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ABSTRACT

The non-static cylindrically symmetric metric of Einstein and Rosen is considered and
several exact solutions of the Einstein-Maxwell field equations ¢n vacuo are obtained, Some
of which represent null electromagnetic fields. It is found that the metric in case of the null
electromagnetic fields is plane symmetric\in the sense of Taub and consequently the corres-
ponding solutions represent plane electromagnetic waves. A method is obtained which enables
one to construct solutions, under certain conditions, representing electromagnetic fields
in vacuo from known solutions of the empty space-time field equations and vice versa. Certain
results, similar to those obtained by Weyl in the static axially symmetric case, are also obtained,

1. INTRODUCTION

The metric
(1)  ds? = P12 — dp2) — e FAD2 — P22,

A and p being functions of p and ¢ only, has been the subject of extensive
investigation by Einstein and Rosen (1937), Rosen (1954, 1955, 1958), Weber
and Wheeler (1957), Bonnor (1957) and others in connection with gravita-
tional radiation in empty space-time. According to Pirani’s criterion (1957),
when R,g = 0, it is of type II with radiation present if a certain function of
A and p be non-zero.

There does not, however, seem to have been any attempt so far to obtain
solutions corresponding to (1) which represent an electromagnetic energy
distribution. As regards perfect fluid distributions, it can easily be shown that
two of the eigenvalues of Tg with respect to gg corresponding to (1) are

equal and opposite. Consequently this possibility is ruled out. Accordingly
we concern ourselves here with the other possibility, i.e. to obtain solutions of
the Einstein-Maxwell field equations in vacuo.

Weyl (1917), in the static axially symmetric case, showed that the most
general relation which can exist between g4 and A4, (44 being the only non-
zero component of the 4-potential 4. in the electrostatic case considered by
him) is of the form

(A) J4q = _‘7-+/344 aF4m(A4,4)3,
VOL. 28, A, No. 4.
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«, B being arbitrary constants. This result was later extended by Majumdar
(1947) to the more general static metric

ds? = g44dt2+g,jdz"dxj, (2).7 = ]" 2’ 3)a

gup being functions of x!, 2% and z® only. In the non-static cylindrically
symmetric case, however, a relationship similar to (A) has not been obtained.
In the present investigation we have shown that the most general relation
which can exist between gs3 and 43 (43 being the only non-zero component of
the 4-potential 4,, considered here as a special case) is of the form

(B) J33 = —a—PBAg+4n(4s)?,

%, B being arbitrary constants. A similar relation is also established between
g22 and 4, if only 4, be non-zero.

In the case when (B) holds it is shown here that corresponding to every
set of g, F,; which satisfy the Einstein-Maxwell field equations in vacue
there exist *g,; which are connected with g,; and which satisfy the field equa-
tions for empty space-time and vice versa. Thus knowing a solution of
the empty space-time field equations we can construct a solution which
represents an electromagnetic field in vacuo for which the relation (B) holds
and conversely. v

Several exact solutions of the Einstein-Maxwell field equations in vacuo
are obtained, many of which represent null electromagnetic fields. It is found
that the solutions corresponding to null electromagnetic fields as obtained here
are plane symmetric in the sense of Taub (1951).

2. Tur FieLp EQUATIONS AND SOME GENERAL CONSIDERATIONS

The field equations for regions containing an electromagnetic field but no
matter are:

2) ' RS = —8nEE,

and

(3) (v =gF*),, =9,
where

(4) Bf = —F  F*P+3elF F*
and

(5) Fyy= Ay v—A4vp.

Here Rﬁ is the contracted curvature tensor, Eﬁ the electromagnetic energy
tensor, F,g the electromagnetic field tensor and 4. the 4-potential. A comma
followed by a lower suffix denotes a partial differentiation with respect to the
corresponding variable. "The charge-current density has been put equal to
zero,
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The non-zero components of the Ricei tensor for the metric (1) are
R} = 372 (—/\11+/\44+:“11—n“44—f‘f+/\-1j;;—@) ,
R2= —R® = 1.4 #
= —R,=}e "‘11—”44+7 )
(6) s
R{=4h (—/\11+/\44+V11—n“44+#z+—1,—)—1) ,

R = ---.R1 p. A (”1["4— {\—é) .
: P

The lower suffixes 1 and 4 after an unknown function denote a partial
differentiation with respect to p and ¢ respectively. Also p, @, z and ¢ corre-
spond respectively to 21, x2, 2% and x4,

From (6) we have
2 3
E,+R; =0,
and consequently from (2) and (4) it follows that
B+ B = ggt(Fy,)2—g22g83( Fyp)? = 0.

Since g1, 22 and ¢33 are all negative and g* positive it is clear that the above
equation will hold only if

(7) F14=F23=0-

The remaining components of F,g can, by virtue of (5), be derived from
only two components of the 4-potential, namely A, and 4;. For convenience
we put

y
Von

¢
8 A= —— =
( ) 2 ’\/87T, A3
so that
(9) Fip= =2l pa=_ Y1

L p, =t s
8a \/ 87’ '\/ ’ 8z
From (4), (7) and (9) the nonvanishing independent components of the electro-
magnetic energy tensor are found to be

F34—

1 o . 2 v
Ble —E = A[ 3 e2#(¢f+¢j)+t/:;+¢v;] ,

1
167
By= ~ B} = = o) [—,—f;e‘lﬂ(qb‘i—qbi)+¢‘;’—¢i],
(10) S ) ,
=3¢ [——6“4’14’4"'&1’15!‘4]

\ By = gl;r e=A [—¢1¢1 +¢4¢4] .



ELECTROMAGNETIC FIELDS OF CYLINDRICAL SYMMETRY 635

Now the field equations (2) with the help of (6) and (10) can be written as:

() M—dat (=) = 5 (#1-#)—e (-

(12) 1‘11—”444'— == (‘}51 )—9'#(‘/’?—‘/&) ,

(13) M= %P(ﬂf+#f)+%" (B3 +D)+oe H(WH4).
(14) Ay = PP’]F4+* etdidy+2pe Fiyiy,

(15) bipy—dyby = 0.

Also from (3) and (9) we get

(16) ‘}511—4544"%1 =@+ pads,

(17) ¢11“¢44+% = mihy— ety

The field equations which determine A, u, ¢ and ¢ are (11), (12), (13), (14), (15),
(16) and (17).

It can now easily be shown that the condition of integrability of (13) and
(14), ie

A= An

is satisfied if (12), (16) and (17) hold. Also (11) is identically satisfied, if (12),
(13), (14), (16) and (17) hold. Hence the problem of solving equations (11} to
(17) reduces to that of determining p, ¢ and ¢ from (12), (15), (16) and (17),
and then A will be given by (13) and (14).

In the following we attempt to obtain some exact solutions of these field
equations.

3. SoruTioxNs ofF THE FieLp EQUATIONS

In view of the nonlinear character of the expressions involved, it is ex-
tremely difficult to find exact solutions of the field equations. As such we
shall make certain simplifying assumptions, and then we obtain the corre-
sponding exact solutions.

We consider solutions of the field equations in the following three cases:

(i) ¢ =0,
(i) ¢ =0,
(ifi) $5£0, ¢ 7#0.
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Cage (i): ¢ = 0. The equations (15) and (16) are automatically satisfied
and the remaining equations which determine g, $ and A are:
15 -
(18) bu—huty = = W),
¥
(19) '1[’11"‘/’44""; = ph — sy
(20) M = bp(pl 4l +pe (R4,
and
(21) Ay = pp,lp.4+2pe_y{/lll,[l4.

(iA). The most general relation between gss and . We shall first show
that the most general relation which can exist between g33 and ¢ is of the form

(22) 33 = —a'-'ﬁ5b+%'1[’2)

«, B being arbitrary constants. In order to show this we assume that p is a
function of ¢ which implies that the level surfaces of u and ¢ coincide. Since
p1 = iy, p11 = jifa2+pP1y, ete., where a dot denotes ordinary differentiation
with respect to ¢ , we find, from (18) and (19), that

(23) B =45 +i (¢;1—¢44+%) = —e M (YI—y)),
and .
(24) Y11 —aat % =& (i —¥).
Eliminating ¢ from (23) and (24) we find that
(25) A p2= —ek,
which leads to the general solution
(26) et = a+fh—}y?,
«, B being arbitrary constants. Since gs3 = —e* the required result follows.
(i B). Inview of (26) equations (18) and (19) become identical and reduce
to
22
(27) bri—dast 5% = %}%ﬁ_ﬁ%—). :

If now we determine ¢ from (27), p will be given by (26) and finally A can be

determined from (20) and (21). That will be the most general solution of the

equations (18), (19), (20) and (21) with the relation (26) between p and .
Consider now the substitution

~

28) J dif 2z

@B~ ~ 2utpe’
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x being a new variable. A simple calculation shows that x satisfies the wave
equation

(29) xu—x44+% =0,

in view of (27). Hence the problem of solving (27) reduces to that of deter-
mining ¢ from (28), it being assumed that z is known from (29). Now since
g3z 18 negative, it follows from (26) that « > 0 and if « is to admit the value
zero then obviously 82> 0. Also « and 8 cannot both vanish simultaneously
gince that will make ¢33 positive.

Now since o > 0 we can write

a+Bp—3yY2 = Hp—Ph) g+,
where
p—y=2B, pg=2e
so that

p+g=£22a+p2.
Taking the positive sign we find that
p=B+V2a+pL q=—B+V2a+p%
Using these in (28) we find that

. —

ie.

(30) i = B+1/2a+p2 tanh 7.

Also equations (20) and (21) in view of (26) and (28) reduce to
(31) A = 2p(x04-20)

(32) A4 = 4[324'1(1'4.

The condition of integrability of (31) and (32) is precisely (29). Hence when-
ever (29) is satisfied  is known from (30) and A from {31) and (32). Finally
from (26) and (30) u is given by
(33) et = (a4-1B2) sech2 x.
Hence we know ¢, Aand u in terms of x alone, which satisfies the wave equation
(29).

Equation (29) is known to have solutions of the form

[4J(kp)+BY o(kp)] cos (kt-+e),

where 4, B, k and € are constants and Jo(kp) and Yo(kp) are Bessel’s functions

of order zero and of the first and second kind respectively. Since Yo(kp) —
— ag p—> 0 we take B = 0 and a typieal solution assumes the form

(34) AJo(kp) cos (kt+-€).
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The general solution of (29) can obviously be obtained by superposing terms of
the form (34) and from that the solution corresponding to any desired situation
can be obtained by a proper choice of the arbitrary constants.

Consider now the metric

(35) ds? = ¢} H(di2 — dp2) — pe~ AP — 62522,

A and z being functions of p and ¢ only. The field equations for empty space-
time corresponding to (35) reduce to (29), (31) and (32) (cf. Bonnor 1957).
Hence of the five equations (29), (30), (31), (32) and (33), which together with
(1) represent an electromagnetic field in vacuo, three are the same which along
with (35) represent an empty gravitational field. We have therefore obtained
the result:

For every solution of (29), (31) and (32) corresponding to (35) which
represents empty space-time, we have a solution given by (1), (30) and (33), A
and z remaining the same, which represents an electromagnetic field in vacuo.

The converse of the above result is obvious.

Hereafter a, b, ¢, m, n, p, g appear as arbitrary constants distinct for each

solution.
(1 C). Some more exact solutions. If now we assume that ¥ is a function

of p only then (19) gives the first integral
(36) p=log (P¢;)+F (1),

F being an arbitrary function of ¢ only. Substituting for p from (36) in (18)
we find that

& ¥ _r
(37) 2P log (Py,)+ Pdp log (Ph))—Fgy= — i

Since ¢ is a function of p only and F a function of ¢ only it follows that (37)
will hold only if F be a constant or ¢;/p be a constant. If F is a constant, say

(38) F = ~log a,
then (37) gives

jT; log (P,)+ P;Dl()g (P)) = — ﬁ
whose general solution is
(39) z/:=p--%nta,nh (—%Llog P+n).
From (36), (38) and (39) it follows that
(40) w = log [é—i sech’ ( Zflog P+n)] ,

and (20), (21), (39) and (40) yield
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m2
(41) A== 5 log P+4.

This solution obviously satisfies (30) and (33) if we put

B2 me m
m+§=§§, B=p and x=—-;—)logP+n.

This value of z satisfies (29) as well. Hence substituting for z in (31) and
(32) we find that

2
A= %— log P+ const.

which is the same as (41). Hence the metric giving empty space-time, asso-
ciated with the above solution, is

m24-2m

2
-+ 2 -
ds? = (Pﬁ) (42 e dp2) — ( [?—)m Ao — ( P ) mdzZ.

o ) Po

This is the solution obtained by Levi-Civita (1919) corresponding to a line-
mass placed along the axis of Z.

In the alternative case we put ¥, = ap in (37), a being an arbitrary con-
stant. The corresponding solution is easily found to be

¢ = fap?+b,
: 2q2 m
= phediX 2 |20
(42) o = tog [ come (Fet) |
mep2 m
A= T+ log [p2 cosh? (é—t+n)] +p.

If we treat ¢ as a function of ¢ only the two solutions in this case are:

m m
= p— - tanh (— 5 t+n) ,
2
(43) < ¢ = log [i—:—na—z-sech2 (— g—zt+n)] ,
2p2

A="0 g

and
= at+b,
= 242 2 (’_” )]

(44) w = log [mP cosh’ 5 log P42 |,

, ‘
A= 7—';—10g p+log [p’ cosh* (%zlog p+n)] +p.
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The solution given by (43) satisfies (30) and (33) if we put

2 2
a+% =§7%-2 ,B=pand z = —§t+n.
(29) is also satisfied. Substituting for x in (31) and (32) A is given by
202
A= m4P +const.

which is the same as in (43). Hence the corresponding solution representing
empty space-time is given by
(45) o
ds?2 =¢ 4 (b2 —dp2) — pZe™td P2 — e~ M2,
This is a nonstatic solution of the empty space-time field equations and is
of type II according to Pirani’s criterion (1957).
Case (ii). ¢ = 0. Equations (15) and (17) are automatically satisfied and

the other equations which determine x, ¢ and A are:

o o
(46) Bt = 5 (440,
$,
(47) 2l My s —pypHiby
H :
(48) M=tp (i) +S (#1+4)),
2 I
(49) M= bbby

(it A). Tt can easily be shown that the most general relation which can
exist between gqs and ¢ is
(50) , f22 = —x—PBp+1d?,
o, B being arbitrary constants. This relation is similar to (22).

In order to prove it we proceed as follows:

Let
(51) ple =,
s0 that

n=2log p—loge.

Substituting for ¢ in (46) and (47) we find that

2 2
1 v vV, =0 1
(52) 3 (et )4 = L g,
(53) ¢,1_¢44+f1 _uh—vd, _
p v
If now we assume that v is a function of ¢ we find from (52) and (53) that
b 0 S\ 8, 0 o b
50 282 (st D)+ R - =B,
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b 00
(35) byt =1 (#=4),

where a dot denotes ordinary differentiation with respect to ¢.
Eliminating ¢ from these equations we find that

b= —1,
whose most general solution is

v=o+fd—14%.
Since gao = — v the desired result follows.

(ii B). Solutions of the field equations in this case. Now we shall obtain
some exact solutions of the equations (46), (47), (48) and (49).

If ¢ be a function of p only a procedure similar to that of case (i (') leads to
the following two solutions:

m m
¢ =p— P tanh (— 5 IogP+n) )

N 2 AY
(56) CH= log [%_2_ P2 cosh2 (— 7glog P+n)] .

. .
A= %log P+log [PZ cosh? (— glog P+n” +q;

and
¢ = Lap2+b,
2 p
57) i = log [2%2 sech? (—- 'gt+n)] ,
m2p2
A= T+p.

1If, however, ¢ be a function of ¢ only the two corresponding solutions are:

'zf) = at+b,
H 2 Y A
(58) L H=log l:%;—zsech2 (—-lglogP+n’] .
] /
{ m2
(‘7\ = 5 logP+p;

=4 2a2 m
(59) # = log {W P2 cosh? (-—- 5 t+n)] ,

202 -
A= m—4p~+log [P2 cosh? (—g—bt+n)] +q.

Case (ii). ¢ #0, $=0,
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(iii A). A null electromagnetic field. If ¢ and ¢ be both functions of
(p£t) equation (15) is satisfied when each is a function of (p—t) or of (p-+1).
Here we take them as functions of (p—¢). The case when they are functions of
(p+1) can be dealt with similarly.

It can easily be seen that (16) and (17) lead to a single equation, viz.

1
(60) ptpe=2.
From (12) we find
n
(61) pi1—paa+ 'p“l = 0.

Solving these two equations for x we find that

. P
(62) p = log (&) .
Substituting for ¢, ¢ and ¢ in (13) and (14) we find that
1,2, , 2, )
(63) M= gt L4 2E, N= =g 2ay,
and hence
P\ oo (22 ,
(64) A=1log (3)+2 | (E-+ay2)du,

b being an arbitrary constant. In the above an overhead dash denotes differen-
tiation with respect to u = (p—1).

The surfaces ¢ = const. and ¢ = const. are null surfaces and the solution
represents a null electromagnetic field in vacuo. The metric (1) for this
solution is plane symmetric in the sense of Taub (1951) and consequently it
represents plane electromagnetic waves.

(iii B). Further solutions. If we now assume that each of ¢ and ¢ de-
pends upon one variable only it follows from (15) that they should be functions
not of the same variable. For if they were functions of the same variable, say
p, (15) implies

$1p1 = 0,

and hence either ¢; = 0 or4f, = 0. Ineither case we are led to one or the other
of the cases (i C) and (ii B) already discussed. A similar conclusion can be
drawn if both are functions of ¢ only. When ¢ and ¢ are functions not of the
same variable two possibilities arise:
"(A) ¢ is a function of p and ¢ a function of ¢.
(B) ¢ is a function of ¢ and ¢ a function of p.
(A). Inthis case ¢, = ¢; = 0. Equation (15) is identically satisfied and
from equations (16) and (17) we get the first integrals
p = —log ¢,+log p+F(t),
u = log 4, +G(p),
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where F and @ are arbitrary functions of f and p respectively. From the above
two expressions for p it follows that

G(P) = —log ¢ +log p, F(1) = log is.

and hence
(65) k= log (fﬁbé) :
b1
Substituting for x from (65) in (12) we find
_ & 2‘_1_)_1_‘1_ (‘ﬁ)_i“l o = D1
(66) ot log ( p o log o)~ log iy = .

Since ¢ and ¢ are functions of p and f respectively it follows that (66) will hold
only if % be a constant or ¥, be a constant. If %1 be a constant, say ¢, =

ap, @ being an arbitrary constant we get
(67) ‘ ¢ = Jap2+0,
and (66) reduces to

d2

-(i—t—z log l/J4 = —'20/1/’4,
whose general solution is

m m

(68) ¢=p—2—atanh (—§t+n).
From (65), (67) and (68) we have

2
(69) =g [ 12 seen (~ i) |
and finally from (13), (14), (67), (68) and (69) we obtain
m2p? '

If, however, ¢, be a constant, say ¥4 = a, the corresponding solution is
eagily found to be

?
Yp=at+d, § =p— ématanh (——g—log p+n) ,

2
(71 = log [% p2008h2(—7§n10g{>+n)] ;

2
A= %log p+log [pzc(?sh4 (-— %l-log P+n\)] +9q.

(B). In thiscased; =, — 0. Equation (15) is identically satisfied and
Q
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from the other equations we find, as in the case (A), the following two solu-
tions:

m m
= dap?+b, ¢ =p— —2-(—11;3,11}.1 (—fz—t+n) ,
4a2 m
(72) p = log [W p2cosh® (- §t+n)] ,

2,2 ,
A= Zn—f~+10g [p2008h4 (— ";2 t+n)] +9;

~

and
Pp=p— %% tanh (—g—llog p+n) , ¢ =ul+0,
(73) p=log [;_n;; sech® (— I;Lllog p+n)] ,

2
A= log p+g.

4., APPLICATIONS OF BONNOR’S THEOREM

Bonnor (1954) established the theorem:

If g;, F,; are tensors satisfying (2), (3), (4) and (5) then g, *F,; also
satisfy them where
) P = pEy = =deyl—9) T Fy

()

€;j11 being the usual permutation symbol.

It can now easily be shown that the solutions obtained in cases (i C) and
(ii B) are not all independent in the sense that knowing one of these solutions
we can determine another with the help of this theorem. For example,
consider the solution given by (43). The nonvanishing components of the
electromagnetic field tensor corresponding to this solution are

m2 m
75) Fogy= —Fy3=——— .sechZ|— 5 t+n) .
( 34 43 2 '\/8‘” ( 2

Hengce in view of (74) we have
(76) *F'2 = — YeroneF ot Fasernas)(—g) F-
Substituting for the various quantities involved we find that
ap

/8’
ie.
(77 ¢1 = ap.

Hence another solution will be given by
9B

*pi2
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$ = lap24d,

(78) m2p?

2 .
(l—‘ =log [2%2 sech? (-— §t+n)] » A= e +9,

which is the same as that given by (57).

In this way every pair of two solutions, one from case (i C) and the other
from case (ii B), which have the same g; and differ only in having ¢ or ¢ can
be shown to be derivable from one another in view of Bonnor’s theorem.
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