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ABSTRACT

The flow of finitely conducting viscous fluid between two torsionally oscillating parallel
infinite plates in the presence of a uniform magnetic field normal to the plates has been solved
under the assumption that all non-linear terms except the centrifugal term are negligible.
Approximations are carried out for small Reynolds number and the results are compared with
those of Rosenblat and Bhatnagar. For this approximation, the effect “of magnetic field and
finite conductivity are shown to be of the order of R2, Up to the first order in R, the results
of Rosenblat are obtained as particular cases. )

1. The flow of finitely conducting viscous fluid between two parallel
planes z = 0 and z = d is studied. The planes are vibrating about the z axis
with angular velocities £, and 2, which vary as €™. The whole set-up is
supposed to be imbedded in the uniform, constant magnetic field (0, 0, H,).
All nonlinear terms except the centrifugal term has been neglected, and the
problem studied for small Reynolds number B. Further, following Stewart-
son (1957) and Bhatnagar (1961), the magnetic field H, is assumed large, so
that the perturbation in the axial direction is taken to be a small quantity.

The effect of the magnetic field and the finite conductivity is shown to occur
2
along with R? terms only, where R = 7—‘5— . We may mention that the limit

of the infinite conducting fluid cannot be obtained from the present analysis as
" the boundary conditions themselves change for the azimuthal magnetic field
and velocity. The latter case has been treated exhaustively by Bhatnagar
(loc. cit.). Further, we cannot infer about the flow at large Reynolds number
from the present analysis since, apart from Rosenblat’s (1960) terms, an
additional term (k B R,,) occurs which may diverge when B — o, where k =
pH?
4apn2d? .
for small Reynolds number the results of Rosenblat are obtained as particular
cases.

and R, the magnetic Reynolds number. It has been shown that
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2. In the cylindrical co-ordinates (r, 6, z), assuming axial symmetry, the
basic equations of the problem are:
Equations of continuity and motion—
19 0
= = = = .. .. .. .. 2.
7 5, ) +5 (w) = 0, 2.1)

ou ou du w2 13dp 2y 1odu u 0%
P ar+wa—z_~=—_“+ [ar2+r or +3_z§]

© XA __ g OH, ] 9
m [T or (7'H.0) Hl +Hz or .. (2' )
ov Ov,  Ov u _ 02 1 dv 92y
+ 6r+ 6z+ [ar2+; or r‘+az2]
0H,
© H a
ow ow 1 9p o2w 1 ow azw]
ETR 6z =~r% "[’572"';5 2
R oH, OH, aHg]
= o [ 5 e e | 24
Maxwell's Equations and Current Equation (e.m.u.)—
13"1(r15[,)+"’—ﬂ‘=o, ce e @)
rar(r ,)+a . .. - .. (2.8)
—> 61_;[
curlE_—-P'—at—, .. .. .. .o (29
curl H = 4n7, ey
T=olB+kPxH] .. .. .. @9

with the usual notation. Eliminating # and J, the equation for the magnetic
field is .

5 = nAH+curl(VxH), 1= grtia

Let us suppose that the plane z = 0 and the material below is rotated
about z axis with angular velocity 2,¢™, while the plane z=d and the
material above is rotated about the same axis with angular velocity £2,.™.
These lead to the following conditions at the boundary:

u=0,v=re" w=0atz=0,

(2.10)

. 2.11)
Uu=0v=rpem w=0atz=d,

for all times .
5B
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Further, assuming that the material beyond the planeé is infinitely con-
ducting, and that v and H, are continuous across the planes, the continuity of
the electric fields across the boundaries yield

31':19 0H, 0H,

2 - ez or

The equaﬁons (2.1)-(2.10) are to be solved together with the boundary
conditions (2.11) and (2.12). )
For convenience, we introduce the following dimensionless variables

atz=0and z = d. .. .o (2.12)

y=%andr=mnt .. .. .. .. (2.13)

(SR

and following Rosenblat (loc. cit.) and Bhatnagar (loc. cit.) seek for the
solutions of the form

2 i :
U= % ri—% Wy, 1), v = rQV{(y)er, w = —2(1%f Wiy, 7),
H, 09 H i
Hr=_§(zr'a_yM(y: T)SH9=_&97L(3/)€ 7Hz=H0M(y’ T),
%’ = Q*d2P(y, 7),+122Qy, 7), .. .. .. .. .. (214)

where W, V, M, L, P and  are unknown functions and Hj is the magnitude of
the impressed uniform magnetic field perpendicular to the planes. The
functions are chosen so as to satisfy the continuity equations and supposing
that the whole fluid in between also oscillates torsionally along with the
bounding material. Hence the basic equations and boundary conditions
reduce to:

o\to o1

MT"=2. - @[WM!,—MW!,]-FR;MyW, - .. (2.15)

Q\* 1
Me=2(3) (WM, —MW,]+5- Uy, e @19

2 Q\* 1
WL = ;MVy-l-Z (;) WL"’-I-JTM- Lyy* . .. .. (2.17)

Q\? 2 : ir\2 1
W-r, =2 ;1: [—%Wy+WW”]+(Ve )—Q—any
2 5

—3‘2-[MM”+(2Le")2J, N A T
. 2\? 1 . [2 '
iV+2(2) (VM,~MV,) =3V, +a2 (2] (ML—LM,), .. (219)

0\® 1
Wo—2(Z) WW, =P +5 Wy, .. .. .. (220)

t n
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2 .
Q+5 (MM +4LL] =0, .. .. .. (22
£
W=W,=0, V?’Q:—‘VO, Ly=0, M,,=03at y=0
o (2.22)
W=W,=0, V=—.QE=V,1, L,=0, M,,=0at yg=1
where
nd? nd? RH, V2
= — = — 2 =
R="5, By ="0, o= = (2.23)

These form a consistent set of equations for the six unknown functions, though
highly coupled and nonlinear. Using the same approximation as that of
Rosenblat, we neglect all the inertia terms except the centrifugal term (Ve™)2,

2
which amounts to neglecting the terms containing (;Z) in comparison with

those havin —1~ Further, following Stewartson and Bhatnagar, we assume
g & g g

that the impressed magnetic field H, is so large that | H,—H, ] can be congidered
as a small quantity. Hence we can set

M= 14m, e (229
where m is the small deviation, whose squares and higher powers are neglected.

2
With this R (Eng) = kR can be treated as a small quantity. So the equa-

tions of the problem are

. 1 2 ’ .
Woy= (Ve = —Q45 Wypy— 5 Imy+(2Le™2], .. .. (2.25)
o1 Q
V=gVt "L, .. .. L (226)
1
Wem 3Ptz Wy .. .. .. .. @27
0=Q,+2:227LL,.. .. .. .. (228)
Q 1 ‘
iL="V,4eLy, .. .. .. .. (229
Vot L (2:29)
e =2 m (2.30)
& = y e .. . .o e .
RM vy

where the suffixes denote the respective partial derivatives. Further setting

W = Wo@)+ Wily)e?T, m = my(y)+m;(y)e2
and

» L Q=Q+Qe, .. .. .. .. (231
we get immediately
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mo(y) = my(y) =0. .. .. .. .. (2.32)
Q4 (xLe™)2 = a(7) = ag+a,*" (say), .. .. .. (2.33)
ao and a; are constants to be determined. It is clear that
Le™, Veir, Wqe¥r, Qe
are all real quantities and hence one must have
V="V,—iVy, Ve" =V, cos 7+ Ve sinr,
and similar expressions for other quantities. Thus .. .. .. (2.34)
(Ver)z =} (Vi+ VD) +3(V1i—iVs)2 €27,

With these conventions, we finally arrive at

2 ]
Qo+ ‘;_ (L3+L) = ao, T P 1)
2
Q1+% (Ii—ilg)2=ay, .. .. .. .. (236)
2 - 2 )
7 Wor gy = 20— (Vi+ V) +o2(LI+L), .. .. (237)
. R . ,
Wi, m_ngWI, y = a,R——2~ [(Vi—tV3)2—a2(L;—iLg)?], .. (2.38)
Wo=Wo,=Wy=Wy,,=0aty=0andaty=1. .. (2.39)

3. AzIMUTHAL VELOCITY AND MAGNETIC FIELD

From (2.26) and (2.29), we get

4
{D*—[i(R+R,)+kRR,1D*—RR, } L =0, D= diy, .. (3.1
whose solutions are
V = A4[V, sinh mg(1—y)+ Vs sinh may]
—A4,[Vg sinh my(1—y)+Vasinh myy], .. (3.2)
—iaL = Bg[V, cosh my(l=y)— V4 cosh meyl— B4V, cosh my (1 —y)
—Vg4coshmyyl, .. (3.3)
where ‘
4 m)—iR A, sinh m[kRR, +iR—m}]m, 3.4
P TR By » Dp= s .
(m]—m;) sinh m, sinh m,,RRM(%)

m¥=(cy+iDy)?= }[LBRy+i(R+R,)+ N (B, —R)*+2ikRR,(R+R,))

mE = (cg+iDg)? = ;[kRRM+i(R +R,)— J k2R2R%, —(R,, —R)2+2ikRRM(R+RM)],

p,q=1,2, P;ﬁq .s .o .. .o .e . .o .o (3.5)

These expressions are extremely complicated and we shall restrict our-
gelves to the limiting case R small. It is found that because of the presence of



752 C. DEVANATHAN | FLOW OF ¥FINITELY CONDUCTING ¥LUID

the magnetic ﬁéld, for large R, the term kR appears and hence the expansion
is not strictly valid.

When R is small,
2

B,
B~ Tl 23 S (Va0 + V)8R 45 w01~

<Vo<2—y)(3y2+6y—4>+Vd(1+y)(3y2—7))] e (36)

+ . — R, R,
cosh \/2RM—-cos »\/QRM [Vo (cosh 5 {2~—y) cos =Y

R,, R, R, R
—cosh J%y cos J—é—” (2—y))+Vd (cosh J% (14y) cos N/—5‘3»(1—3/)
R, R,
—cosh N/%i{ (1—y) cos N/?M (1+y))] } cos nt

, R R?
— sin nd {3 y(1=9) (Vo@=9)+Va(l+9)— 75 Vol =9)+V,y)kE),
M

B !
i, cosh '\/E—E;,-—cos \/2—@

R
R, R, R, R,
[Vo (sinh N/TM (2—y) sin \/TM y—sinh N/-EIK y sin N/'EIE (2—y)) +Va
x,(sinh J%@ (14y) sin \/—Rg—{ (1—y) —sinh ,\/%@_ (1—y) sin N/%LZ (1+y))] }

This clearly shows that when the Reynolds number is small, the effect of
the magnetic field and finite conductivity is clearly a second order effect, and
to the first order the results of Rosenblat can be obtained as a special case by
setting Vo =1, V,=0o0r Vo= +1, V, = —1 as the case may be. It may be
noted that for very high conductivity R, = o, the nature of the basic
equations themselves change, especially the boundary conditions.

. The skin friction coefficients are respectively,

2

ov —rQy Rz R -
v (_)0 = [(‘VO—V,;)+E§4{ (Vo—Va)(1—k2R}) — ?ﬁ)(sv0+,vd)

0z d

JR—‘{ (sinh 4/2R,, ~sin 4/2R,,) } } 4
- V cos nt

2" cosh\/ﬁ_-—cosvm

—’—%[ﬁ(wowdw : { —V)— J— Ve

smh V2R, ~ sin v/2E,, ;
i
cosh V2R, 2R, — cos \/ 2R,, s
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ov —rQv R2
(&)=~ [‘Vo Votge

M

R, sinh 4/ 2R, —si 2R,
+J..“1V inh V2R, m\/. M__}]cosm

2 cosh \/m—cos \/2RM.

2
(5Vo—8V2)

N R,
(Vo V) (1~-R2B )+ 325

—rQv
d

[Bx
(2V0+ Vd)+—— (Vo—Va)kR, ~ N g%
M
sinh 4/ 2R, —sin v/2R,, )
d- — = sin né
cosh 4/2R,,—cos /2R,

These clearly show that they differ from each other only slightly in the
second order terms, being proportional to their rotational parameter Vo and ¥,
respectively. Also the magnitude of the skin friction depends on the relative
rotation Vo—V,.

The azimuthal magnetic field is given by
RE

~a 2= fure—vo— B o v~ B o —ey+ay
n R, 6

(3.7)

+ Vd(3y2—l)]} sin nt+R£§(1—kZR;)(V0; V) cosnt
M

- C o
-9 R “A 5
+2R3’2[ g N/ " cos (Z’Mt_ \/‘2%‘1/) ¢ " x
. 7,
cos (Z+m-_’-k/—2— (2—y))

Ry 5 Ry
——(14y) R, “a/ 5 li-g)
+7, g ek/ 5 (I+y cos (g+nt— \/ (1— y)) ,\/ 5 -y %
7 Ry
€08 (Z+nt+ A/_2~ (1 +.1/))

. - - o
+e)\/—2—(1—') cos (£+nt— \/1%4(1_“/)) —e 2 (1+,)x
( it Eﬂ( —y)) H (3.8)

for small R.
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Thus we see if V, = V, only a small azimuthal magnetic field remains, whereas

if Vo= V,, there is a constant magnetic field oscillating exactly as the planes
themselves.

4. STATIONARY PART OF THE RADIAL VELOCITY

The equation satisfied by the stationary part of the radial velocity is
2
R Wo, yyy = 2(10—(Vf+ V§)+G.2 (Li+L§) N . . (4.1)
together with the boundary conditions

Wo=Wg,,=0at y=1 and at y = 0.

These four conditions fix the three integration constants and ay.
Solving,

R * L Ll Ll
Wo =7 [(414,—B:B;) G(2, 2, y)—(414,+ By B;) G_(2, 2, 9)

+(d494,—B1B)) G,(1,1,y)—(424;+B,B)) 6_(1,1, )

~(4:4;—B:B)) G,(2,1,9)+(414;+B:B)) G_(2, 1, 9)

—(424]—B1B)) G,(1,2,y)+(424,+ B1B}) G_(1,2,9)], co(42)
where:
inh (m° 2= m,) (1 —y)— (1 ~3y2+243) si .
0., 0,9) = sty [y [0 O ) A=) (=32 297) i, (o, o )
(m, £ m, { (m, & m,)

+(y—2y2+y®) cosh (m_ & m,)+(y3—y2)Jr-

sinh (m,—m, & m, y) — (1 —3y2+2y?) sinh m,
)

—V,V, {

+(y —2y2+y8) cosh m,~+ (y3—y2) cosh m:}

v sinh (m. —m, &= m, y) —(1—3y2+2y3) sinh m,
. (mg £ m,)

+ (y—2y%+y3) cosh m, +(y3—y?) cosh mr}

2 ((8y2—2y3) sinh (m] & m,)—sinh (m, £ m,)y
+ Vd *
(mz :!: mf)

+ (y—2y2+y3)+ (y3—y?) cosh (m: + m,.)” cee (43)
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For small Reynolds number
Wo = 120[1’ (=)= V¥, (1=2) = V2(2+9)] P1-y)*+O0EY. .. (44)

We find that the effect of finite conductivity is of B2 order, whereas the presence
of the magnetic field is felt only in R3 terms. Further, up to first order in R,
the results of Rosenblat and Bhatnagar can be obtained as a particular case
of this result.

5. OsciLLATORY PART oF THE RapIiaL VELOCITY

The equation satisfied by the oscﬂlatory part of the radial velocity is
W

oy — 2RV, =aR— —[(V —iV,)imad(I,—iL,)?], .. (5.1)
and the boundary conditions are
W,=W, =0aty=1andaty=0.

These determine the three integration constants and the constant a;.
Solving the above equation, we get

W1 = 2g(cosh 4/2iRy—1)+a,(sinh v/ 2iRy—+/2iRy)— %F(y), .. (5.2)
where

o L [A\/QTR(l—coshx/zz”'R)+B(sinh\/2TR—- \/ﬂfe)]
" /2R 2(1—~coshy/2iR)+4/2R sinh\/ 2R ’
. [A\/%—R sinh\/ﬁ+B(1—cosh\/27R)]
V2R 2(1—-coshy/2iR)+1/2iR sinh\/ 2R

R R,

= (A +B) L) +(45+B) f,(v)
—2(4,42+B1Bs)g (y)—2(B1By—A14,)9-(y),

foly) = — | 72 sinh 2m,(1 —~y)—sinh 2m,+2m,y cosh 2m,
»Y (4my2—2iR)2m,

sinh m,(1 ~2y)—sinh m,+2myy cosh m
9 v p P. P
+2VoVa (4m,2—%iR)2m,

2 8inh Mgy —myy
=V (m 2—-2zR)m,,] (5.3)

=[- Vo{smh (m1kme)(1—y)—sinh(m;tme)+(myFme)y cosh(m;tms)}
+ VoVa{sinh(m,—m; +myy) —sinh my+(myFmg)y cosh m,
+sinh (my—mg £:my y)—sinh mg+ (metmy)y cosh me}

. 1
+Vﬁ{smh(mlzl:mg)y—(mlzl:mz)y}].[ Em TR D
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Again, only one term contributes for B small Reynolds number. To that
approximation we have

R ¢
wy =155 {V02(3-—y)— VoV,,(l-zy)-Vj(2+y)} y2(l—y)2cosnt. .. (5.4)

Also it is to be noted that the results of the Rosenblat can be got from
these. .

The equations (2.35), (2.36) determine the radial part of the pressure com-
pletely, while (2.20) determines the non-radial part but for the integration
constant.
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