. He is of the opinion that the boundary layer
equations can deal adequately with most of this development but must fail
to represent the region of interaction between the two impinging layers on
account of the parabolic character of the equations. Nigam (1954) has given
a solution in power series form and claims that the boundary layer equations
are quite sufficient to describe the interaction at the equator. He concludes
that there is a radial inflow in the upper hemisphere for 0 < § << 54° 45,
this inflow disappears on the cone 3 cos%6 = 1 and changes into an outflow
for 54° 45" < § < 90°. Fadnis (1954) has generalized the solution of boundary
layer problem on a rotating sphere to rotating prolate and oblate spheroids.
He has also concluded that there is normal inflow and then the inflow dis-
appears and changes into an outflow. Near the poles the flow is the same
as on a rotating disc and near the equator it is like the one on a rotating
cylinder. '
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The present paper aims to investigate the case involving the flow gen-
erated within the boundary layer by the rotation of a body of revolution, e.g.
sphere, spheroids and paraboloid of revolution with variable law of suction,
We find that the flow near the pole of the body of revolution is the same as
due to a rotating dise with uniform suction as obtained by Stuart (1954).

The case involving the flow generated within the boundary layer by
the rotation of a paraboloid of revolution without suction is also included.
In this case we get the same flow as due to a rotating disc near the vertex of
the paraboloid of revolution and the accompanying secondary stream causes
fluid particles to flow into the boundary layer near the vertex, and out of it
at y2 = 2/3, where «, B8, y are the paraboloidal co-ordinates as defined in the
text. Our solutions hold good for sufficiently small values of v in comparison
to oy (y < < o), as for the large values of y, the boundary layer approxima-
tions fail. The analytical expression for the stream function of the flow is
also determined.

2. Bounpary LAYER EQUATIONS

Let «, 8, y be the orthogonal curvilinear co-ordinates and (u, v, w) be
the components of the velocity in the directions of « increasing, g increasing
and y increasing respectively. The vector form of the equation of motion is

1:Xw=grad(%+%vz)—vcurlw, .. .. .2

- —

where v is the velocity vector and o is the vorticity veector. The equation
of continuity is
div. » = 0. L2

-

If (¢, m, {) are the components of @ then

£ = | = Lo},

1
1= G 13 % (hyu)— ka“’)} ,

=i {5 0= 3 % .

where h;, hy and k; are the scale factors, and
. 1 d 0 ]
v v = e | 5 (o) + g (o) b}

and the components of a gradient are

10108 12
hlaa,hz‘éﬁ’ }E oy’
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The terms of azimuthal variation 8 are omitted. Following Prandtl’s
argument, we take u ~ 0O(8), v~ O(1), w ~ O(1), £ ~ 0(87"), and following

Howarth (1951b) we assume that hy, k3 and their derivatives are of ~ O(1)
then the equations (1) and (2) are reduced to

la_}_) . 9.
N (1) or p ~ 0(8), .. .. .. (233

w ov u 0v w ahz_l?ﬁ{ -
/13 a')’ hl O 2h3 a-y""k-faazyu .. (2.

w ow  w ow v? Ohy v w
hy @ "hyg @Y hghy @V h;aaz"'

and

1 ou, 1 au w 0

hihg) =0, .o oo (26
i 3T iy 8y Tiighghy oy M1t =0 (26)

SecTION A

3. BouNpary LAYER ON ROTATING PARABOLOID OoF REVOLUTION WITH-
OUT SUCTION

For a paraboloid of revolution we introduce a system of co-ordinates
defined as follows:

i = L (Y+in)2, ¢ = 8, .. .. .. (3.1

where 7, z are the cylindrical co-ordinates in the meridian plane and 8 is the
azimuth. The scale factors are given by

hy = hy =10/ Y2 4a? and hy = lya. . .. .. (3.2)

Writing « = a4 for a large paraboloid, the equations (2.4), (2.
are reduced to

(84
<
~
3
o
—
oW
—
~

ov ov 1 v 0% "
2 5&+uyaj’+vlb Z\/y2+ - wAREE .. .. (38.9)

8w 1 v 02w

2 = v v
2T ay - Z\/r-{-a: et (3.4

and

ou  Ow f1 Y -
atot ey T S

A solution of equations (3. 3), (3.4) and (3.5) in series in powers of y can be
obtained,
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Let us put
¥
u = (%) (2—3v2) {Hy(n)+72Hs(m)+ ...}, .. .. (36
v = 1Qugy {G1(m)+72Gs(m)+ ... }, .. .. .. 39
w=Qugy {F1(n)+72Fs(m)+ ... }, .. . oo (38)
where
;.
n = (QV) ldo(d"’ao) . .. . . . . (39)

From the equations (3.3) to (3.9) we get the following equations for the six
functions: '

R L - N C 2 11)
2F\ G+ H G = G, . .. .. A .. (311
2F,\+H, =0, N G A 5
’ . ’ 3 ’ e ].Ir
4F1F3+F1HS+H1F3—20103‘—§H1F1=F3—‘;“2“F1, .. (313)
0
’ 7’ s’ ” ]..//
2F3G1+4F103+H3G1+H1G3 — ngGl = G3 — “"‘ZGI N . (314)
%o,
and
]. ’
4F3+(3+—§)F1+H3=0 . . .o . .n (315)
O:O

We may note that the equations (3.10), (3.11) and (3.12) are the same as in
the rotating disc problem of Von Karman.
The boundary conditions for these functions are

Fi=F3=0;G1=1,G3=0; Hy=Hz=0at a = ay,

and
Fi->0,F3—>0; G40, G3—> 0at a— 00,
Let us take
_ e Sl & B
"71"11_&0> . (3.16)
and
2\ e
Ay =1, laoloy—og) |, .. .. .. (3.17)

where «; is the value of « at the edge of the boundary layer. From (3.9),
we have

n= A, .. .. .. .. {3.18)

The equations (3.10) to (3.15) have been integrated numerically by an
approximate method of Pohlhausen. The functions F and G have been
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expressed as polynomials in 7;. The functions I have been calculated from
(3.12) and (3.15) which are derived from the equations of continuity (3.5).
We express

Fy=an(l=n)2(142n)~k(1=n1)2, .. .. (3.19)
Fy = byy(L—n3)2(L+2n1) — b7 (1 —m1)2, co .. (3.20)
= 32+n)(1—my)2, .. .. .. .. .. (32D
and
Ga = C’T)l(l—’fll)2. .o . . . . . (322)

These have been taken to satisfy the boundary conditions:
F1=F3—-0 G]—l 03—-0 Hl Hg—O\Vllenm—Oor

from (3.16) « = ay,
and
Gi=0G3=0; F;=F3=0 when; =1 or from (3.16) « = «;.

1t is clear from (3.18) that, when 7, varies from 0 to 1, » varies from 0 to A,.
In order that the flow be continuous and smooth on the outer edge of
the boundary layer (7; = 1 or « = a;) we should have

’

F (1) =F(1) =0 and G|(1) = G4(1) =0,

where a dash denotes differentiation with respect to 7,.
Integrating (3.10) and (3.11) in the limits 0 to A, and using (3.12) we get

i 1
3f Ffd’h—f Gy, = —an> .. .. .. (323)
1] 0
and

1

Substituting the values of F), @) from (3.19) and (3.21) in (3.23) and
(3.24), we get

@ = 1-0370 and Ay = 2-5587. .. .. .. (3.25)
From (3.12), we have

Hy = —51174[1-037(0-57 = 0-75n +0-4n°) — 3+ In'— 4yn°) .. (3.26)

Integrating (3.13) and (3.14) in the limits 0 to A, and making use of
{(3.12) and (3.15), we get

1 1 1 1
10 f FyFydn, +— f Py —2 f Gy, = [_b+i‘-é] A% (321
0 % Jo 0 2,
and

1 1 1 1 3 _
6 f FoGydn, +6 f FyGydn, + f FyGydn, = [—c— —a] A% (3.28)
0. 0 oY o day



488 P. D. VERMA: BOUNDARY LAYER ON ROTATING BODY
Taking «; = 10 as an example and substituting the values of F;, Fg, G4 and
@ from (3.19) to (3.22) in (3.27) and (3.28), we get

b = 0-9302 and ¢ = 4-7939.

From (3.15), we have

Hg = —10-2348 [0-9302 (0-597—0-757"4-0-47%)

1,1 1 <
‘6’7:"‘1’7?_?6”?]“'0500]11' C e (829

If we take 8 as the thickness of the boundary layer, we have

8 = hl(a—ao)y

=[<é)<l+:—§)]§Aa L (330

where A, is given by (3.25).

From (3.30) we note that y <<, so that 3, the thickness of the boundary
layer, is small, which justifies our statement in the beginning that the para-
boloid of revolution @ = «, is large. The numerical values of the functions
are tabulated in Table 1.

4. StREAM FuxcTION

Since all quantities are supposed to be independent of the azimuthal
angle B, the equation of continuity takes the form

0 0
Ex (h2723u)+a—'>; (hlh_)_?l’) = 0, . . . (4.1)
so that there is a stream function i such that
1 oy 1 oy R
W—ma—y‘, ”_—131755&’ (4_)

where %, h, and k3 are given by (3.2).
This is true whether the velocity » round the axis is zero or not so long
as it is independent of B.

We have
o,y
dtﬁ——g;/d)’-i-é&- du. .. . .. .- (43)

Integrating (4.3) with the boundary conditions H, = H; = 0 and ¢ = 0
at o = a,, we get

v\E[/2 2 5 3 2 21 5 3,
v=t (5) (45 | (e =3 ) ret)

_(§+ aﬁ) ai} Hs("])] (72 +a§) T 4y
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1°6

Fie. 1. The flow functions Fy, @y and H; with suction (all a’zg —) for all bodies of

revolution. The flow functions F,, Fg, G4, G3 and —H, without suction (~~~) for
paraboloid of revolution.
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5. DisoussioN OF THE RESULTS

All the boundary conditions on the surface of the paraboloid of revolution
are satisfied by the components of the velocity given by (3.6) to (3.8). The
component « of the velocity is negative so long as (2— 3y2) > 0 and vanishes
for 2 = 2/3 and it becomes positive for y2 > 2/3. This shows that there is
normal inflow of the liquid for 0 < y% < 2/3 and this normal inflow vanishes
for y2 = 2/3 and changes into an outflow for 42 > 2/3,

Hence we conclude that the flow is the same as on a rotating disc in the
neighbourhood of the vertex of the paraboloid of revolution and the accom-
_ panying secondary stream causes fluid particles to flow into the boundary
layer near the vertex, and out of it at 42 = 2/3. Our solution holds good for
sufficiently small values of y in comparison to «, (y << < %), as for large
values of ¥ the boundary layer approximations fail.

SecTION B

6. Bouxpary LAYER ON ROTATING SPHERE WITH SUCTION

Let r, 6 and ¢ be the spherical polar co-ordinates with » measured radially
outwards from the centre of the sphere, § measured from the axis of rotation
and ¢, the azimuthal angle. u, v and w represent the velocities in the increas-
ing directions of 7, ¢ and ¢ respectively. The boundary layer equations for
a sphere of large radius in spherical polar co-ordinates are (Howarth 19515):

vov, v w? o02v
captum —ootl=ves. .. . . (6D
vow , ow w 02w '
&_ag.;. + 1;(9_.1;ar2 , . .. (6.2
and
1dv  du
a39+3+ cot § = 0. .. .. .. . (6.3)
Let the variable law of suction be given by
up(sin ) = (vQ)} (ay+ag sin2 64 .. .), .. .. (64)
where a,, a,, . . . are the suction parameters.
For the problem of the rotating sphere we take
T u= (M (aptagsin? 64 .. ) [Hi(n)+Ha(y) sin2 0+ ...1 .. (6.5)
» =af cos O[Fy(n) sin 0+Fg(y) sind6+...1, .. .. .. (6.6)
w = aQ [Gy(n) sin 8+Gsg(n) sind 04 ... ], e
where
4
n=(r-—-a)(¥). .. .. . .. - .. . (6.8)
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From the equations (6.1) to (6.8) we get the following equations for the six
functions:

Fi—@4aH,F,=F,, .. . .. .. .. .. (6.9

2F\GhtacH G\ =G, .. .. .. .. .. .. (610

2F +aoH, =0, .. .. .. .. .. .. .. (6.11)

4F\Fy—2F" faoH\FytagH1F - aoHyF —2G1Gy = F,, .. (6.12)

2F 3Gy +4F Gy +aoHyG 4 agH Gy~ 2F Gy +aH G, = G, .. (6.13)
and -

4Fy— (3+%‘1—2)F1+a0H;=0. .. R .. .. (6.14)

We may note that the equations (6.9), (6.10) and (6.11) are the same as in
the rotating disc problem with uniform suction (Stuart 1954),
The boundary conditions for these functions are
Fi=F3=0,G =1,G03=0; Hy= -1, Hy =0 at r = q,
and
Fi1—>0,F3—>0; G;—~0,G3—>0 at r— o0,
From (6.4) and the boundé,ry conditions, we conclude that the effect of suc-
tion is confined in the leading term of (6.5).

Let us take
,,1=::_‘;, O (i 8 )
and
Ql
Aa=[(;) (rl—-a)],.. ce .. .. (6.16)

where 7, is the value of r at the edge of the boundary layer. From (6.8) we
have
1= Ay Y (% [

The equations (6.9) to (6.14) have been integrated numerically by assum-
ing polynomial expressions in 7, for F;, Gy, 5 and G5 similar to those used
in the case of paraboloid of revolution in section A.

The functions satisfy the boundary conditions

F1=F3=O; Gl"-—-l,Gg:O; H1=—1,H3=0 When"]1=0
or from (6.15) r = a, and
G1=0G3=0; F; =F3=0 when %; =1 or from (6.15) r = ;.

Integrating (6.9) and (6.10) in the limits 0 to A, and using (6.11) we get
9B
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J

1
4f FiGdm4a,=307% .. .. .. .. (619)
0

>

1 1
Ffdv,l—] Gy, =—anl®, .. .. .. (618)
0 0

and

If a, is taken equal to 0, (6.19) agrees with (3.24), the corresponding relation
of the case of without suction. Substituting the values of F;, ¢; from (3.19)
and (3.21) in (6.18) and (6.19), we get a set of values of @ and A, for various
values of a, as tabulated in Table 2.

TaBLE 2

g a Dy

0 1-0370 2-5587
0-5 0-5400 1-5700
1-0 0-3284 1-1912
1-5 0-2293 0-9892
2-0 0-1747 0-8618
30 0-1176 0-7064

30

I | | | | I

a—» 08 10 8 20 25 3.0

Ag —=

Fic. 2. Variation of A, against suction parameter g, and for all a.;s.

The variation of &, against ag is shown in Fig. 2.
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From (6.11) we have

4
N

4
Integrating (6.12) and (6.13) in the limits 0 to A, and making use of
(6.11) and (6.14), we get

2Aoz 2 4 o 77:; ’7':
—H, = e [a(0-5771—0'75771+0-4171) - g-l- -~ ﬁ‘)] +1. .. (6.20)

1 r1 1
mf FlFadm—5J F?dnl—ZfGledn1= —bA% .. (621)
0 0 0

+ 0-080

+ 0°040

+«0-030

+0:020

+ 0010

-0010

=-0°020

-0:030

Fig. 3. The flow functions ¥'; and G for sphere,
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and

1 1 1
6 f F3Gdn; +6 f F1Ggdn1—5 [ FiGidn +ay = -—-CA;Z. .. (6.22)
0 0 <0

From (6.21) and (6.22), we get a set of values of & and ¢ for various values
of ag and @, which are tabulated in Table 3.

TABLE 3
g g ! b ’ ¢
? l
i | I
0-5 ! 0 0-1186 0-2815
1-0 ! 0 0-0313 0-1292
1-5 I 0 ; 0-0106 0-0690
0-5 : —0-25 0-1897 | 0-7806
1-0 — 025 | 0-0638 | 0-4569
1-5 —0-25 0-0276 : 0-3048

From (6.14) we have

H 4h, b 2_ 075 5 "7? "’7; 71?
~He= gy (PO =0T+ 04m) = G4 — 4
1(2
+§(£2+3)(H1+1). C (623
12 J

In Tables 4 and 5, we tabulate the values of the functions F, G, H.

All the boundary conditions on the surface of the sphere are satistied
by the components of the velocity given by (6.5) to (6.7). Here we conclude
that the flow is the same as on a rotating disc near the pole of the sphere and
there is normal inflow of the liquid inside the boundary layer which does not
change into an outflow.

7. BouNDARY LAYER oN ROTATING PROLATE SPHEROID WITH SUCTION

For a prolate spheroid we introduce orthogonal curvilinear co-ordinates
defined by
: z4ir = k cosh (a+7Y), ¢ = 8, .. .. .. (7.1)

where 7, z, ¢ are the cylindrical co-ordinates and a, y are the elliptic co-ordinates
in the meridian plane and B is the azimuthal angle. The scale factors are
given by

hy = hg =k (sinh? a+4-8in? ¥}, hy = k sinh e sin 7. .. (7.2

From (2.4) to (2.6) we have the boundary layer equations for a large prolate
spheroid « = a4 :
v 02v

k(sinh? ao-{-sinZ y)§ _a;i ’ (7.3)

dv dv
% 5&+w a-y+wv cot Yy =
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dw | ow v %0
ke e = it
“ aa'“” o cot ¥ k(sinh? eg4-sin2 y)$, da2’ (7.4)
and
ou  ow cos ¥ 8in ¥
a—d.+§y—+w [cot 7+m] =0 (7.5)
1
0:4
F1c. 4. The flow functions Gy and H; for sphere.
As usual for the components of velocity we take
u = (v} ag+tag sin? v+ .. )[Hy(n)+Ha(y) sin? ¥+ ...], .. (7.6)
v = k€2 sinh o sin Y[G4(n) +G5(n) sin2 y4 .. .3, .. . o {1

w = k2 sinh ag cos ¥ sin Y[F (n)+F3(n) sin2 y+ ..., .. .. (7.8)
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where
o\t .
n= (;) k sinh ag(x—oy). .. .. .. {1.9)

From the equations (7.3) to (7.8) we get the following equations for the six
functions:

Fi—Gi+aoHF| = F}, N A8 11
2P GitacH G =67, .. .. .. .. .. .. .. .1
2F +agH, =0, .. .. .. .. .. .. .. .. .. (7.12)
’ ’ 2 ’ o F:’l’
4F1F3+aoF1H3+agH1F3—'2G1G3—2F1+G2H1F1 = F3— -———2 Sinh? % s . (713)
2F 3G +4F Gy + aoH G +aol G —2F,1G +a.H,\ G, = G,— Tsmhieg’ (7.14)
and
’ 1 2(12 _
4F3+a0H3+I:m)— —-Eo—] F]—O. .. . . .. .. (715)

The boundary conditions for these functions are

Fi=F3=0;0G=1,G3=0; H=—1,H3=0at a=ay,
and
F,—~0,Fs3—0; ¢;—0,G3—0at «a > o0.

We may note that the equations (7.10) to (7.12) are the same as in the
rotating sphere problem. Thus the numerical values of the functions #,, &4
and H, are the same as given in Table 4 for various values of a,. .

Let us take
_ oL—dg
= .. (7.16)
and -
0 4
A, = {(;) k sinh oto] , .. .. .. (707

where «, is the value of » at the edge of the boundary layer. From (7.9),
we have

77=Aa1)1' N . . .. (718)

The equations (7.10) to (7.15) have been integrated numerically by
assum_ihg polynomial expressions in 7, for F;, Gy, Fy, Gy similar to those
used in the case of paraboloid of revolution in section A.

The functions satisfy the boundary conditions
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Fl F3~0 G]_-—-l G3——0 Hl —1,H3:0Whenoc=cxo
and

Gi1=0G3=0,F; =F3=0when a = a;,
Taking sinh? ay = 10 for further discussion and integrating (7.13) and (7.14)
in the limits 0 to A, and making use of (7.12) and (7.15), we get

1 1
10f By Fydn, — fof Fidn,—: f&(]ddm ( b+,”) JE L (719)
0

and
1 al 1
2]

o _ , 49 , 3\,
6 [ Firdnies | Fitigim— 13 Fleldn1+a2=—(c+5)aa .. (120)
] 0 0

+0-030

+ 0020

«0-010

-0-010

-0-020

-0-030

Fia. 5. The flow functions F; and Gy for prolate spheroid.
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From (7.19) and (7.20), we get a set of values of b and ¢ for various values
of a, and a; which are tabulated in Table 6.

TABLE 6
g g b c
0-5 0 0-1266 0-2012
1-0 0 0-0384 0-0510
1-5 0 0-0164 —0-0036
0-5 —0-25 0-1977 0-7002
1-0 —0-25 0-0708 0-3787
15 —0-25 0-0334 0-2321
From (7.15) we have
4:A 3 1]4 775
—Hy = —2b(0-57'—0-757 +0-4 e
3 @ ( 7 7]1+ 7)]) + 4 10
1 2(12 29\ .
stl—+—=|(H+1). .. . oo (121
3 (o) (D (7.21)

The numerical values of the functions Fs, G3 and H, are tabulated in Table 7.

All the boundary conditions on the surface of the prolate spheroid are
satisfied by the eomponents of the veloeity given by (7.6) to (7.8). We
conclude that the flow is the same as on a rotating disc near the pole of the
prolate spheroid and there is normal inflow of the liquid inside the boundary
layer which does not change into an outflow.

8. BouNDARY LAYER ON A ROTATING OBLATE SPHEROID WITH SUCTION

For an oblate spheroid we introduce orthogonal curvilinear co-ordinates
defined by
z4ir = k sinh (a+17), ¢ =B, .. .. .. {8.1)
where 7, 2z, ¢ are the cylindrical co-ordinates and «, y are the elliptic co-
ordinates in the meridian plane and g is the azimuthal angle. The scale
factors are given by
hy = hy = k\/cosh? «—sin? ¥, hy = k cosh « sin 7. .. (8.2

From (2.4) to (2.6) we have the boundary layer equations for a large oblate
spheroid « = &;:

ov ov v 02y
UtV ay+w'v cob ¥ = %(cosh? ag—sin? )t Ja2’ (8:3)
ow ow v 02w
2 b
™ + oy —viooty = k(cosh? ay—sin2 ¥)t 0a2 ’ o (84
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and

du  Ow

cos Y sin ¥
—a—&+—é-)7+w [cot Y- ] = (

cosh? ag—sin2 y

Ag usual for the components of velocity, we take

w = (v} ag+ag sin2 v+ .. .)[Hi(n)+Hs(n) sin2 v+ ...],

v = kQ cosh op[G4(n) sin Y4 G(n)sindy4-...] ..

w = k2 cosh ag cos Y[Fi(n) sin ¥4 Fg(n) sin3 v+ ...}, ..

503

(8.5)

(8.6)
(8.7)
(8.8)

06 [~
05—
o
= “
</ %
o/ o
04 }— . )
')q' ?°,
#J‘
— l,o :t
»*
03— :z.
2
=0
20> ot
=-0°2%
oo %2

8,:V'5, a»3*0

0-4 06 08
n, ——-

Fia. 6. The flow functions @3 and Hj for prolate spheroid.
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where

1

*q=(9)ﬂkcosha0(a——a0). 89
v R

From the equations (8.3) to (8.8) we get the following equations for the six
functions:

F'—(+aH,F, = F}, .. .. .. . .. (8.10)
2F G +aol,G, =G, .. . .. . .. .. (8.11)
2F +agH, =0, .. .. .. .. .. .. .. (8.12)

4F Pyt aoF Hy+agH Fo—2G,Gy—2F; +aoH, F,

, F
=Fs4—L— .. . . .. (8.13)

2 cosh? &,
2F3Gy +4F,Gs+ oy HyG+aoH G, —2F G +a,H,\ G,

v

" 1
= Gt s e (8.14)
and
aoH‘,+4F3+(f-1— —3— %> Fi=0. .. .. .. (815)
- 3 cosh? o ag
The boundary conditions for these functions are
Fi=F;=0;,0,=1,G;,=0; Hi= —~1, H3=0 at a = ay,
and
Fi5>0,F3—>0; G;—>0,G3—>0 at &« — c0.
Let us take
. a—dxg
nl:m, .. .. . .. .. (8.16)
and
2\, . .
A, = [(;> ksmhoco], .. S (8.17)

where «; is the value of « at the edge of the boundary layer. From (8.9),
we have
7= A1 .. .. . - .. (8.18)
The equations (7.10) to (7.15) have been integrated numerically by
assuming polynomial expressions in 7, for F,, G;, F3 and G similar to
those in (3.19) to (3.22).
The functions satisfy the boundary conditions

F1=Fy3=0; G3=1,G3=0; H = —1, H3=0 when o =y,

and .
G =G3=0; F;=F3=0 when a = a;.
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We may note that the equations (8.10) to (8.12) are the same as in the
rotating sphere problem. Thus the numerical values of the functions F;, G,
and H, are the same as given in Table 4 for various values of a,.

Taking sinh? a; = 10, and integrating (8.13) and (8.14) in the limits
0 to A, and making use of (8.12) and (8.15), we get
A1 1 .
10| FyFgdn,— 54J 7 dm—zj Gy Gady = (-b— 2%) aZZ .. .. (819)
v o 0 0

and
Al 1 1

6 F3G1d‘l']1+6J.

Yo

-

3
F1Ggdn;— 4J FiGhdn+ag = (_C+I<I) AT L (8.20)
0

0

From (8.19) and (8.20), we get the values of b and ¢ which are tabulated in
Table 8.

TaBLE 8

do dg b ¢

05 0 0-1082 0-3460
1-0 0 0-0242 0-1971
1:5 0 0-0054 0-1375
0-5 —0-25 0-1793 0-8452
1-0 —0-25 0-0566 0-5248
1-5 —0-25 0-0224 0-3733

From (8.15), we have

5
s MMM
x [b(0-5q§—0~75qi+0-4q1) —-1+-1 —‘]

—He = 10

+2(‘Z"2 )(H1+1) O - %10

The numerical values of the functions F3, G35 and Hg are tabulated in
Table 9.

All the boundary conditions on the surface of the oblate spheroid are
satisfied by the components of the velocity given by (8.6) to (8.8). We
conclude that the flow is the same as on a rotating disc near the pole of the
oblate spheroid and there is normal inflow of the liquid inside the boundary
layer which does not change into an outflow.

9. BouNDARY LAYER ON A ROTATING PARABOLOID oF REVOLUTION WITH
SvcTioN

For the paraboloid of revolution, we take the components of velocity
in the usual manner
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u = (v ao+az2+ ...) [Hy(n)+Hs(n)r2+ ...,
v = IQagy {G1(n) +Gs(n) . y*+ ... },
w = Qugy {Fy(n)+Fs(n). 24 ...}, ..
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(9.1)
(9.2)
(9.3)
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Fia. 7. The flow functions Fy and G4 for oblate spheroid.
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q=(!—3)!la0(oc—a0). P O W

From the equations (3.3) to (3.5) and (9.1) to (9.3), we get the following
equations for the six functions

PG tacH\ F =F,, .. .. .. .. ... .. (95
2816 +aH G = &, .. .. .. .. .. .. -(9.6)
agH, +2F; =0, .. .. . .. .. U X))

Fie. 8. The flow functions ¢; and H; for oblate spheroid.

I0B
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, . T T
4F1F3+a0F1H3+(10H1F3-—2G103+02H1F1 =F3__2_QF1’ N (98)
5]

. . , , » 1
2F3Gl +4F1G3+a0H3Gl+a0Hng+a2H1G1 = GS— 2— G . (99)

271
%0
and
1 2(12 .
4F3+(—2_—)F1_+a0H3=o. @10y

a
do 0

« 0°010

« 0005

-0+005

~0-010

=0018

~-0:020

-0-025

~0-030

Fie. 9. The flow functions ¥y and Gy for paraboloid of revolution.
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The boundary conditions for these functions are
F1=F3=0; G1=1,G3=0; H1= "‘1,}]3:0 at @ = &g,

and
F,—-0,Fg—0; G, —>0,03—~0 at a— 0.
Let us take _
M= (9.11)
and
Ay = [(?)ilao(al—ao)] L e (902

where a; is the value of o at the edge of the boundary layer. From (9.4),

we have
n= An,. .. .. .. . .. (9.13)

The equations (9.5) to (9.10) have been integrated numerically by assum-
ing polynomial expressions in 7, for F,, G;, F; and Gy similar to those
in (3.19) to (3.22). These functions satisfy the boundary conditions

Fi=F3=0; G =1,G3=0; H = —1, H3 =0 when a = ay,
and
G1=G3=0; Fy = F3 =0 when a = o,.

We may note that the equations (9.5) to (9.7) are the same as in the rotating
sphere problem. Thus the numerical values of the functions ¥, ¢; and H,
are the same as given in Table 4 for various values of a,.

Taking o == 10, and integrating (9.8) and (9.9) in the limits 0 to A,
and making use of (9.7) and (9.10), we get :

1 i 1
1 y a 3
10 fo F\Fydy + I_(JO Fdy, —2 jo GGy, = (_b+%) A% .o (9.14)
and

1 1 1
1 3
6 f F3G1d7’[1+6 " F1G3d7)1+ ]_—Gf Flald-r,l-l—az == (—-C_Z]:'()) A —2. (915)
0 Yo 0 ®

From (9.14) and (9.15), we get the values of 6 and ¢ which are tabulated in
Table 10. ’

TABLE 10

ag ap b ¢

0-5 0 0-0415 —0-0319
1-0 0 0-0203 —0-0382
1-5 0 0-0113 - 0-0461
0-5 —0-25 0-1126 +0-4672
1-0 —0:25 0-0527 +0-2895
1-5 —0-25 0-0283 +0-1897
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~

From (9.10) we have

4A o0
= o FEmd 07 043y g
—Hj o [1;(()5171 0-757;+0-477) at1 10]
1 2@2 1
+§(EO—“T6)(H1+”‘ .. .. .. .. (9.16)

The numerical values of the functions Fs, G and H; are tabulated in Table 11,

F16. 10. The flow function G (ay = —0-25) for paraboloid of revolution.

All the boundary conditions on the surface of the paraboloid of revolution
are satisfied by the components of the velocity given by (9.1) to (9.3). We
conclude that the flow is the same as on a rotating disc in the neighbourhood
of the vertex of the paraboloid of revolution and there is normal inflow of
the liquid inside the boundary layer which does not change into an outflow.
In this case the solution holds good for sufficiently small values of y in com-
parison to ag (y < <C ), as for large values of y the boundary layer approxi-
mations fail. :
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Fia. 11. The flow function Hjy for paraboloid of revolution.
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