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ABSTRACT

The response of an electromagnetic seismograph associated with a combined damped and
sustained harmonic ground motion has been calculated after incorporating the effect of
reaction of the galvanometer on the seismometer and that of the seismometer on the galvanometer.
The results obtained show that the effect of the ‘reaction’ as wsll as the magnitude and the
direction of the initial motions of the seismometer and galvanometer have a significant
control on the interpretation of the seismograms.

1. INTRODUCTION

The theory of the electromagnetic seismographs has been presented
by various authors and several modifications in the design of the instruments
have been incorporated in order to achieve higher magnification and better
response characteristics. While Galitzin instruments prescribe that the
periods of the seismometer and galvanometer should be identical and both
critically damped, in the later designs these restrictions have been relaxed
for obtaining higher magnification and sensitivity for higher efficiency in the
study of earthquakes and microseisms. Benioff (1932) has designed his
instruments with very high efficiency and they are now very suitable for the
study of local shocks as well as teleseisms, and the design is very convenient
for the precise estimation of the response characteristics and their comparison
with the results of theoretical analyses. In the usual analysis for the esti-
mation of the ‘magnification’ the effect of the mutual ‘ reaction’ of the two
elements have so far been ignored. It was assumed that because of the
large masses of the Galitzin as well as Benioff instruments the  reaction’ will
have no appreciable effect on the response cheracteristics of the seismo-
graphs. Rybner (1931, 1937) and Chakrabarty (1949) have worked out the
response characteristics of the electromagnetic seismographs associated with
sustained harmonic oscillation of the ground. They have also in their final
analyses neglected completely the effect of the mutual ‘reaction’. Later
Eaton (1957), Chakrabarty (1960) and Chakrabarty and Tandon (1961) have
worked out the response characteristics of the electromagnetic seismographs
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after incorporating the full effect of the reaction of the galvanometer on the
seismometer and that of the seismometer on the galvanometer. In previous
papers (Banerjee 1956,* 1958, 1960) we have worked out the response charac-
teristics of the electromagnetic seismographs associated with a damped
harmonic ground motion and also that associated with the combination of
damped and sustained harmonic ground motion as usually occurs in earth-
quakes. We have also discussed there how a variation in the initial condi-
tions of the seismometer and the galvanometer may modify the response
characteristics of the seismographs. We have also so far neglected the effect
of the reaction of the galvanometer on the seismometer and that of the seismo-
meter on the galvanometer. In the present paper we propose to incorporate
the effect of the mutual ‘ reaction ’ of the seismograph on its response character-
istics and also examine how far the initial conditions of the seismometer and
the galvanometer may influence the response of the seismograph when the
seismograph has an appreciable ‘reaction’. It has been pointed out by
Chakrabarty and Tandon (1961) that two different seismographs operating
on the same pillar and having identical damping and free period very often
produce appreciably different records of the same disturbance. This occurs
only due to a difference in the ‘reaction’ of the two seismographs. It is
therefore essential to examine how far the reaction coupled with the initial
motions of the different elements can influence the response characteristics
of the seismographs. These informations are essential for a proper inter-
pretation of the various ‘ pulses’ and ‘ phases’ recorded in seismograms:

As in previous papers we assume 7 to be the resistance of the galvano-
meter and its leads, B to be the resistance of the transducer coils and its
leads and S to be the resistance of the shunt in the circuit of the seismographs.
For short period combinations when both r, R are usually taken small, if for
increasing the sensitivity of the instruments, § is also increased, as is usually
done, the reaction factor o> approaches its upper limits, namely 4ee,, where
€ and ¢, are the damping constants of the seismometer and galvanometer
respectively and have been defined in (A). Consequently the effect of the
reaction has also to be taken into consideration even though the pendulum
mass of the seismometer may be very large. It is clear from the analysis of
Chakrabarty (1960) that the reaction is perfectly independent of the
pendulum mass of the seismometer but depends critically on S, R, and 7.
In the present paper we shall estimate the response of an electromagnetic
seismograph associated with a damped sustained harmonic ground motion
without neglecting the reaction of the galvanometer on the seismometer and
that of the seismometer on the galvanometer when the motion is coupled with
some plausible initial motion of the seismometer and the galvanometer. It

* Referred hereafter as (A).
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will appear from the analysis of the present paper that the two seismographs,
having identical periods and damping for the seismometer and galvanometer
even when placed on the same pillar, may record a phase whose amplitudes
will differ appreciably and often to the extent of 25 to 45 per cent.

2., MATHEMATICAL ANALYSIS

The differential equations for the motion of the seismometer and the
galvanometer are:

d9 1d2y
dt2+2€ FHot =g = — L
20 dz
F7 +2egdt+wgﬁ % =0 .. (1)

where L is unity in the case of the Benioff seismometers of the variable
reluctance type but represents the reduced pendulum length in the case of
-other seismometers. x is the seismometer displacement and 6 the galvano-
meter displacement. ¢, w, €, and w, are instrumental constants and have been
defined by Chakrabarty (1949).

The ground displacement assumed in the present paper is represented by

y = ([sin at+-sin bt exp (—et)] .. .. .. (2)

where C is a constant depending on the hypocentral distance and the energy
released at the hypocentre; a, b and €; are different for different phases and
have been defined in (A).

For the initial conditions of the motion of the seismometer and that of
the galvanometer we have taken

=0, d=u; 0=0, g=v .. .. . (@3
att = 0.

Applying Laplace transform on (1) and using the initial values given by
(3) we get, after simplification,

(ke at)i—ospClacth) TR D, ~1]—u=0 @
—ag.sZ+(82+2egs+wZ)'P—-v =0
where
Z = me(t) exp (—st)dt, ¥ = Jm 0(t) exp (—st)dt. .. .. (5)
0 0

It then follows by using the reverse transform that

‘q+$m
0(t) = ———f ¥(s) exp (st)ds

7 =50
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1 (" (24 2es+ w?) exp (st)ds

= e
2t amim F(s)
1T st
+ag{u+0(a+b)}.%f ‘Eix};(i)—)
7 ~i0
1 (T g3 exp (st)ds

- C’a 2m —im (824a2)F(s)

ey 1 f”“w 83 exp (st)ds

6
i (s2+2els+w1)F (©)

where 7 is such that when the real part of s is greater than 7, Z and ¥ are
analytic. Also w; = €452, and '

F(s) = (32+25,s+w2)(82+2egs+w§)-—0(2)82, .. .. (7)
where
og = o0,.

In order to evaluate the integral in (6), we are to obtain the zeroes of the
function F(s). When the reaction is neglected oy is zero, the zeroes of F(s) are

etifwz—edt; e i(wi—)}. .. L. L. (8

Their positions depend on the magnitude of 6. Knowing the magnitudes

of €, €, @, w, and oy, it is possible to obtain numerically the zeroes of F(s) and
we can take .

F(s) = (s481)(s4+82)(s+383)(s+3,) .. . 9

where 8;, 8;, 33 and 8, may be real or complex as well ag different or equal.
We thus have

. : 32.—268.-+w2 (=81
B(t)ﬂz(, Fl(-_)sj;rp o (u-HC@+D). Z,ﬁ_ﬁi?_%)_si)
—oCa —8}exp (=82 K: {exp( Kit) , exp (Kqt)
,_1(sf+a2)1ﬂ'( —~8;) F(—K, ° F(Ky }
—Sfexp(—Sit)
_.Ugob [i=1(83_2€18‘+w?)11”(_
1 e+ Eo)3exp { —(e+Ky)t} | (—e;+Kg)Sexp {(—e, + Kot}
‘o F{—(+K)} T Fl—e 1K) {] o
where

Ki: —a2, K§=Gf—-wf. .. N ¢ 3 3]
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Equation (10) is the most general solution which can be evaluated exactly
when the instrumental constants and 3,, 8;, 85 and 8, aré known. The
zeroes of F(s) can, however, be obtained analytically if

(e+eg)wwg = ew§+egw2

i.e.
€

(w—wg)(;-;gg)_.o N ¢ 1)
which corresponds to the cases: (i) the seismometer and the galvanometer
periods are equal but their damping may be uncorrelated or (ii) the seismo-
meter and the galvanometer periods may be different but their -damping
must have the same ratio with the respective period. All the seismographs
can easily be adjusted to one of the above conditions and the results will be
useful for all of them.

Following Chakrabarty (1960) it can be shown that when (12) is satisfied

F(s) = (s2+4 22,025 +22)(s2+ 25,25 +2) L. (13)
where
W2 3 u ul s
2a, = 1‘2;4. (711 —v+2) , 2, = —21 —(Zl —v]+2)
Qyy = 2(e+eg), Q% = w2+w§+4eeg—o§
and

.Qz=wwg_.. .. .. . .. (14)

Equation (13) suggests that the response of a seismograph, having
‘reaction’ but satisfying condition (12), is similar to another seismograph in
which ‘ reaction’ can be neglected, but the damping and periods are a,2, 5,2
and 2 respectively. Also from the relation (17a) given by Chakrabarty
(1949), viz.

2 L
0y =00, < m 4ee
it is clear that the ‘reaction’ can be neglected if R and r are very large in
comparison to S and of will nearly be equal to 4ec, when B and r are very
small in comparison to S.
Therefore in general we have the following results:

(15)

Mo (524 2es+w?) exp (st)ds
2m (s2+2a1.Qs+.Q2)(s2+ 2b1.!?s+.(22)

T s exp (st)ds
+ag{u+0(a+b)} o J.n’m (s2+ 20,025+ 02)(52+ 25,25+ 2)
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—o Ca-L i 3 exp (st)ds
% 0 o f i T2 Q6 20,05+ D P @)
N+t 3 )
~o0bs - 8% exp (sf)ds . (16)
pein (62+28,Q5402)(2 425, Qs+ Q2) (524 2€;5+ w))

Evaluating the integral in (16) by the method of residue and using equa-
tion (8) of (A), we get after simplification: "

a(t) = 2Ly —1- [exp (—nt){(w2—92) cosh mi+ (6,022 —-2eQ+a,02)

sinh mt}
A m

Fexp (—a{ (@) cosh fim Q22— 22 +b,00) T2

+-exp (—et)

Q2
+2lpo 0 — [-—exp (—ni) p. 7

sinh mt sinh ft
4

exp (—nt)
X (e, )

+ 2l00'g0a [

{0;(e, 7) cosh mt+S;(e, n) sinh Mt}

m

(—et . ’ inh
+e;§(n, Z)) {0’2(7&, e) cosh ft4-8,(n, €) smf ‘ﬁ}
1

+

{O’;(n, e) cosh K1t+S{;(n, e) §ln_hK__K__1t}]

X;(n, e) 1

+2l40,Cb [ exp (—n/)

sinh mt}
X1(€17 e, n) m

{01(61, e, n) cosh mt+8;(e3, e, n)

exp (—et)
XZ(n: €15 e)

{Oz(n, €, ) cosh fi+82(n, €, ¢) Sinj;h . }

exp (—egf) { sinh Kzt}] 17
+X——_—3(n, o e)) Cy(n, e, €,) cosh Kqt+Sg(n, e, €;) X, .. .. (A7)

where
n = a2, m? = .Qz(af— 1) s e=b0Q,f= .Qz(b?—l)

K'l‘l= —a?, K§=ef—-wf .. . .. .. .. .. (18)

and 4, X, C, 8, X’, ', § are functions of the instrumental constants and

are given by
A =222(n—e)

X (e, n) = 4Q2(n—-e)2{ (a2 —Q2)2+44a2n2}
0, (e, n) = 4Q%a?n(e—n)

S(e, n) = 202Q%(e—n)(a2—Q2+2n2)

X, (n, ) = 422(e—n)2{(a2—02)2+ 4a2e?}
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O, ¢) = 4Q%%(n—¢) |
S;(n, e) = 2a2[22(n—e)(a2—!22;i-2e2)
Xy(n,€) = (Q2—a2)4+4a2(n2+ €2)(Q2—a2)2 4+ 1604n2e2
Cyn, ¢) = a2[(R2—a2)2—dane] t
8y(n, €) = 264(n--¢)(Q2—a2)
Xi(er, e, m) = 4Q2(n—e)2{ (w; —Q2)2+d(n—e))(nw?—,02) )
Ciley, e, n) = 402(e—n)(nw’ —e,02)
Siler, e, n) =[2030%e—n)(w)—Q2) + 20202 { n2(e+ ;) — n(n2 4 2ec,) }
+4ne, Q2(nw’ — €, 22) 4 4¢, Q4 { n2 4 2ee; —n(o4-<;) 1]
Xy(n, €1, €) = 422(n— )2 { (' — 222+ 4(c—e,) (e’ — ,22) }
Can, €7, €) = 402(n—e)(ew’—¢,02)
Sa(n, €1, €) = [20{Q2n—¢)(w] = 022) + 20,02 {e2(n+¢;) —e(e2+ 2nc;) }
+dee,Q%ew’ —,22) + 4,04 {2+ 2ne; —e(nt€;) }]
Xyln, ¢, 1) = {(0]— Q)2+ 4(n—e;)(new]—102) } { (0; - 02)2+4(e—¢))
X (ew)—e12%) }
Ol o, €1) = wi(@— o) 4{e @ —nod) coi—e,2)
Ba(n, ¢, &1) = [—€@j(@+w])?+20i(n+e) {02~ ] —26,02)
+ 26 0 (w] —Q4) +4e; {204 QM Fnewl} ] L. L. L. (19)

It is now obvious that the response of the seismograph is a combination
of four terms, the first of which (V' say) depends on the initial motion of the
galvanometer, the second (P’) depends on the initial motion of the seismo-
meter, the third (Q') is the transient term in the solution and the fourth (R’)
is the steady state term in the solution giving the response.

We thus have

alt) = yog [V'+P+Q+RT .. .. .. (20)
where

V' = f- . :}[exp (-—nt)g (wZ—1022) cosh mt+8 (@122 —2e2+a,0?) S-‘-%—m}
4

toxp (—eb) { (@2—a?) cosh f1—0 (by Q=22+ bye) = ]

2 sinh m¢

P = u.g—[-—-exp (—nt)

+exp (—ef) sir}h ft]

(2
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exp (—nt)f§ , sinh mt
Q = Ca [m{OI (¢, n) cosh mt+8, (e, n)T }

exp(—-nt){ , , sinh ft ]
+—~——X; (7 ) 0, (n, €) cosh ft+5, (n, €) 7 }

oxp (—ni) : sinh mt
+Ob[X1(€1, e,n) {01 (€1, €, n) cosh mt+-8; (e, e, n) - }

exp (—ef)
X2(ns €1, e)

Ca_{ 82 (n, 6)}* .
’ = . 81
R X;(n, o { 2 (n, e)+ sin (at+8')

{0’2 (n, €1, ¢) cosh ft+ .S (n, €1, e)sin}l ft }]

Ob (n €, 1)}
— —————-—.- —eql)
+X3(n, . 61){0 (n, e, €1)F— sin (b2438) exp (—e;t)
where
C.(n,
tan8’=a o e)’ tan5=l£§(—n—’—e’—el—). .. (21)
S3(n, e) 83(”‘: €, E1)

The above solution will be'considerably simplified if the seismograph be
80 adjusted that the seismometer and the galvanometer periods are different
but the ratio of their damping to period is always unity; thus we consider
the special case when the galvanometer and the seismometer are critically
damped though their free periods are different, so that we have

€

Y

l

=]

gim
g
oy

ie. L e=w, 6= wy; . - .. o (22)
and the amplitude of the recorded trace «y(¢), say, is given by the equation

ap(t) = 2looe [Vo+ P+ Qu+RB)] .. .. .. (23)
where

s

V=2 1211“0 [exp (—not){( 2_0%) cosh m0t+9(a0192-2w9+a01w2)§‘£}i;”_’95}

+exp (—eot){ (22— w2) cosh fot —Q(bg1022—2w+bgyw?) Sin;l fot }]
)

/ 2
PO = u...Q_ [—.exp (_not)M
Ao

+ exp (—eqt) ginh fot]
fo

’ exp (—ngt) inh mgt
@, =Ca [__-_..__._ {001(30, ) cosh mot+S, 1(eo, 7o) 3 mmo %

01(60: nO) 0
exp (—eof) sinh fot
+m { 002(n0, ep) cosh fot+8, z(no, €o) I 2 }

6B



IN RESPONSE CHARACTERISTICS OF ELECTROMAGNETIC SEISMOGRAPHS 765

exp (—ngt)
Xo1(e1, €9, 0)

sinh mot }

{001(6], €0, no) cosh m0t+801(€1, €q, no) "o

]

+Cb[

exp (—eof)
Xoz(no, €1, ¢9)

{Coz(no: €1, €g) cosh fof+Spa(ng, €1, €g)

9 Y
’ Ca 9 Sog("O: 60) . &
R = — (0% e)+—2——" . sin (al+d
on(no, 60){ 03( 0 0)+ a’ ( 0)

0
Cb

+ Sgg(”o: €o> €l) }%
Xog(no, €q, €1)

{ 0(2)3(”0: €0, €1) + bz

X sin (bt+0,) exp (—-elt)
where
, aC (n e .,
tan 30=~—,93—(°—0), an 5, = 200s(M0, %0, 1)
‘5’03("‘0: eo) S03(n0’ €o, €1)

and A4,, X,, Co, 8y and X;,, C,, S;) are the values of 4, X, C, S and X', ', &',
given in (19) in which a,, b4, n, e, m and f will be replaced by ag, b1, 79, €o,
mg and f, respectively and the values of aq1, o1, 70, €9, 7o and f are obtained
from (14) and (18) in which e, ¢, are replaced by w and w, respectively. The
response recorded by a seismograph can be obtained from equation (17) and
with the help of (19) by substituting the proper values of the instrumental
constants. In the next section we give the values obtained for «4(f) for
particular values of w, w, which corresponds to that of the East-West compo-
nent Benioff seismograph in operation in the Geophysical Laboratory of the
Bengal Engineering College, Howrah. We have also taken for comparison
two extreme values of oy and a value of o), which lies in between the two
extremes.

(24)

3. NUMERICAL RESULTS AND CONCLUSIONS

The periods of the seismometer and galvanometer of the East-West
component seismograph in operation in the Geophysical Laboratory of the
Bengal Engineering College are 1-1 s and 197 s respectively and the seismo-
meter and galvanometer are critically damped. We then have the following
values for the instrumental constants of the East-West component seismo-
graph

e=w=>5712; ¢ = w, = 0:3190.

We also consider as in (A) the ground motion as a combination of damped
and sustained harmonic oscillation of periods 3s and 2-7s respectively.
Hence we get

b=209; a=232
and we have assumed for the damping in the ground wave given by
€; = 0-75wg = 0:2392.
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Case 1. If we take of = 4<cc,, we get after simplification the following
values for the different parts of the response ay(t),

Vo= Cla+b).A[exp (—not){ 31326 cosh myt+3-1741 sinh myt }

+ex£) (—eot){ —3:1326 cosh fot —3-8089 sinh fyt}]
P(; = C(a+b)| —0-0446 sinh mgt . exi) (—not)+0-1897 sinh fot . exp (—egt)]
Q= C(a+b)[exp (—mot){ —0-0212 cosh mgt—0-0174 sinh mqt}

+exp (—e,t){0-0503 cosh fot+0-1170 sinh fyt} ]
R, = C(a+b)[0-0161 sin (at+0-9618)+0-0171 sin (bt+1-1754) . exp (—eyt)].

Case 2. If we take of = 2ee,, we get after simplification the different
parts of the response «,(t) given by

Vg = C(a+b) - Mexp (—nyt) {44322 cosh mot+4-4687 sinh mqt }
+exp (—eqt) | —4-4322 cosh fot—4-6361 sinh £t} ]
P} = O(a+b)[—0-0702 sinh mqt. exp (—ngt) +0-1682 sinh fot. exp (—eqt)]
Q, = C(a+b)lexp (—ngt){ —0-0329 cosh mt—0-0275 sinh mqt }
+exp (—egt) {0-0600 cosh fot+0-0859 sinh fot }
R = C(a+b)[0-0147 sin (at+1-0204)
+0-0153 sin (bt+41:2339) . exp (—e;t)]-

If we take o = 0, which corresponds to the results obtained earlier
(Banerjee 1960), we get

Vo = Cla+b) - At exp (—w,f)]
Py = Cla+b)[ { ~0-03845—0-1964¢} exp (—wt)
+{0-03845—0-01097t } exp (—wyt)]
Qo = C(a+8)[{—0-0109—0-0193} exp (—wt)
+ {0-0362~0-0069t} exp (—wgt)]
Ry = Cla+b)[0-0135 sin (at41-0695)
+0-0138 sin (3t +13041) . exp (—eyf)].
The different cases have been compared graphically. In plotting the results,
as in (A) we have taken u equal to'C(a+b) and » equal to Ao where A is
different for different states of the instruments. In Fig. 1 we have plotted
Qo+R,, Py+Q,+Ry and Vy+P,+Q,+R, (when A = 0-01 and 0-04) against ¢
which show clearly the contributions of the initial motions of the seismometer
and galvanometer along with the transient and steady state terms in the
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recorded response of the seismograph when the ‘ reaction’ of the galvanometer
on the seismometer is taken into account and it is maximum. In Fig. 2 we
have plotted R,-+@Q,, R,+@Q,— P, and R)-+Q,—P,—V, for different cases, viz.
A = 0-01 and 0-04, which represent the response if the initial motions of the
seismometer and galvanometer are same in magnitude as in Fig. 1 but opposite
in directions. In Fig. 3 we have plotted V,+P,+@,+R, against { when the

1*0p
’
. . ’
. N Vot P,+Q,+R
8t i o\ / (A= 0"04)
PR
// ~ \e Vot Po+ QgrRe
6’ N s (A= o-
! AN N 4 = o4)
"” \ N s
e
.4.:" - ~ z . P' ’ ’
i N Vo* Por@c*Ro
i AN (Azo0'01)
a Hr ~
- Vo + Pogt Qg+ Ry
(A=o0°01)
'
1 2 3 t
=2l
41
-6}
<8k
LT

Fie. 3. Variation of Vo4 Py+Qq+Eyand Vy+Py+@Q, -+ R, for different
cases, viz, A = 0-01 and 0-04 with time. Cross and ecircular marks
indicate the values of Vgo+Py+@Qq+Ey when A = 0-01 and 0-04

respectively with respect to time.

‘reaction ’ is taken into account and it is maximum along with the values of
Vo+Py+Qo+R, when the ‘reaction’ is neglected for different cases, viz.
A = 001 and 0-04. In the same Fig. 3 we have also plotted the values of
Vo+Po+@Qy+ R, when of = 2¢c, and it is seen that they lie in between the
curves obtained with of = 4¢, and oj = 0, as it should be. In Fig. 4 we
have plotted the values of Ry+Q,—Py—V, (When o} = 4ec,), B,+@,—Py—V,
(when o2 = 2ee,) and By+Qo—Po— Vo (when o = 0) against ¢ for different
cages, viz. A = 0-01 and -0-04, which correspond to the case when the initial
motions of the seismometer and galvanometer are same as in Fig. 3 in magnitude

but opposite in direction.
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The results of the present paper show that the response of a seismograph
depends critically on the magnitude as well as the direction of the initial
motions of the seismometer and galvanometer and also on the mutual ‘re-
action’ of the galvanometer and the seismometer, and in many cases the
recorded trace may be quite different from the actual ground motion even
in the steady state. Also for the same ground motion the nature of the
record obtained through different instruments placed even on the same pillar
may be widely different depending on the extent of the reaction of the galvano-
meter and seismometer. The results also indicate that, unless the effect of
the reaction of the galvanometer on the seismometer is taken into considera-
tion properly along with the initial motions of the seismometer and galvano-
meter, the interpretation of seismograms particularly in estimating the rela-
tionship between the amplitudes in the seismogram and the energy released
at the hypocentre will be liable to large errors. The magnitudes of the
different earthquakes are estimated on a measure of the amplitudes of different
pulses and phases recorded in a seismogram, and the results of the present
paper indicate the extent to which these estimates may be in error unless the
instruments used for the purpose are properly calibrated and precise values
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Fic. 4. Variation of R6+Q6——P;,—V2) and Ro-+@Qo—Po— Vo for different
cases, viz. A = 0-01 and 0-04 with time. Cr'oss and circular
marks indicate the values of RB+Q8—P;— V0 when A = 0-01
and 0-04 respectively with respect to time.



770 BANERJEE : RESPONSE CHARACTERISTICS OF SEISMOGRAPHS

of the instrumental constants as well as the magnitude of the ‘reaction’ are
taken in the calculations and interpretations of the phases in the seismograms.
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