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ABSTRACT

Generalized spinors are entities in a non-analytic complex manifold obeying characteristic
transformation laws, Starting with the general co-ordinate transformation scheme in a real
4-space Ry it is shown that there exists a (1-1) correspondence between tensors in Ry and spinors
in the non-analytic 2-dimensional complex space S, auxiliary to Ry. Further, this correspon-
dence is seen to be preserved if R, is specialized. Thus the full Lorentz group in a 4-space
admits of a spinor representation with (1-1) correspondence in a non-analytic 2-dimensional
complex space.

INTRODUCTION

The theory of spinors both_in its 2-component and 4-component
formalisms is a powerful mathematical tool in tackling problems in relativistic
quantum mechanics. Spinor calculus was originally developed by Cartan
(1913) but its physical applications by way of introducing spinors to represent
Dirac equations were made by van der Waerden (1929). Available literature
on spinors present the subject from various aspects—from a geometrical to an
abstract formulation (Laporte and Uhlenbeck 1931 ; Veblen 1933 ; Bade and
Jehle 1953). Spinors are, however, entities in a complex space obeying
characteristic transformation laws. ;

In the present paper spinor calculus is developed in a direct and system-
atic way analogous to tensor calculus in a real 4-space. In the 2-component
theory analysis might be restricted to complex analytic functions only but in
our 4-component theory we start with semi-analytic (Schouten 1954) functions
of 2 complex variables with the corresponding general transformation
scheme and develop a new spinor analysis which can easily be extended to a
complex space of n dimensions with an auxiliary real space of 2n dimensions
(Ghosh- 1950). The choice of different metrics now with characteristic
features in the ‘non-analytic ’ 2-dimensional complex space S, enables one to
study the theory of spinors from different aspects. Introducing ‘ Hermitian’
metric spinor g, in S; which corresponds to a symmetric metric tensor in B,
we have defined covariant differentiation of spinors leading up to the curvature
sﬁinor in 8; analogous to the well-known concepts in a Riemannian space of the
general theory of relativity.

VOL. 28, A, No. 5.



696 N. N. GHOSH : GENERALIZED THEORY OF SPINORS

The spinor representation of the full Lorentz group with a (1-1) corre-
spondence is then shown to be associated with a special choice of this metric.
Usually in an ‘analytic’ S; proper and improper Lorentz transformations
require separate representations.

We have discussed in this paper only some selected topics in the general-
ized spinor theory, which, however, indicate a wider scope and comprehensive
nature of the present treatment.

1. ComrLEX CO-ORDINATES AND COMPLEX FUNCTIONS

We consider a 2-dimensional complex space 8, in which a point is
located by a pair of co-ordinates X*:

X1= 04428, Xee=aldiz?, .. .. .. (L1)

where the z* 8 are real quantities. The point complex conjugate to (1.1)
will be denoted by X%:

Xi=a"—i2®, Xi=al—idt .. .. .o (1.2)

We shall call « and & a pair of complementary indices. Associated with
S, we have the real auxiliary space R, with co-ordinates @,
Let ¢, denote operators corresponding to (1.1) so that

g .0 0 .0
£1=%(5x—0—-1a—‘x3)’ §2=%(5;i —7,5;5), . . (1.3)
¢; denoting their complex conjugates.
If now a complex quantity M = m-il be an analytic function of X* in
(1.1) in a given region of the complex space S, expressed as

M = f(X1, X2)
then we must have ;M = 0 and the differential of M is given by
| | dM = dX*(¢,M)(x =1, 2). e (1)

If on the other hand M be an analytic function of X% in (1.2) then
£, M = 0 and the differential of M is expressible as

dM = dX¥ (M) (& = 1, 9). e (L)

For purposes of developing the generalized theory of spinors we introduce
in the analysis the most general functions of 2 complex variables. A
complex variable M = m--¢l will be called a semi-analytic function of X* for
values belonging to & domain (D) in 8, if there exists an assignment of values
of X* in (D) such that to every value of X* in (D) there corresponds a definite
value of M, i.e. of m and I, which we assume to be single-valued continuous
functions of 4 real variables z*, together with their first and second deriva-
tives.
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Now, the total differential of M with respect to z* may be written as
M=l =012 3
oz
which readily transforms into

dM = dX*(E, M) +dX¥EM) (e = 1, 2). . (L)

We shall, henceforth, adopt the new convention that the occurrence of a
dummy index (Greek) involves the summation of all the four terms as indi-
cated in (1.6). Thus we write

M =dX*(£,M) (@ =1, 2, 1, 9). .. . NG )]

2. Co-ORDINATE TRANSFORMATION AND DEFINITION OF SPINORS

Let us next define the most general complex co-ordinate transformation
from the system X* to another system X'*. For this we set up a general trans-
formation scheme of real co-ordinates * in the auxiliary 4-space R, given by
the system of reversible transformation equations

2’k = qsk(xo’ z1, x2, x3) .. .. .. .o (2.1

and regard them as also effecting a semi-analytic complex transformation
(Schouten 1954) in 8, from the system of co-ordinates (X!, X2) to the new
system (X'1, X'2). The differentials dX* are then transformed as can be seen
from (1.6, 7) in accordance with the equations expressed in the form

dX* = X, X¥)(m=1,21,9 .. .. (2.2

where the dummy. index « runs over the values 1, 2, i, .

We now define a contravariant spinor ¢* of rank 1 with components
(Y, ¥2, ¢i, ¢?) as an entity in the complex space Sy obeying the transfor-
mation laws included in the formula

Pr =y (€, X"). .. .. .. .. (2.3)

A covariant spinor ¢, of rank 1 with components (41, 3, ¥, 3) will then
obey the transformation laws

Vo= EXD. L @24

It is easily verified that the coefficients of transformation in (2.3, 4)
satisfy relations of the type

(qu"")(f;Xﬂ) = 85’
EEMEXH=0. .. .. L @8
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Following the usual process we can write the transformation laws with
regard to a contravariant spinor *f, a covariant spinor Yag and a mixed

spinor tﬁ; each of the second rank, with 16 components as follows:

= (€, X*¥)(¢5X™), e (28)
¢;v=l/,aﬁ(g;x°‘)(g;xﬂ), o .2
Y = Y3, X ) (EXP). (28

In the above, components of the same type with complementary indices
.are to be regarded as complex conjugates of one another. Transformation
formulae for spinors of higher rank follow in accordance with the above
scheme. The process of contraction also holds good in accordance with the
extended summation convention (1.7).

3. CONNECTION BETWEEN SPINORS IN S, AND TENSORS IN R,

Let Ay, 4, Az, A3 denote the components of a vector Ak in R, obeying
the transformation law

. or
Ak=‘4,£;7z(k,l=0,1,2,3) R 5 )

and ¥y, ¥g, ¥;, ¥; be the components of a spinor ¥, of rank 1 in S, obeying the
transformation law

l/’#_:lpa(g’;Xa)(a“u—_:l, 2,j,2) .. . .. (3.2)
Comparing the above for equivalence with (3.1) we get
1 =4 (do—ids), ¢o=3}(4;—ids). .. . - (3.3)

Introducing spin-tensors Tz defined by the components
T\=%, T{=4%, T,=1%, Ty=1,

(3.4)

we can express (3.3) in the form
b, =T, 4,. N . 1)

To invert the relation (3.5) we mtroduCe spin-tensors 8, defined by the
non-vanishing components

. . ;
S;=1,8l=1, =1, s=1, .; ’
Si=i, 8= —i, §y=4, 8i==i .. .. .. (36)

and obtain

Ay=8y,. N - X )
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Obviously we have the relations
& k k
SET, =8, SETh=3]. e . (38)

For contravariant spinors and tensors of rank 1, the relations (3.5),
(3.7) are replaced by

P o= St 4%, A‘"=T:¢“. N - X )

It is now easy to extend the above scheme to formulate the correspondence
between spinors in S, and tensors in R, of any higher rank. For instance,

ki kl ko
P = SEgrar, 4P = TP7-1¢“”,
k v
P w T TiAkl’ Ay = SI;Sz‘/‘,‘w
W= SITAL Ay =TS .. L L. (3.10)

We remark further that for any change of co-ordinates of the type (2.1),

both in spin-space S; and in auxiliary real space Ry, all such relations will hold
good; that is, the 7”s and §’s will not change.
Consider now the equation

4.; = TiAk
Using (3.1) and (3.2) we write the above as
‘ 22!

¥ (€ X)._T"A,a - T"s"‘z/;aa - N G B8
whence it follows that 7
. a2
gux“='_l',’isf-a—ﬁ. e (81Y)
Inverting the above we get
ar . g
gaA=TSEX .. .. . (313
Similarly we obtain relations
EXH = Tﬁsfgxk, g 5= 1,87, X" N G A TY)

The formulae (3.12-14) connect the coefficients of transformations in the
general co-ordinate systems in S; and R,. The one-to-one correspondence
between spinors inS; and tensors in B, as shown above leads one to make the
statement that in the present theory entities of a new kind occur which can
behave either ag spinors in S, or as tensors in B with characteristic connect-
ing relations.

2
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4, INFINTTESIMAL TRANSFORMATIONS IN S, AND R,
Consider the infinitesimal transformation equations
o't = e fHa0, l, 22, a3), - .. .. (41)

where ¢ is an infinitely small quantity.
Differentiating the above, we get

ox'® o Off
W_S-l_ E .. .. .. .. (4.2)
and
Ex_l = a’ a l
: ox'* € oo
so that '
oz'* 0zt _ .
R 8, (correct up to first order in ).

Let us now compute the spinor coefficients £, X *, £, X*, £,X*, £ X" These
are given by
£ X" =8 pet F*, £X*=ct F*,
£XF =88 —ef F*, EXF = —ef FF o (43)

where F1, F2 denote respectively fo--if3, f'-+if2, F* denoting their complex
conjugates.

For infinitesimal transformation of spinors of first rank the transformation
formulae are then

b = g%+ e (EF%),
Yo =v,—ebg (E,FF). .. .. .. . (49
For three typical spinors of the second rank the formulae become
pof = yrBy e[y (¢ F“) + A (EFP)],
bg = vt [4p (67 ) —4 ()]
Vag= Vg —<[hpEF) Hn GF)]. T .. . (45)

Infinitesimal transformation of spinors of higher rank may similarly be defined.
In the auxiliary 4-space R, the infinitesimal transformation of vectors
and tensors are given by (Pauli 1958):

A'k=Ak+€Ala—f—l,
ox

, af
Ak=Ak—-eA,a—£k, N X )|

2B
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k i
A% = 4" ye [A"" Tt _a]:] :

O™ ox™

] m
Al = Al e [A’”-ai —ar ¥ ] :

L oxm are
, am am
Aklekl—e[Am,-ai;—k+Akmgf;—,]. @

Introducing spin-tensors S, Tﬁ we can establish the formulae

a I
oL = Sire.r),

ox
_ kg O
EIP =TS0 om, L (48)
where
: 0 d
fot=Taca_xk’ ‘a';k:’nga-

5. METRIC SPINOR AND METRICAL AFFINITIES

In the spin-space S, let us now introduce a covariant metric spinor g,
with components )
gdﬁ = gﬂ(l’ gdﬁ = gﬂ& = con] g&a

g&ﬁ=conj 9,8 ga3=conj 958 . .. .. (5.1)
As a scalar measure of the linear element dX* we shall take the invariant
dst =g, dXrdX* .. .. .. .. (5.2)
which is a real quantity. We now form the determinant of order 4

911912911 913

J51 932951 925
g= 53
911912 %11 913

I91922 921 925
which is hermitian because of the relations (5.1). Let g* and g** be

defined as the cofactors of gy, and g;, respectively in the above deter-
minant, divided by g, then we have

. Uf‘:l, if o =
Tio Lk ”}, (5.4)

=0,if pFv
9ﬁu9”=0'
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The components g*f = gf% ¢ = g#* — conj g% together with their
complex conjugates, will define the contravariant metric spinor ¢**. Raising
and lowering of indices in a spinor can be performed by the metric spinors
according to the following scheme:

1/1" = g#V¢v’
b, =94 .. .. . .. (8.D)

In the auxiliary real space R, there will be a tensor ¢, which corre-
sponds to g,, in Sp. Referring to the formulae (3.10) we have

by =88819,, o e e . - (56)

and this shows that ¢, is a symmetric metric tensor in R,. In general
R, is a Riemannian manifold.

Let us next congider the metrical affinities in §;. There will be 4 distinet
types of I'j,, p, » o ranging over the values 1, 2, 1, 2 and symbols with
complementary indices being complex conjugates of one another. A typical
symbol will be defined as follows:

F:v = %90’\(‘fpg,\v+§vgu)«—§)«gpv)- .. .. .. (8.7)
Starting with the transformation equation
0 =0egEXIEXP) .. . o . (58
and using the differential operator

E=(XN¢ .. .. .. .. (59
we get

469, = 15[ (GEXNEXD) +(EX7)(E4,XP)]
HE,,EXNEXHEX). .. .. . (1)

Forming similar expressions for %f;g;,\, ;-E;g;,\ we gubtract (5.10) from
the sum of these two. Utilizing then the relation (5.1) and after cancelling
some terms involving g’s with suitable change of dummy indices we notice that
the rest of the terms combine to give the following law of transformation of the
affinities defined in (5.7) (Ghosh 1950):

= EEX)EX)+EXNEXP(EX ") e .. (81D)
Reciprocally, we have also

= (LX), X”) +EX )X B)(f,,x") .. (5.12)
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By virtue of (5.11, 12) we can write down the covariant derivatives of
the following spinors analogous to those of tensors:

uiw == T,

o, = TN,

s o= b= it — Tl o

= EME-Toghe b g% . (5.13)
It may be seen that the covariant derivatives of the metric spinor g,,

vanishes as in the real Riemannian space Ry. From (5.7) we can also derive

the familiar relation

o 1 a =1
ry,=sg (fvgah)—zgfvg. .. . .. (5.14)

oy

Proceeding in the usual way one may define the curvature spinor by
means of the equation

. P
l‘[Jy.; va_—l/Jy,; ov l/’PRp,va,

R, =T%r, —I%T8 4610 —¢ T ... (5.15)

po o pye oo L1 a v’

where

The following relations show the connection between some simslar entities
in S; and R, deglt with in this section :
k mi k ml
P:v'__PZ;TyTvS;’l/’w;a:l/’kl:mTy Tv T:’
R =R T'T T" 8. O (- 1)
wov e Tn

wo kim

For any change of co-ordingtes (2.1) all formulae of the above type will
preserve their form as noted in § 3.

6. REPRESENTATION OF THE LORENTZ GROUP IN S,

In the 4-dimensional real space R, we consider a set of linear transfor-
mations of co-ordinates defined by

et=L}d (& 1=0,1,23, .. .. .. (61)
which leave invariant an elementary tensor ¢, with non-vanishing compo-
nents’(en = €gg = €gg == —€pg —— “‘1) 80 thatt the I‘elation

.=, LoL, .. .. .. .. (82

is preserved. This general Lorentz transformation in R4 will induce a corre-
sponding spinor transformation in the auxiliary spin-space S;. Refetring to
(3.14) we obtain for the contravariant spinor coefficients the formula

XM =TES'LL. .. .. .. .. .. (83)
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Evaluating the above we get

£.X1 =} {(L{+LY)+i (Li—LD)},

&X' =} {(L—Lg)—i (Lg+Lg)s,
6X2 = § {(Lg+L)+i (L—L3)},
s = 4 (129 —i (B2},
£oX =} § (L0 +Ly)+i (L3-L°)}

£X' = {(L-L9)—i (Li+15)},
£.X2 = § {(Li+ L) +i (TT—L) ],
LX5 =1 {(L-I)— @+L)}, - . (69

with their complex conjugates.
Inverting (6.1) we write

r = le, .. .. . .. (8.5)
where
E ol k
Lle==3m.

I is obtained explicitly by means of the equation

emln=eplne o e en - (86
The covariant spinor coefficients are then given by the formula

EX =TT, .. .. .. .. (8D

Corresponding to tensor e, in R, we have the spinor p,, in S, connected
by the equation

ki
po=Tley .. .. .. .. (68
The non-vanishing components of p,, are then

Pu=rii=3% Pu=pp=-% .. .. .. (69

The conditions for the invariance of p,, under spinor transformations are
given by

pﬂv=paﬂ(§;Xa)(§;Xﬂ), ve .. .. (810

where the transformation coefficients are obtained from (6.7) in térms of
Lorentz coefficients.
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Using the identical relations (2.5) in (6.10) we get
P(€aX") = Pup(£,X%). (611
The covariant and contravariant spinor coefficients are therefore con-
nected by the relations
EX =6X X = — £ X £ X = —£ X2 £ X7 = £,X72,
EX =g X! EX = g X 6 XL = —£ X2 EXP< £ X L (6.12)
Using the notations «, 8, y, 3 to denote respectively ¢ X1, ¢ X2, &X1, £,X2 and
A, 1, v, o to denote respectively & X1, f;Xé, S;Xi, 5'2Xé the relations (6.12) in con-

junction with the identical relations (2.5) expressed in matrix form yield the
conditions for invariance of p,, as contained in the following matrix equation:

« B X B & —p A=Y 1000

‘}’8 _ § i

._vcf .“'3'?0 01 00 (6.13)
)\l'f‘“'B A=y % —v 0 01 0

v ooy § —B o-—p B 00 01

An equivalent set of conditions is obtained by interchanging the order of
matrices in the above product. Let A denote the determinant of the coeffi-
cients of the spinor transformation in (6.4), then (6.13) shows

AZ=1. .. .. .. .. .. (814

The spinor transformation thus induced in S, by the general Lorentz
transformation will be called the Minkowskian spinor transformation. The
fundamental quadratic form

PudXtdX’ .. .. .. .. {6.15)

in 8, reduces to the invariant in B,
—(da1)2 —(da?)2— (da®)2 + (da0)2.

The associated contravariant spinor p*” is defined by the non-vanishing
components .
pl=pli=2 p2=p=—2 .. .. .. (616)
so that
g — v
PP =38 .

Corresponding to p* in S; we have also ¢ in R, given by the non-
vanishing components €'t = €22 = €33 == —¢%0 = —1.

The numerical metric spinors p,,, p/* may be used in raising and lowering
of spinor indices according to the following scheme :

¢[l = P,wg/;l’, ¢F = ¢VPVF_ ‘e .o . RE (6_17)
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Thus
1= W, Y2 = ""2'/’g-
Analogously for tensor indices ‘we have the formulae

Ay=eudl, Ah=Ah .. .. .. .. (6.18)

The apinor coefficients determined from (6.3), (6.7) in terms of Lorentz
coefficients all satisfy the equivalent sets of conditions (6.12), (6.13). To
obtain spinor representations for rotation, space inversion, time inversion,
space-time inversion, one should make proper substitutions for L’s in them.

7. INFINITESTMAL LORENTZ TRANSFORMATION IN R4 AND THE
CORRESPONDING INFINITESIMAL SPINOR TRANSFORMATION IN S,
For an infinitesimal Lorentz transformation

x,k=xk+w’;xl . .. .. .o (1Y)

we write the matrix of transformation as

[
(=1
(=]

EO

g

O ¢ )

[0 VU =)

-
g

where the w’s are infinitely small quantities such that the product of two or
more w’s is negligible.
The ’s further satisfy the equation

k Im m
weE €, = —w . .. .. .. .. (1.3)

In view of (4.6) a vector in R, will be transformed as

A" = A" Ao}, if contravariant .. .. .. (7.4)
and as

A; = A,?—A,w;z , if covariant.
Correspondingly, referring to (4.4), we find that a spinor of rank 1 is
transformed as ‘
= Yo l/JBO'; , if contravariant .. .. .. (7.5)
and as
’ 1/1; =, -—lﬁﬂoi , if covariant.

The infinitesimal spinor coefficient o’s in the above are connected with the
w’s in (7.4) by the relation
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&
A of =1 P! e (18)
which follows from (4.8).
Thus
o} =0,0,=0,
i 2
ol = —iw,, 0, = iw,
oy = H(w]Fwytin] —iny),
o% = %(wo—wg—zwé lwo),
o = Yol ook —ia),
oé = %(w(l)-wz+iwg+iw? L., .. .. (1)

With regard to ¢’s the following structural formula is preserved:
w VA A
)P Pug= 0. - .. . .. .. {1.8)

We now write down the six basic spinors involved in the structure of o
under the following scheme :

(
LR
These are . )
= o)+ () =)+ 6 4= (0)-()
S N O G AP R
where 4= B, dy=B,.

The 15 commutation relations are then the following :
[4142] = B3, [Agds] = By, [A3d ] = — B,
[ByBs] = By, [ByB;] = By, [ByBi1 = By,
[41B;] = [A2B] = A3, [d2B3] = [A3By] = 4,,
[A3By] = [Bsd,] = A4y,
(48] = [43B;] = [A3B3s] = 0, .. - o (710)
of which only 9 may be regarded as mutually independent.
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8. CORRESPONDENCE BETWEEN AN ANTI-SYMMETRIC TENSOR IN R; AND
AN ANTI-SYMMETRIC SPINOR IN S,

Consider a pair of vectors A* and B, in R, undergoing- general Lorentz
transformation (6.1). Corresponding to A* and B, we have in spin-space S,
a pair of spinors ¢#, X, undergoing Minkowskian spinor transformation
characterized by transformation coefficients (6.3) and (6.7). 4" and X, are
given by (3.3) and (3.5) respectively as

¢“=S’;Ak7x“= TﬁBk- N -5 )
Let us now form the mixed tensor
M = A"B—B'4k,1=0,1,2,3) S (82)
From (6.8), we have
Al= —A,, A2 = —Ay A3 = —dy, A°=Ad,. .. .. (8.3)

Substituting the above in (8.2) we notice that M, satisfies the structural
equation
M, =—M" .. .. .. .. (84)
and we call M} an anti-symmetric mixed tensor, the law of transformation
being given by
4 k -~
MP =MLY, .. .. .. .. (85)
The corresponding anti-symmetric mixed spinor in 8, is obtained by
means of the equation
$h=MSMT .. L. L. L. (86)
which inverted gives
M} =¢T,8; -
The explicit form for ¢ is then

¢ = ygrx, —x"y, 7 % 4

which conforms to the structural equation
qy:pvap'uﬁ —_ __¢; s . .. .. . (8.8)

the law of spinor transformation being given by

br=9p(6X") (625, .. . . . B9

where the spinor coefficients are those satisfying (6.4) in conjunction with
(6.12). The invariant pfp, in S, is equivalent to MM in R, and in
this case both are expressible in terms of the invarjants of y*, X, or those of
A% B,
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Many such theorems dealing with (1-1) correspondence between tensors
in Minkowski space-time and spinors in the corresponding S, may be framed
in the present theory. Recently Sen (1960) has discussed entities in a real
R, corresponding to those in a complex 8;, while indicating a generalization of
the theory to » complex dimensions by introducing ‘non-analytic’ complex
functions. In the earlier paper by the author (Ghosh 1950) this generalization
was sufficiently developed, the correspondence between entities in E,, and S,
was, however, not discussed. In the light of the present paper this is relevant
to the spinor representation of the 2n-dimensional Lorentz transformations.
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