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ABSTRACT

A short proof of both the results of Van der Corput and L. W. Nieland on the Dirichlet’s
divisor problem and the circle problem respectively is given. A sharper form of the Van der
Corput transformation for one-dimensional exponential sums is also proved.

1. Let d(n) denote the number of divisors of the positive integer # and
let r(n) denote the number of solutions in integers w and v of the equation
w402 == n. Setting

1) Di@)= 2 d(n) ==zxlogz+(2v—1)z+ A(z)
n<<r

where y is Euler’s constant and

(2) ' Ca)= Z r(n)=xz+R(z)

- n<x
the problems of the order of A(z) and that of R(x) are known as the
Dirichlet’s divisor problem and the circle problem respectively. Now Van der
Corput (1928) has proved that

(3) A(z) = O{ati(log 2)it}
and Nieland (1928) has proved that
@ Blz) = 0(aH4).

It is the purpose of the present note to give a short proof of the above resulta.
More precisely, we shall prove. (4) and
(5) Afz) = 0(zH).

Although the results of Richert (1953) and Hua (1942) have superseded
these results, it seems worth while recording here a comparatively short and
simple proof of these results which are themselves non-elementary.

2. We start with the well-known elementary results (Landau 1920,
Walfisz 1927) ’
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£)+0(1)

n

6 A@=-2 Z
n<Jx (

7 Rz =—4 = ¢( z )+4 z ¢(——x )+4 z ./,(-”i+1)
ns:/_; dn+1 ' msﬁ 7 4n+3 n<Jz in 4
4 4
z 3

~4 I 4 ( Z+ 4)+0(1)

where (u) = u—[u]—4%, [u] denoting the integral part of u.
Now to prove (4) and (5) it is enough to prove

® 2 9 (ete) = o(=)

where ¢, ¢, and ¢, are absolute constants, ¢; > 0, ¢ > 0.
We require the following lemma, implicit in the work of Van der Corput
(1922, of. proof of Hilfssatz 5).

LeMma 1. For arbitrary M > 0 we have
. (1 M a
Min (;z ’ ;{) ta

where g(n) is any real function and f 2 ¢ means that f = 0(¢), i.e. ]f] <A] ¢
for some absolute positive constant A.
Proof : Now

ES
d|
i 0

x e—2m’mg(ﬂ)
a<n<2a

(9) E gy = B

a<n <22 m=1

Sl
SIS

© e—21rimg(ﬂ)+z
2 o )dz
m= —®

2mim

+
o) +a)de = M f
0

- > e e—2m‘mg(n)
()

6y =0 (]—1171_!) and 0 (7%)

(where the dash denotes that the term in the sum corresponding to m = 0 is

where

omitted).
Hence
1

=W 5 ) - omime(n) | nre (_1_ M
}f”fo {n<§s%¢'(g(n)+x)}dx 3.2 a<€s2¢e Min (s

V 2 -2 (1 M
) 3 > e 2mwimg(n) M (_ ’_).
(10) _%m=1 aon<L 2 n m m2
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Again, using the inequality, ‘
P(e) —th(7y) < 2p—2y
valid for any two real numbers z;, x5 such that z, > x;

we have
: S
W"‘M z f Pgn)+r)de < 2 Plg(n)
a<n<2a o a<n<2a
S sart¥ f $(gm)+2) d
and so
. ) a + %5
(1 I g g+ MJ 2 o) b
a§n52a 0 a<<n<2a

The lemma now follows from (10) and (11).
3. We give a sharper form* (Lemma 3) of the Van der Corput trans-
formation in this section.

LrevmmMa 2. Let F(x) be real with continuous derivatives up to third order in
(2, b). Let
O0<A S F'@)<Adgor 0<de < —F"(x) < Adg
and | F""'(z) | < AXg throughout (a, b).
Let F'(c) = 0 wherea < ¢ < b.
Then

ot il'+tF<c)

b
- _ r -1y 1
Lem Ve = (2m)k T S+ 0 (A, M) 40 (F'(a ] [F'(b)l)

where the factor e™™4 or e—7l4 3 taken according as F”(x) >0 or F'(x) <0 in
(a, b).

This lemma is a refinement of Lemma 4.6 of Titchmarsh (1951) in that
the error term O(3; %) is here replaced by the error term O(3;'A}). We shall

here indicate only the corresponding modification of the proof, which is
similar. Using the notations of Titchmarsh (1951), we write

b c-§ [23 ] b
I = J\ e'.F(*)dx = J\ +I +J = 11+12+Iss say,
a [ c+§

c-5
where we assume a < ¢—8 and ¢ 3 < b.

* Though the usual form of the Van der Corput transformation is sufficient for proving (9),
we take this opportunity to record the sharper form.
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After Titchmarsh (1951),

1
Il=0(-8—-l\-;) and Is—O(SA)

+ +

e iF(z) P it 20) Flo)

I, = e dy = e dz+J, say
c~§ c-§

‘ . :I:T+4F(c) 1
12) = e T +0(s,\2)+"

c+§
J [ (eiF(x) fF(c)+'(” ~o? F’(c)) d
= X
Joog
-3

iF(c)+i‘f Fr(c} | iF(c+u)- F(c)~ o2 F(o).
e 2 e 2 —1]du
Y-8

2
iF(c+1)=F(c)— © F™(c) 2
[ (e 2 —1) p ( iF(a)+% F’(c))
- e
1u F'{c)

-3

. i 8
giFle+u) —e’F(cH_Z_ Fo) }
-9

tu F*(c)

(2
iF(a)+% F'(c)l
[4

5 . ] -
1 f ieif‘(wu)_ F'{ctu)—uF"(c) _ giF(e+u) du
3

~ o) u © fu? \

by integration by parts, the integrand in the last integral above being bounded
at the origin. Hence

E]
1
J=0 (8,\2) 7] i j—a O(|u|Ag)du

(by continuity of the third partial derivative and by Taylor’s theorem).

13) (8&) +0 (SA: )

By (12) and (13) we get

I=1I,40 (8/\ ) .

=+ —4-+1F(a)

=t )0 ()
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Choosing now 8 = A;, we obtain

iei %r+iF(c) . i
I=(27) W*-O(I\Z 23)

As in Titchmarsh (1951), the error terms

1 1
°(ieia) = (7e7)
7w 7o)
arise out of the cases where @ > c—38 or ¢85 > b.
The proof of Lemma 2 is now complete.
The following Lemma follows from Lemma 2 just as Theorem 4.9 of Titch-
marsh (1951) follows from Lemma 4.6 of Titchmarsh (1951).

Lemma 3. Let f(x) be real with continuous derivatives up to third order.
Let f'(x) be steadily monotonic in (a, b). Let
«= Min f'(z),f= Max f'(z).
a<Lr<h a<x<h
Let z, be defined by f'(z,) = v(e < v < B).
Let
0< 20 < fM(x) < 4Ay 0r 0 < 2mdg < —~f"(2) < AAz

and | f"(z) | < A)g throughout (a, b).
Then
2mif(n) +7 ezﬂi{f(z,,)—_vz,,} 3 Tk
14 xz 2T _ T b t  LOoOTH+O0(=ar
( ) a<n<b a<v< B ]fu(zv)]} (2) ( 3
+0{log (b—a)ag+2}

the factor ¢™* or e™"* being taken according as f”'(x) > 0 or < 0.

This lemma is again stronger than the usual Van der Corput transforma-
tion (cf. Theorem 4.9 of Titchmarsh 1951) which states that, under the
conditions of Lemma 3,

i 2-m'{f(a:v) -v:z:v}

(15) Eo M=t p C 00 +0{(b—0) A}

a<n<b . x<v< P }f”(-’h)'
‘ +0{log (b=a)de+2}.

To prove this statement, i.e. (14) implies (15), we consider two cases. Sup-
pose first A= /\g . :
Then A} < (\A5)F and so (15) follows from (14). If, however, Al <A} then
(b—a)(Aghg)* > (b——a)z\g and so (15) is trivial in view of a well-known inequality
for one-dimensional exponential sums (Theorem 5.9 of Titchmarsh 1951) which
states (under the conditions stated) that
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Z S et
a<n<lb -

This proves that (14) is stronger than (15).

4. In this section, we prove a lemma which can be used with profit
almost everywhere where there are problems of estimation. In analytic
number theory, frequently we come across the following situation. The
estimate for the required expression is obtained as a polynomial in positive and
negative powers of an arbitrary parameter satisfying certain conditions and it
is required to choose the parameter properly to obtain the maximum benefit.
In practical cases, it is advantageous to use this lemma, since by doing so we
avoid a number of alternatives, which we have to discuss otherwise. In the
case @; = 0, @2 = o0 (50 that the parameter ¢ is unrestricted except that it is
positive) the lemma is due to Van der Corput (1922, Hilfssatz 4).

LemMA 4. Let N and P be positive integers u, (= 0) and v, (>0)1 < n <
N, 1 < p < P denote constants. Let A, >0, B,>0. Then there exists a g
with properties (@1 and Qg are given non-negative numbers)

h<e<L @
and

N “ P o N P o u N u P
Z A"+ Z Bg "3 X Xty [ATB '+ T 4,Q,°+ I B
p=1 p=1

=1 n=1p=1 n=1
Proof: Consider
N “ P B —VP
flo)= Z A"+ X °F°
. n=1 =1
where z is real.
Let

é(z) = Max Ax™, g(z) = Max B,
1<ngN 1<pgP

Then ¢(x) is monotonic increasing, while g(z) is steadily decreasing. Hence
#(x)—g(x) is steadily increasing and there is a unique g, satisfying the equation

#(g0) —9(g0) = 0.

Also ¢(x) % g(z) according as =z % o

‘We consider three cases:

Case 1. Suppose go > @2. Then ¢(Q:) < g(Qs)-
So

103)  NHQ@0)+PlQs) < (V+P(@) = % B ™.
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Case 2. Suppose go < @,. Then ¢(@;) > ¢(Q,).
So

@) < F@)+Po(@) < V+PR@) 3 T 4,05

Case 3. Suppose Q1 < qo < Q2. $(go)—g(g0) = 0 gives

it o o 5552
We have
Y v ] gt Uty on
f(qo) < (N+P)¢(q0) _{ Aaqga p— ot eJA ﬁB x *i é'l PZ'I + I’N/A pB .

In all the above cages, the lemma is true. Hence the lemma.

REMARK 1. The constant involved in the majorization ~3 depends only on N
and P (in fact < N--P) and so is an absolute constant if N and P are absolute
constants.

REMARK 2. The inequality in Lemma 4 corresponds to the *best possible’
choice of q in the range @, < q < @5 .

To prove this, we have to prove that the inequality in Lemma 4 is stronger
than (ie. implies) any other inequality obtainable by considering any ¢ in
@1 < ¢ < Q. For this, it is enough to prove (using the notations above)

16) 5z “"*“i/ 4 "B“"+ 2 A.Q“"+ 2‘ B,,Q; r < flg)

n=1p=1

for every q such that @, < ¢ < @s.

First we have, obviously,

N P N “ P -y
(17) {‘1 A,.Q’{"+p§1 B,Q; P < {'1 A.q "'"fl Byg~* = flq)

7 for every ¢ such that @, < g < Q..
Secondly,

’ N P
ZoZ ot J APB" < NP Max % \/ ATBy"
n=1p=1 . 1<n< N "
l1<p< P
= NP¢(q0) = NPg(qo).
If ¢ < qo, 9(g0) < 9(g9) < d(g9)+9(9) < f(9).
If ¢ > g, $(90) < $(@) < (@) +9(q) < flg).
So in all cases,
: N P oy oty v, P¥n
(18) z x A [AFB < NPf(q)
n=1p=1

(16) now follows from (17) and (18). Hence the result.
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ReMARK 3. The inequality S <3 f(q) for every qin @, < ¢ < @,
$8 equivalent to :

N Py 4y — N P
8 2 X VP [APBr4 3 AQ"+ X BQ;'.

.%ﬂ=lﬁ=] ? +ﬂ=1 Q] +p=1 sz

This follows from Lemma 4 and Remark 2. .
5. We concern ourselves here with the proof of (8). Applying Lemma 3
to the sum
_2‘m'xm
Z e " (@a=28>0,c=0).
a<n<2a

We have here

TR ety = Ty =T _wm
f(n) =\—;L::Z’f(n)_ (n+c)2! Az'—"”(2a+c)3’as - at
o) = e = [T _
flny) = +(n,+c)2 = v 80 that 7, S ¢
” am 2t
F'o) = = el =~ em
and -
) —vmy, = —vin,4c)—vn, = —2'\/9:mv+vc.
Hence
P
z e e == e— Py ~3p—4mi Ty 2mive
a<n<2a \/2 xm v \/

xm
(2a+c)? <vs {a+c)?

+0{(zm)~H2a+0)t} +0 { (ﬂ”’T")i }+0 {log (i’”—+2) } .

87ral

Actually the log term can be omitted gince
xm am\¥ xm\*
on (e 2) =0 (&) § =21 (%)}

_ 2mixm £ -
(19) 5 (xm)f 4 > y=Yg—4miy [Tt 2mive
a<n< 2 \/2 LN L
. (2a-+-c)? (a+-c)?

+0{em et 0] (F) '}

We now require a lemma due to Van der Corput (1929, Satz 4).

Hence we have

LemmA 5. Let f(z) be real and have derivatives up to k-th order (k > ?). Let
Surther '
<X <Py < Al or 0<M< —fPhiay < ANy

throughout (a, b). Let b > a+1 and K = 2",
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Then
20137 (m) 1 1.__2. 1-3_’." -2
20 D 2 RN = P JNP E, K
(20) et b = ‘a)/\k +b—a) “+@—a) ",
Let now v/, v be such that
rm
Garer =" <" S axon

By a direct application of Lemma 5 to the sum

5 o~ Amia/xmy+ 2mive
vV <y <y
we find
. 1- Bl Ry 2 2 1-2
D omtmia/ s mive - (‘E’ﬁ) -2 K2 +(“’_L”) KX +(x‘m) K
Vo< <V @ . T

< ()

since the third term can be omitted compared to the second (& > § > 0).
Hence by the lemma of partial summation (cf. p. 82 of Titchmarsh 1951)
we obtain

(xm)* X v_ie —4mia/ xmy 4 2mive
xm xm
(2a+0)® <rs (at+e)®
P Tt S -2 2
< (zm,w) -2 K2 +(@) K R
a a
Using this successively in (19) and (9) where we take
g(n) n+c+ 2y

we have, for arbitrary M > 0,

) P TR O A }._g 2
P > xﬂ) -2 K-2 (xm) E Kk
a<ng2a¢(n+c+ )—%m=1{(a e + a a

Nowif0<a <1,

b m’“‘Min(l M)g 2 m1=0(1)

m=1 m’

i 1M «
2 'm*Min = X me 1+M z ma-z—o(M)

m=1 m’ me m<M
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Hence

k
M K-2
z z )
a<ns2a¢ (n+c+02) .'% M+(
+("f£}_{_) 42t
@

for arbitrary M > 0.

Now by Lemma 4 (with @, = 0, @, = o) there exists an M > 0 such that
the right side of the above inequality is majorized by

1 1
P S 2
TR Y S -2 2H)i-3
{x; K_ZaK_z} K 2+{x} KGK} K_I_xf_l_x-;ac_
Choosing this M, we have then

z¢(

a<n<2a

:a'-‘
>
EY
1
[
+
—
g.
S ——
T
o
K
=l

K -2k 2k K—4 4
n+c+62) < 3K-2k-4 2K -%k~4 4 0. 3K -4 o 3K~ 4+a: +z B8

0 (log x)

S z )= >y )
° nso.c ¢(n+c h=0 c1/7 Clﬁ¢(n+c+cz
oh+1 <n< k

K-k K-2
Ologx) \ 3K~2k~4 23K -4
= 2 — =+

k=0 ( gh-sE=mi=d oh 3K 1

K-k =~ K-2
-§ 8K -2k—4| 3K —4 4 3 log z.

It is easily seen that ¥ = 5 is the optimum value of k.
Then we have '

K—Fk 27 K~2 15
3K—%k—4 82'3K—4 46

(8) is thus proved and hence we have (4) and (5).

We conclude this note with a general remark regarding the Van der
Corput and Titchmarsh inequalities for general one-dimensional exponential
sums. (20) is the Van der Corput inequality. Titchmarsh (1951, Theorem
5.13) on the other hand has proved, if f(z) satisfies the conditions of Lemma 5,

1 4 1

. —_— ) - A 2
(1) Z &L p—aX P (b—a) FA, KR
a<n<h
We observe that the Van der Corput inequality is stronger than the Titchmarsh
inequality, i.e. (20) implies (21). To prove this, we consider two cases :
Case 1. Let

L_
-2

(b-—a)Ka\ <L
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In this case (21) is trivial and there is nothing to prove.
Case 2. Suppose

41
b—a)F pE2> 1,

Then
122
(b—a) XK 20k—2) K-4
——— = (b= F A F&D
(b—a) KA K-2
K-4
-4 1 =% k=2 _K-—4
sj(b—a) Ky, X2 since 5~ = "R
l fork > 3.
<1
So in this case, inequality (20) implies that
) 1 1-4 L 1-2
S= X &g b—af Pdb—a) M4 (b—a)
a<n<b .
Now if
2 1 1-2 1-4 1
b—a)* W< 1, 0—a) F<(b—a) HTT
and if '

1 2 1

2
[ ——y h e
b—a)* N2> 1,(b—a) ¥ < (p—ai >

So the last term in the above inequality for S can always be omitted. Thus
(20) implies (21) in all cases. ‘
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