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ABSTRACT

The equation of the pressure-temperature curve for a constant-burning surface propellant
burning in an ideal rocket motor has been obtained and its difference from the corresponding
equation obtained by Von-Karman and Malina (1940, 1956) has been explained as due to their
having overlooked a term in the energy equation. The effect of this correction on equilibrium
pressure and on the pressure-area ratio curves has also been examined.,

I. INTRODUCTION

The theories of internal ballistics of solid-fuel rockets have been discussed
by Kershner (1944), Truebridge (1951), and Wimpress (1951). Tn a recent
paper (Kapur 1957), the basic equation of internal ballistics of solid-fuel
rockets were deduced from those of recoil-less guns. The equation of the
pressure-time curve for the isothermal model before burnt and for the non-
isothermal model after burnt were also obtained.

In the present paper, we discuss the non-isothermal model before burnt
and from the equations derived in the earlier paper we deduce the differential
equation for the relation between pressure and temperature in the chamber.
This equation had been earlier obtained by Von-Karman and Malina (1940,
1956). We find that our equation differs from theirs and that the reason for
this is the difference in the equations of energy. It appears that Von-Karman
and Malina (1940, 1956) neglected the work done in the adiabatic expansion of
the gases. To bring out this point, we have deduced the energy equation for
a solid-fuel rocket in two different ways by using the principles used-by Corner
(1947, 1950) and Kothari (1953) in their derivations of the energy equation
for a R.C.L. gun.

Von-Karman and Malina (1940, 1956) have also obtained an equation to
give the equilibrium pressure. This equation has also to be modified, but it
appears that while this modification would change the value of the equilibrium
pressure, the shapes of the curves they have drawn between equilibrium
pressure and the area-ratio (burning surface area of propellant/area of nozzle
throat) would remain unchanged, except for & change of scale.
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2. NoTATION

The following notation will be used for the quantities involved: The
notation of Von-Karman and Malina (1956) is given in square brackets against
each quantity:

a, b : constants in the rate of burning law r» = a+bp [k, k]

¢y €, : specific heats at constant pressure and volume respectively

[Cp, c]
C : propellant charge mass (M,]
e
: ballistic size or web-thickness of the propellant charge [ ﬁﬁ
<l
o1
f : fraction of the ballistic size remaining at time ¢ [df = — ety
Lat M, |
:
N : ratio of gas mass in the chamber to [%
<My |
P : chamber pressure ' [p]
Peq.  : equilibrium pressure Ip.]
Q : rate at which gases escape from the chamber [m]
r : linear rate of burning [7]
R : gas constant ' [R]
8 ;- constant burning surface area [F]
So : nozzle throat area [fl
T : chamber temperature - (T.]
Ty : ambient temperature (7]
U : empty chamber volume V.1
20 : fraction of the charge mass burnt till time ¢ [%; = %ﬁ]
’ b
y : ratio of specific heats [v]
E) : propellant density lpy)
p : gas density in the chamber [p.
Y41
_{ g \D
vyl "

3. TuE PRESSURE-TEMPERATURE CURVE

Neglecting pressure-drop and the covolume term, the equations (8)-
(12) of Kapur (1957) become, for a constant burning surface, considered by
Von-Karman and Ma.lina, .
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p [U— G(ls—z)] =CNRT .. .. .. ..
D%{.—: —(a+bp) L ©
2= (1—f) .. .. . .. ®

N dz  YSep

@ a@ (RT)} )
d o dz vSop(RT) :
G WD) =Tomgs = .. L0
From (1), (2) and (3),
dp CNRT . C a+bp a+bp  VSop(RT)
= p+~D—C’R[T0D— B . (6)
From (2), (3), (4) and (5),
AT atbp  ¢Sep ] _ ., a+bp  vISep(RT)! -
Adt+T[ D “omrtl =D T CR - @
From (6) and (7)
a+bp ngSop .
at = T T, T)a+bp x/}bnp

(RTY (r—1)

This is the basic differential equation, the integration of which would
determine the relation between pressure and temperature in the chamber.

The corresponding equation of Von-Karman and Malina (equation V of
their paper) when expressed in our notation is

et s oo

dT = To—=T SRT C D5 atbp !
a+tbp ¢Sop 3
o To—5 (RT)} — RDS (a+bp) o
T a+ bp

(To—T)

Comparison with equation (8) shows that (9) can be deduced from (8) by
replacing y by unity in (8), without, of course, changing 4.
It can be easily verified that we would get the equation (9) from the
equations (1) to (5) if (5) is replaced by
dz _ $Sop(RT)!

d ,
FOT) =15 — 8" N (!
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It appears, therefore, that the difference in the pressure-temperature
equations of Von-Karman and Malina and ours is due to the difference in the
energy equations.

In Kapur (1957), the energy equation was deduced from that of the
R.C.L. gun. In the next section, we deduce it from first principles so as to
bring out the reason for the difference between (5) and (5').

4. DERIVATION oF THE ENERGY EQUATION FOR A SoLID-FUEL ROCKET
First METHOD (BASED ON CORNER’S METHOD)

(1) Intime dt, a mass Cdz with internal energy Cdzc, T, enters the gas. Let
8T be change in temperaturs of the gases in the motor due to the additional gas,
then

CdzCyTy = CNC ST+ Cd=C,T

or

8T=d—z(T0—-T) O 0 11)

Pa

(i) In time df, a mass C(dz—dN) escapes through the nozzle. Since the
expansion is adiabatic, we have, if AT is the change due to this effect,

AT Ap
T =00
Ap dN—dz
Also ' 5=
AT dN —dz
Ut A ()
The change d7 due to both the factors is
dT = 8T+ AT
dz A
=% (To=T) 45 (¥—1(dN—d2)
d dz dN
— v . 9
a V1) = T° dt —71 (dt dt) (12)
Using (4),
d dZ y¢S0p
— ) o=

which is the same as (5).

It is obvious that if we neglect the change in temperature due to the
adiabatic expansion, and proceed as above, we would get (5'). Thus it appears
that in Von-Karman and Malina’s energy equation, the contribution of this
adiabatic expansion has been overlooked.
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Secox¥p METHOD (BASED ON KOTHARI'S METHOD)

(i) Energy released due to the burning of the propellant charge in time dt
and reduction in temperature from 7', to 7 is

CR dz

CaCTo—T) = o= To=T) G dt .. .. .. (1)
(ii) Increase in internal energy of mass CN
rogm e B Al
= ONCAT =CN = % de .. o (1Y)

(iii) Work done on the nozzle

1t
= pressure - change of volume = p X Q—P(—, where @ denotes the

rate at which gases escape from the nozzle, so that

_{dz AN\ dSep )
Q_C(E—E?)_(RT)é O
Henece we have
CR dz ., ... R dT P
g (To=T) G o= N ;73 T art? Qi
or
(To=T)dz = NdT +(y—1) QCTT
or \
e | @ . . Q ,m,
Tyls = T | & dt+dN |+ NaT+% aT(r=1)
or
d oy o dz VSep b
(Zi(‘\“ -—Tod—t" R (RT)?,

which is again the same as (5).

It is obvious that if we neglect (iii), viz. the work done on the nozzle, we
would get (5). Thus it appears from our present approach, that Von-Karman
and Malina had neglected the work done on the nozzle. This is, of course,
equivalent to the conclusion deduced above.

5. EQUILIBRIUM PRESSURE

When 7' = T, the chamber pressure reaches its -equilibrium value.
Putting this in (8), we get

Deq.
8DR

a+bp,, _ VS0P,

4

T, (6+bpeq) =0
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or
a , Y$Sy 1 b a

e [b+ . g 5 (BTo)'8D— TOSR] TR 3 =0

or since
¢ = 88D,
where § is burning surface area
2 a Sp 1 3 a
Peq.FPeq {31 5 (BT 0)' —TodR [ —TdR 7 =0 .. .. (16)

If we put T = T in (9), we get Von-Karman and Malina’s equation ((11) of
their paper), viz.

a, 81 g
PeqHPeq, [5 +hg 3 (RT(,)*—TOSR]
—TOSRg=O e oan

Von-Karman and Malina have used (17) to plot p., against S/S, for three
different powders. Comparing (16) and (17), we ﬁnd that the same curves

would hold ; only instead of §/8,, we shall have to rea,d g SS ya5Y = 1-25

for all the three powders.

Since it appears from Fig. 3 of Von-Karman and Malina’s paper that
Peq. increases with S/S,, it follows that the correction we have introduced would
always give, for equilibrium pressure, a value which would be less than that
obtained by (17).

For a closed vessel, i.e. when S/So ig infinite, both (16) and (17) reduce to

2 a a
.peq,+.peq‘ [5 —TOSR] "'TOSR'E =0 . AN . (18)
g0 that
Lo g d=Teb® .. .. .. .. 19

So

To consider the effect of this correction on the value of p., we consider the
example considered by Von-Karman and Malina where

a = 0-638 in./sec. Y =125
b = 2:3x10 in./lb. sec. i = 0-655
= 1-55 % 10 slugs,in.3 Ty ="7100°F.
S§=44-18in.,2 : R = 3-67 %10 in.%fsec.2 °F,
S = 0-196 in.2

The value of p, obtained by them is 4,200 lbs./in.2, while the correct value
obtained from (16) is only about 2,700 lbs./in.2.
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- 6. ExHAUST CURVE

The equations of conservation of mass and energy of Von-Karman and
Malina are: '

my—m = g—t (me) . .. .. .o (20)

d
mpl'o—ml', = E(mGTG) .. .. .. .. (21

After the whole of propellant is burnt out, m, == 0 and (20) and (21) give

dT;‘ l e
=0 O 0
i.e. the chamber temperature remains constant, which is obviously incorrect.

On the other hand, on putting z = 1 in (4) and (5), we get

ar

dN ;
—T—=(')’—1)—1—V~ . .o .. .. (23)

On méking use of (23), and the equations

p=PRT, pU=CN .. . .. o (24)
we get
dp _ v daT
r y=1 T
or
T\;L N
%z(ﬁ')m O )

where p',, T, denote the chamber pressure and temperature at all-burnt.
Von-Karman and Malina obtained the correct results after all-burnt by
making use of the correct equation (21) [with m, = 0], and (25) and by not
making use of the incorrect energy equation (22). The relation (25) is in-
consistent with (22) (with m, = 0) though it is consistent with our energy
equation (&).

7. CASE WHEN THE BURNING SURFACE AREA IS NOT CONSTANT

The above discussion applies, of course, only to the case when the burning
surface area is constant. Von-Karman and Malina have indicated a step-by-
step method of integration for the case when the area is not constant. The
general equations for this case have been deduced by Kapur (1958) in a paper
in which he has presented a unified theory of guns and rockets. The inte-
gration of the equations has also been discussed by Kapur (1962).

3
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