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ABSTRACT

It has been proved that although the absolute N6rlund summability is normally not a local
property, but in case certain conditions, viz. if pa is non-negative, monotonic non- -increasing
gequence, Pn—> o0, 88 1 — 0, P = 0(n8) (0 < 8 < 1) and Z| Aaq(xz) | [Pa is convergent, then such
summability of a Fourier series at a point can be ensured by a local property.: The result
obtained includes as a particular case & previous result of Jurkat and Peyerimhoff (1956).

L.1. DermNitioNs AND Norations.—Let Za, be a given infinite series
with sequence of partial sums {S,}. Let {p,} be a sequence of constants
real or complex, and let us write

P"=p0+p1+ e+,
P =p_,=0.

The sequence to sequence transformation

(1.1.1) t, = p"P” —5— (P, #0)

r=20
defines the sequence {f,} of Norlund means of the sequence {S,} generated
by the sequence of coefficients p, (N6rlund 1919 and Woronoi 1932).

The series Za, is said to be absolutely summable (N, p,), or summable
| N, p.|, if the series Z|t,—t,_;| is convergent (Mears 1935). In the special
case in which
' _ (rta—1
(1.1.2) . p,.—( w1 ),oc>0,
the Noérlund mean reduces to the familiar (C, &) mean (Hardy 1949, § 5.13).
Thus summability IN p,] where p, is defined by (1.1.2), is the same as
summability | C, «|.

The conditions for the regulanty of the method of summability (N, p,),
defined by (1.1.1), are

i Da
(1.1.3) L e =0

% — 00 "
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and

(11.4) Z |p |=0(|P,]), (n—> ).
k=0 k

We assume in the sequel that P, -> 0, as # — 00, and that the sequence
{p.} is non-negative and non-increasing, so that the conditions (1.1.3) and
(1.1.4) are automatically satisfied.

Let f(t) be integrable (L) over (—=, #) and periodic with period 2= and
let its Fourier series be
(1.2.1) } ag+Z(a,cos nt+b, sin nt)

= ZA4,().
We write
B(t) = flx+t)+f(zx—t).

1.2. It is known (Bosanquet 1936) that the summability |C, «|, « > 1,
of the Fourier series of a Lebesgue-integrable function, at a given point,
depends only upon the behaviour of the generating function in the immediate
neighbourhood of the point, and is thus a local property. Bosanquet and
Kestelman (1939) have proved, however, that the summability |C, 1| of a
Fourier series at a point is not a local property. Thus by the consistency
theorem for absolute Cesaro summability, the summability |C, | of a
Fourier series at a point is not a local property for 0 < a < 1.

McFadden (1942) has proved that if {p,} is non-negative and non-
increasing and the sequence {p,,,/p,} is non-decreasing, then [N, p,| c|C, 1].
Thus for such type of sequences, it follows from the theorem of Bosanquet
and Kestelman mentioned above that the summability | N, p,| of a Fourier
series is not a local property. A reason of this failure may be that the Lebesgue
integrability of f(t) over (—=, =), by itself, does not warrant anything beyond
the asymptotic order-estimate, viz.

‘411(” = 0(‘1))

as n-> 0. It may, therefore, be interesting to investigate whether, by im-
posing somewhat greater restriction upon the behaviour of A4,.(f), we can
make the summability | N, p,| of (1.2.1) at a point depend only on an addi-
tional condition of a local character, that is, a condition defining the behaviour
of f(t) in the immediate neighbourhood of the point considered. The answer
to a question of this character is due to Jurkat and Peyerimhoff (1956) who
proved that if 2| A4,(z)|[n* is convergent, then the summability |C, «| of a
Fourier series can be ensured by a local property where —1 <« < 1. The
cage « = 1 is proved by Bhatt (1959a) independently and the analogous
problem for | R, log n, 1| summability of the Fourier series is also estab-
lished by Bhatt (19595).

The object of this paper is to study the conditions under which the
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summablhty |N, p,| of a Fourier series at a point can be ensured by a local

condition.
2.1. We prove the following theorem :

Theorem: If p, is non-negative, monotonic non-increasing, such that
P,— oo asn—> o,

(2.1.1) P,=0ms) (0<5<1),
and ’
(2.1.2) Z]d,(@)|/P, < o,

then the [N, p,| summability of ZA,(t) depends only on the behaviour of its
generating function f(t) in the immediate neighbourhood of the point t = x.
Evidently, when », is defined by (1.1.2), the theorem of Jurkat and
Peyerimhoff becomes a particular case of our theorem when 0 < a0 <C 1.
2.2. We require the following lemma on which the proof of the theorem

rests :

Lemma : If the series
2 |8,] /P

18 convergent, then the series Za, is summable | N, p,]
Proof: Let t, be as defined in (1.1.1).

fa—tusy = (P) Z PasSr—(Past) ! D Pusrsy
’ v=0

v=0
1 : n1
1 R - Sv"— n _vSv
TP"H {‘2’01’ g nZOp o }
= A }P %v Opn_vsv'l'P z {Pu v="Pnt1- v} SI'
Suy1
—Po Pu+1

= L+ L,+Lg, say.

z IL11< { }zp,.-ylsyHA

LR

Now,

m

= 0(1) z A {%} iISvHA

n=1
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”» ”

lZH

z

= 0(1),

Z {pn—v Pn+1—v} [8y]

Z | Ze| <

m
Z Pnv=—DPay1-v /P,,,+1

v=0 n=yv
m ! m
Z ;Z Pn-v"'Pn+1-v}
Cm ',
v=0 Y
= 0(1),
and
2 sl =0,
as m — co. -

Hence the series
Sty —taiq]

is convergent. This completes the proof of the lemma.
2.3. Proof of the theorem :

We have

Sue) = o f $) SO g,
0

gin —

2

sin2 = sm =

([ 502 YereY
=% J $(u) — sin (n-+Pudu+ J O fuas LY
0 2 ' 7 2

sin /2 sin _124_ ]

+%J‘:¢(u) gl (sinu/2) }sm(n+1})

: 1
(2.3.1) =5 [I.+J.), say.
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Hence, to prove the theorem it is sufficient to show that the sequences
{I,} and {J,} are summable | N, p,|. By virtue of the lemma, the sequence
{I,} will be summable | N, p,| if we prove that
(2.3.2) Z|1.] /Py < .

We proceed to prove (2.3.2). Let us define 2(u) as follows:

-2 ’
(sin g) sing O<u<Ly)
(2.3.3) Qu) = .
(sin %) <<

Then, for 0 < u < m, 2(u) is of bounded variation and continuous, with
2(4+0) = 0. Also 2'(u) is bounded and £2"(u) is integrable (L). Now, since
(u) is of bounded variation in (0, =), by a well-known result (Hobson 1926,
page 567) we have, setting

I, = %AOJ‘ Q(u)sin (n+%) u du
0

cos (n—v+7) ]"
0

n—v+4%

[ .
o[,

—31Z4, f Qg
0

n—v+3
0( l‘AﬂI),
where 2’ denotes summation extending over —oo <v<n—1 and n41
<v< .
Let

p=min(|n—v|"} ).

s &My cos(n-—v+§

I,.—MA,(L+UQ< el
+0(] 4.])
=I,,,1+I,,,2+0({A,.I),say.

Then we have
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Evidently
I, 1= 0()(Z"| 4,] [(n—v)2),

and
sin (n—v+4})u }n_o’ﬂ

(=—v+3)? 1, 110

I, 2=42"4, [ "(u)

, v, Sin(m—v4+Hu
_.§Z'A.,f#.9 (u) ——(ﬁ—:;_—!_—-{)-i—)——du,
where the integration by parts is taken separately over the ranges (x, 7—0)
and (140, 7). Thus we have
I, =02 4,]/(n—v)2),
Collecting our results, we obtain
I, = 0()(Z'| 4y ]/(n—v )+0(] 4, 1)

=0(1) ( > +Z+ >+ Z )(i‘f_”j)z

V= —r =1 v=n+l v=n+m+l
+0({4.1)
= O(K;+ Ko+ K3+ K,;+ | 4,]), say.

Now we write

= i i |4y l/(n4v)2
n=1 =1 y=0
2, P

-1
Z +> })A (n4v)2

f\.)\/

Thus we have

and
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Again,

Z(P —le Z 2 i lAu vVP
n=y+1

n=2 v=1

m

< Z -2 Z | Aoy /Pas

v=1
= 0(1),
and

as m —> 0.

Lastly,

Thus

and

793
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gince
P vin
P,

Thus, finally, we obtain the result of (2.3.2). We observe that for
positive 7, however small, but fixed, the summability | N, p,| of the sequence
{J,} depends only upon the behaviour of the generating function f(t) in the
immediate neighbourhood (x—%, z-{-%) of the point . This completes the
proof of the theorem.

= O(1), forv < n.
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