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ABSTRACT

The theory of turbulence as presented by Chandrasekhar (1955) has been applied to the
problem of density fluctuations in stationary, homogeneous and axisymmetric turbulence in a
compressible fluid which is non-viscous and non-heatconducting. By assuming that the fourth
order correlation is related to the second order correlations in the same manner as in a joint Gaus-
sian distribution and that the adiabatic relation is satisfied, we have obtained a partial differen-
tial equation in one unknown giving the correlation function in density fluctuations. The
equation has been solved and it is found that each scale of the density fluctuations varies
periodically with time and is propagated through the medium in axially symmetric direction

with velocity '\/ 02_;_%;2". In the isotropic case, the propagation of the waves is in spherically
symmetric direction with the same velocity (Chandrasekhar 1951).

1. INTRODUCTION

Following Chandrasekhar’s theory (1955) in which the correlations are
considered at two points and at two different times, we have considered the
fluctuations of density in a stationary, homogeneous and axisymmetric tur-
bulence in an inviscid compressible fluid. We have obtained a result (cf.
equation 19) which shows that the large scale components of the density
fluctuations depend on the axially symmetric direction of the system only.
By assuming that the correlation of the fourth order is related to the cor-
relation of the second order in the same manner as in a joint Gaussian distri-
bution and that the relation between pressure and density is governed by the
adiabatic law, we have obtained a differential equation in the correlation
function ’

@ = (P'—p)(p"—p) = 8p'dpP".

The equation is in the modified form of the wave equation in two dimensions
with axial symmetry. This equation has been solved completely.

2., TuE EQUuATIONS OF THE PROBLEM

The differential equations governing the compressible non-viscons and
non-heatconducting flows are
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where the primed symbols denote values at a point x and time t'.
Eliminating the term (p'w;) from equations (1) and (2) we get
0% _ 0% . 0 ‘
o T Pt B @
| {

Multiplying equation (1) by p”. the density at the point #; and time #’,
and averaging, we get

3's” | 0

‘zaT"“LaTI’(PPu"):U . . . )

If we denote i” ~ ¢ by { and «,—a; by £, then for the turbulence which is
homogeneous in space and stationary in time

a a ? ”n
57 = +3 for t>t?

or’ )
? 2 v | %
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2end)
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Using the relations (5) and (6) in equation (1), we get

o' _ 3

% T

(e7o'w). .. . .. M

In homogeneous axisymmetric turbulence p”p’ is a scalar function of ¢,
rand ru. We define

& = (P’ —p)(P"—p) = dp'8p" .. .. . (8
where 8p denotes the instantaneous fluctuation in the density from the mean.

As p"p'u; is a tensor of the first order, therefore, for an axisymmetric tur-
bulence, we take (cf. Chandrasekhar 1950),

PP = Li=MEANA .. .. .. .. (9

where M and N are arbitrary functions of 7 and ru.

Now
0
=EDAND, 00
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where
1 ©» o
D= %R
10
Du=3 n

Therefore, the divergence of L, becomes

oL,

7, = (12D, +rpDp+3)M + (ruD,+ D) N
Using the differential operators

2D 4 rpDy+u = 7'i+n

1—p2 3
1p.D+Dl_,—.=F- + .
we get
oL, _ [ 9 2 1—u? 3\
% = ( a7+3)M+(“a7+T an) A
0 —u2 ON
8 +3M+P- A+—L§;

Thus with the aid of-(8), (9) and (14), the equation (7) becomes

oN 20N
gl oy

:I:-a—t = 7 +3M+F Fm T

Muitiplying it by r2 we get

0

3 L .
1257 = £ (0 Nwrt) 5 [r(1— 3]

(12)

(13)

(14)

(16)

Integrating both sides with respect to r between the limits 0 and 7, we have

a [ 0 ’
26 diy = 18] Nur2d=—(1—p2 .
iat JOI @ dy 3 M - Npi +a (1—p )JON7 dr

If we assume that M — 0 faster than r~3, N — 0 faster than r°

: J Nrdr— as r— o0, then it follows from (17) that
G

d D
hadl 2~ —
dtfo 2o dr =0

or

J r2a dr = f(p)

[u]

(17)

and

(18)

(19)

where f is any function of u. The relation (19) shows that the large-scale
components of the density fluctuations depend on the axially symmetric

direction of the system only.
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3. TrE EQUATIiON FOR & (7, u, 1)
Multiplying equations (3) by p” and averaging we get
o207, O%p"P’ uu) 2%(o"p’)

g = .. .. .. 20
ot'2 3xiaxj + axiaxi @0)

Using the relations (5), (6) and (8) into (20) we get

aif) 82(p p u ) az(Pnpr
TR T¥ TR T¥ T2

Now we make the assumption that the fourth order correlation is related
to the second order correlations in the same manner as in a joint Gaussian
distribution (cf. Chandrasekhar 1951).

Therefore

PP U, = PP W P U, PP, 2%
=1p"p utd; . o . CL(22)
where u? denotes the mean square velocity of the turbulence.
Substituting (22) into (21) we get
Bo_ 0 oo ON)
il 1p7p 128,
aie = azag P 00 e,
e | 0%P"p)
0£:0&; ~ 0F,0f;
Further we assume that the variations in pressure and density in the
turbulent fluid are governed adiabatically (cf. Chandrasekhar 1951), that is,

u2

o

(23)

§£’T=y§_"} S 71\
P P

where y is the ratio of the specific heats. We replace the quantity p p
(23) by

Pllapl — Czap,(?"'spﬂ)

= c2a(r, p, ) R 13
where ¢ is the sound velocity appropriate for the mean pressure and mean
density.

For axisymmetric turbulence
oF
0¢;

where F is any scalar funetion.

=&DF+ADF .. .. .. L. (26)
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Therefore,
02F
90t = 3, 2[4, F 42D, ]
= 3D, F+§[&:D,+\D,) D F
+X 6D, +ADu) DL F
= (r2D,,+2rpD,,+Dp+3D)F .. .. (27)
* where ‘
Dy=DD,=D,D,and D,,=D.D, .. .. .. (28)
Thus from (27) we have the operator
53 = Do 2Dt D30,

2 28 1—p2 8 20 :
el e (29)

I R L m r2 ou
Therefore, finally, we obtain
2& -\ $026 206, 1—pu2026 2uda |
21,2 it el b
atz_(c+3“’){ar2 et e ey o o G0

This is our basic differential equation in one unknown & only. If we remove
the terms due to the axisymmetric character of the flow, we obtain

026 20 2 0@
£zl = (e +u?) (87 +1 or )

which is the same equation as obtained by Jain (1958).

C2Y

4. SOLUTION OF THE Basic EQuatiox
Now equation (30) can be written as

02 2 i 10 ( aw) 104 2 a(ﬁ} N
¥ = (4 3u )[2ar Ay +r_287?(1_”)-37; - (32)
which is the modified form of the wave equation in two dimengions with
axial symmetry.

The general solutions of (32) may be written as

Sy (m) ) P (#)) cos
W=7 t Y’:_::mr)} Qnilu;} “in ['\/Cz_l_%uz mt] - .. (33)
where J,,;;, Y., are Bessel functions of order n4% and P,, ¢, are Legendre
polynomials of degree n.

Thus (33) shows that each scale of the density fluctuations varies periodi-
cally with time and is propagated through the medium in axially symmetric
direction with velocity \/ c2+3u2. It may be pointed out that for isotropic
turbulence, the corresponding waves are spherically symmetric (cf. Jain 1958,
Chandrasekhar 1951).
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