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ABSTRACT

The problem of wave resistance of a symmetrical thin ship moving in a circular path
in deep water was discussed in two previous papers (Bhattacharya 1958, 1961). In this paper
the corresponding problem in shallow water has been solved and a resistance formula obtained
containing three multiple integrals—fourfold, fivefold and sixfold respectively. A suitable ship
model (the same as in the earlier papers) has been taken for which the first two multiple
integrals vanish and the third can be completely evaluated. An examination of the resis-
tance for ascertaining shallow water effect has led to the theoretical discovery of a critical
angular velocity £, analogous to Havelock’s (1922) critical linear velocity, such that the
shallow water resistance exceeds or falls short of the corresponding deep water resistance
according as the angular velocity of the ship is less or greater than £2,. This result calls
for experimental verification.

1. INTRODUCTION

The problem of wave resistance of a ship moving in a circular path in deep
water has been solved .and discussed in two papers by Bhattacharya (1958,
1961). An attempt is here made to take into account the effect on the wave
resistance of the ship of a horizontal bed at a finite depth. As in the earlier
papers the ship will be replaced by suitable plane distribution of sources and
sinks. To find the velocity potential due to any one of these sources (sinks)
moving in a circle at time ¢ the following method will be adopted (as was
done in the two papers cited above).

The effect of a source suddenly created at time f—r at a certain depth
below the free surface, maintained for an infinitesimal interval 8r and then
annihilated, will be calculated first; the total effect (due to past history of the
source previous to the time ¢) will then be obtained by summing up or inte-
grating these partial effects with respect to r from 0 to £. No disturbance is
supposed to be generated in the process of creation and annihilation of the
transient sources and sinks. The whole effect of the moving source at time ¢
is finally arrived at by adding to the above integrated effect terms representing
the effect of the source itself at time ¢ and its image systems on the bed and the
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free surface. The difficulty lies in obtaining the image system. The boundary
condition to be satisfied on the bed is 8¢/@n = 0 and that at the free surface is
¢ = 0 at all points. The equation of continuity must be satisfied, i.e. p2¢ = 0.
So even for a single source at a certain depth our problem is a combined
Dirichlet-Neumann problem aiming at the determination of a velocity poten-
tial function ¢ satisfying the following conditions :
(i) p%2¢ = 0 everywhere in the fluid;

(i) ¢ must have a singularity of the order ™! at the source;

(iii) 04, 0n = 0 on the bed;

(iv) ¢ = 0 on the free surface.

The solution of this problem is required for calculating both the effect of the
transient source at time {—r as well as that of the non-transient source at time
t. When the total effect for a single source has been obtained, the total effect

for the ship is obtained by integrating over the distribution of sources and
sinks representing the ship.

* 2. VELOOITY POTENTIAL DUE TO A TRANSIENT SOURCE (SUDDENLY CREATED
AND THEN ANNIHILATED)

Taking the origin at the undisturbed free surface and z-axis vertically
upwards, we consider a source of strength m at the point (0, 0, —f).

1\2
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The image of this source in the horizontal bed, whose depth below the free
surface is d, is an equal source at the point (0, 0, —2d4-f). The velocity poten-
tial due to these two sources is m/r;+m/r; , where

r= gt k)2, 7L = 22yt 20—

It will be seen that this velocity potential will give zero normal velocity on
the bed z = —d.

If we imagine the source to be suddenly created at the point (0, 0, —f) with-
out any impulsive disturbance of the free surface, the initial boundary condi-
tion to be satisfied at the free surface is ¢ =0, on 2= 0 at t = 0. Having
recourse to the well-known integral

1 1 oy
4 \/x2+y2+22 21rf daf dk,
with £ ==x cos 8ty sin g, + a,ccording as 2S0 , we can write
:_n.|_.."1’=ﬁj ng. k[ff (2+)} dk+ mf d@f Rlig - (s+2d - f)]dk N 1)
1

where the first term requires z-+f > 0 and the second z+42d—f > 0, both of -
which are satisfied near about the free surface, which is enough for our purpose
ag we are concerned only with surface waves. Now to satisfy the further
boundary condition on the free surface we shall add to (1) a term which will
itself satisfy the equation of continuity, viz. p2¢ = 0, the boundary condition
on the bed, viz. 9¢/dz =0 on z = —d, and which together with (1) will
satisfy the boundary condition on the free surface, viz. ¢ =0, onz =0 at{ = 0.
We therefore extend (1) by the addition of a term and write

qS =5 f 9 f [ <’+f’+e"‘"+2d")+—2"—;—7F(0, k) cosh k(z+d)] e dk.
(@)
We now choose F(8, k) so as to satisfy the boundary condition on the free
surface, viz. ¢ = 0, on z = 0. This gives
Mk cosh k{d—f)
T cosh kd

Thus the velocity potential due to a source (supposed suddenly created) in the
presence of the bed and the free surface is ‘

Fo,k) = (3)

_ m m m cosh k(d cosh k(d—f) k(ig~d)

¢ = ;_ ;; f J. ~oosh id cosh k(z4d)e dk, .. ’ 4)
_m _n_z, cosh k(d f) -
=247 —om f Totka) 2D cooh bet de-ritr, .. (5)
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where
@ = '\/ 224942,
for

rTT 1~ . .
Tolka) = 5- f ¢Mdh = o f ghls o5 Gy sin 0 79
- : -

If the source is maintained for a short time &, during this interval there
is a displacement of the free surface given by

Ly = — (04/02); = . Or

=8 .— ] do j (1+4tanh kd) cosh k(d—f)e" %V kdk. .. . .. (8)

This result has been obtained from (2) and (3).

When the source is annihilated after time 8r, this surface elevation
remains as the initial condition of the subsequent motion. When the impul-
sive action ceases gravity comes into play and the initial surface elevation
given by (6) will now spread out into free surface ring waves under the action
of gravity. The solution of the subsequent motion is an extension of the well-
known Poisson problem which in the present case may be formulated as
follows :

To find a solution of p24 = 0,

such that (@) ¢ = 0, at ¢t == 0 everywhere,
) ¢, =0, onz= —d forall ¢,
(c) ¢ =.glo,onz=10att=0;

and if { be the surface elevation at any time ¢, {, = —¢,and ¢, =gl onz = 0
for all ¢, which together give _
(d) ¢, = —g¢,, onz =0 for all .

We seek a solution of this problem in the form
b= f o f (0, k) sin t cosh k(z+d)e'Sdk. .. .. (@)
0

The equation of continuity p%¢==0, and the conditions (z) and (b) are ob-
viously satisfied. The proper value of x and the proper form of G(g, k) are
obtained from (¢) and (d):
u = (gk)t tanh? kd,
mg* mgt (14 tanh kd) cosh k(d—f) s
cosh kd tanh? kd

G(0, k) = 5 -

Thus after the annihilation of the source its effect on the subsequent fluid
motion at any time ¢ is given by
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4= 5r. mgt f 0 J' cosh k(z+d) cosh k(d— f)(1+tanh kd)
cosh kd tanh%d
x sin [#(gk tanh kd)t] "¢~ pidr, R )

cosh k(z+d) cosh k(d~— f) (14-tanh kd)
cosh kd . tanh* kd

xsin [¢(gh tanh kd)t]e™™ BME. .. .. .. .. .. (9

= 2mg*81-J, Jo(ka)
)

Our next step is to consider the fluid motion due to a source moving in a
horizontal circle of radius 2 with constant angular velocity £, taking the free
surface and the bed effect into account. We use cylindrical co-ordinates
taking the origin at the free surface vertically above the centre of the circle.
If the source is created at time f = r at the point whose cylindrical co-ordinates
are (h, £2r, —f ) maintained for a short period of time 8+ and then annihilated
the velocity potential at any subsequent time is given by an integral similar to
(9) with & in J, (k&) replaced by &, and ¢ in sin [t (gk tanh kd)'] replaced by
t—r, where &, is the perpendicular distance of the field point (@, 6, z) from the
vertical through the source. The integral (9) thus modified represents the
transient effect of creation and anmihilation of a source in time 8r.

PI(G y © v'f)

In Fig. 2 P’ is the projection of P, the field point, on the plane of the
circle along which the source moves, and @ is the position of the source at
time 7, and 0’ is the centre of the circle described by the source. Hence

@ = @24+h2—2¢h cos (6—0r), .. .. ..-(10)

We may regard the motion due to the moving source when it has been in
motion from 0 to ¢ as being made up of all small steps of the type of transient
effect given above together with a source (not annihilated) of strength m at the
point (k, 2t, —f ) along with its bed and free surface effects. The first part of
this total effect is obtained by integrating the transient effect integral with
respect to = from 0 to ¢, while the second part is & term of the type (5) where
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71, s will have to be changed into the distances of the field point (&, 6, 2)
from the source at time ¢ at (k, 2, —f) and its image in the bed at (k, 2t,
—2d+f) and & will have to be changed into &, which is to be obtained from
@, given by (10) by replacing = by ¢.

Thus the velocity potential due to the moving source is

_m(t) , m(t) ® ., cosh k(d—f) cosh k(z+d) _
80 = 0420 oy j To(kds) J) o e

0

i ® . k(d—f) cosh k(z+d)(1 +tanh kd)
" _ E cosh
+29 J‘o mir)dr J‘o To(ké,) cosh kd tanh? kd

x gin [(t—7)(gk tanh kd ] e~ kidk; .. . - .. (1)
where
&2+h2 =2k cos (8—Q)+ (z4f)2,

=
15 = G24h2—2ah cos (0—02t)+ (z42d—f)2,
@ = @24-h2—2ah cos (—0r),

@r = @24ht—2ah cos (—20. .. .. .. .. (12)

Let us now consider a (vertical) plane distribution of sources. Let the
cylindrical co-ordinates of the centroid of the plane at time ¢ be (h, 2, —f).
As in the paper already cited (Bhattacharya 1958), we take the horizontal
and the vertical lines through the centroid as a pair of axes (u and ) fixed in
the moving plane. If (A, p) be the co-ordinates of any point ¢ in the plane,
with reference to these axes, the co-ordinates of the same point with reference
to the original fixed axes are

V' h2+ p2, Qt+tan™ 1 —(f=A).

The effect of a moving source of strength ¢ at the point (A, u) of the
moving plane is obtained from (11) and (12) by changing m, b, ¢, 2r and f
into

o, V B4, Qt+tan‘1%, Qf+tan-1’7:a,nd =2
respectively. Then the total effect of the moving distribution is obtained

by integrating over the distribution over the plane and we get the potential of
the motion given by

om (et

—2 J‘J‘ ad,\d/.cJ‘ 5 coshk -—_i(-)i;;\l)k(i;sh ke+d) _yuq
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- ] ‘

_ . cosh k(d—f+4-A) cosh k(z4d)(1 4+tanh kd
+2gb f f Ay f odr f Jolloary) 2B M f";ogh ,:m;h, kil( )
(13 0

X sin[(t—7)(gk tanh kd)}]e-*kidk, .. .. .. .. .. (13)
where ‘

rf = @2+ h2+p2—204/h2+pu? cos (B—Qt—tan‘l%‘) + (z4-f—A)2,
rg = @2+ h24p2—254/h2+pl cos (O—Qt—-ta,n‘lg) + (z4-2d—f+A)2,

d')f = ¢52+h2+p.2-—-203\/h2+y2 o8 (G—Q-r—tan’l ’7:,') ,

032 = @24h2+p2—2a1/ h3F p2 cos (B—Qt-—ta,n’lg) ... .. oo (14)
Geometrically r;, r, represent the distances of the field point P(g, 6, z) from
the source Q(A, #) and its image in the bed respectively; &,, @, represent the
perpendicular distances of P from axes parallel to the z-axis through € at
times = and ¢ respectively.

It can be verified after some calculation that as d — o, ¢ as given by (13)
and (14) — the velocity potential for the corresponding problem in deep water
as solved in the paper already quoted (Bhattacharya 1958).

3. As in the previous pa'per we consider a slender, symmetrical ship-shaped
body whose surface is given by the equation

v=F\p), .. .. .. .. .. (15

with v (perpendicular to A, ) and 9v/d, being regarded as a small quantity of
the first order.  If this ship is replaced by a distribution of density o(A, 1) of
sources and sinks along the central longitudinal vertical plane of symmetry of
the ship, it is known that (Bhattacharya 1958, p. 50)

Q ov
o=§(;¢—ké—’—‘—). .. .. .. .. (16)

The wave motion genefated by such a ship in water of finite depth d is now
given by (13), (14) and (16). It is also known that the wave resistance is
given by

R=_2pff¢,%dxdp', o

where the value of 4, is to be taken at the point (X, p'), i.e. at the point whose
field co-ordinates are ,

w = Vh2+l“’2’ 0= ,Qt+‘oa.n’1%, 2 == -:f+’\l‘
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From (13) and (16) the first part of ¢ is

0 ov 1 1
z—f f ( "*a‘;) (:;+;;)d*"*‘

and its contribution to ¢, is

szJ.f(p. —hz )( )'\/h2+p.2 sin (9 .Qt—tan'lﬂ)dkdp (18)

whose value is to be taken at the point

('\/h2+p.'2 .Qt-i-tan‘l -—»f+/\')

Here 71, 2 are given by (14) but may be calculated more easily from the follow-
ing geometrical consideration. #,, r; represent the distances of P (X, p') from
the point Q(A, p) and its image in the bed @'(—2d-+2f—A, p)—all these
three points being on the central plane of symmetry of the ship.

o~

Free surface

)

(x1p¢)

~— 2ty e

a

Bed

R

1
Q (“20' +2f -2 ,/u)
Fic. 3.
Then
7= (N =22 (' —p)2,
ry = (N HA+2d—2f)2+ (' —p)2.
But for this slight modification of the expression for the integral, (18) is similar
to that found in the previous paper (Bhattacharya 1958, p. 52) and a similar
treatment shows that the ¢,-integral can be broken into two parts, the contri-
bution of one of which to the resistance integral (17), which is the same as in

I0
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that paper, vanishes owing to the anti-symmetric nature of the integrand and
the other part gives the first part of R, viz.

By = — F_’]j{?_ f 5= X di’ ff i’ —p) [N = N2 (=2} ™
H{W A2 24 (-} T dAdu. .. (19)
From (13) and (16) the second part of ¢ is

2 ov * . . cosh k(d—f+2) cosh Ic(z+d) VI
~ ” ("_h 3 ) dady J Jo (ki) cosh kd dk

0

which depends on ¢ through @, given by (14). Differentiating this with
respect to ¢ and taking its value at P'(X, u’) we get the second part of ¢, as

RG22 ov B , . N
— H (;4— 5 )d/\d,uj Jo' [k(u' —p)] cosh k(d—f+A) cosh k(d—f+A')
0

X (1 —tanh kd) kdk.
Then from (17) we have the second part of R, namely

_ 2phe2 ” g."—, dNdp’ ” (;L i aa") dxdp J T, Ue(w’ —u)] cosh k(d—F-+2)

m
0

X cosh k(d—f+X)(1—tanh kd) kdk

giving

2
B, = — 2010

“ 2 v A “’ udr\duj Jo Lk(p'—p)] cosh k(d—f+2) .
0

X cosh k(d—f+A')(1 —tanh kd) kdk, .. (200

for the other part of the integral will cancel out as before since J,, [k (1’ —u)]
merely changes sign as p and p' are interchanged.
Again from (13) and (16) the third part of ¢ is

H
e ff(p-—h ) dadp f drf Jo(k@,y) cosh k(z+d) cosh k(d—f+2A) sech? kd

x sin [(¢—7)(gk tanh kd)
tanht kd

3

ipryn

and its contribution to ¢, is
t @®

£ ”(u—k—) dadp. f d-rf Jo(k,) cosh k(z+d) cosh k(d—f+2) sech? kd
o Yo

X cos [(t—7)(gk tanh kd)t] kdk
and taking its value at P'(X, p’) given by

= ‘\/hz_-l—ﬁ 8=Qt+tan‘1%, 2 == ._.f+AI

10B
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we have from (17) the last part of R as

3 ]
= ____29”9 f f 2 avd 'ff(p—hgf) dkdpf dff Jolkdy)
[ 0 0

X cosh k(d—f+A’) cosh k(d—f+A) sech? kd
X cos [(t—7)(gk tanh kd)¥Ikdk .. .. .. .. (2]
where from (14) &, at P’ is given by
@} = 2k 2+ 2 —2[(h24pp') 008 Q(t—7)—h(p' —p) sin Q(t—r)].  (22)
Collecting the different parts given by (19), (20) and (21) the total wave resis-

tance is given by :
R=R+Ry+Ry, .. .. .. .. (23
where &, is given by (22).

4, REsiSTANCE 1N DEEP WATER: A LiMiTING CASE

We shall now discuss the three parts of R given by (19), (20) and (21)
and denoted by R;, B, and Ej respectively.
Considering E; given by (19), we notice that

{W+A+2d—2f)2+ (' —p)2} 1> 0, a8 d> 0 ;
80 that R, tends to the first part of the wave resistance for the corresponding
problem in deep water obtained and discussed in previous papers (Bhatta-
charya 1958, 1961).
Coming to R, given by (20) we notice that for large d,
cosh k(d—f+2) == %ek(d’f“),

cosh k(d—f+4X') o2 Je*@-1+N)
- and

—kd
2e

(1—tanh kd) =
e +e

—Fi>
50 that ,

cosh k(d—f+2) cosh k(d—f+A")(1—tanh kd) —s> §¢*3*¥=%), as d - o0,
Hence the k-integral in R,

- %f I olk(w’ — )] AN e
0

= — 3= { QA+ =22 (w—p2} !
using the result

: f Jo(k2)e P kdk = —z(22+y?)
0

which is derived from the well-known result

f Jokz)eTdk = (22442 H
0
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Then it is easy to see that R, tends to the second part of the corresponding
deep water resistance. :
Considering R, given by (21) for large d, we notice

cosh k(d—f+A) cosh k(d—f+A') sech? kd cos [(t—7)(gk tanh kd)t]
’ H2d—2f +2A+X ~
o~ -((eT-}-ie-i%z) cos[V/ gk (t—7)]
— !N oos [/ gk (1—7)].
Also @, given by (22) does not depend on d; hence it follows that R; tends to
the last term of the resistance formula in deep water.

Thus the shallow water resistance as a whole given by (23) tends to the
corregsponding deep water resistance, as the depth of the water — .

5. R, VANISHES FOR A SYMMETRICAL SHIP

Assuming the ship suﬁace to have transverse symmetry (p-direction) in
addition to longitudinal symmetry (v-direction) already assumed, we can
prove by following the method of § 3 of Bhattacharya (1961) that R; vanishes.

6. Ry ALSO VANISHES FOR A SYMMETRICAL SHIP

Taking the same ship as considered in Bhattacharya (1961), we have its
equation in the form

2a2f (A+f)(a2—p2), .. .. . .o (24)

where 2a, 2] and 2f are the length, width and immersed depth of ship. This
gives

ov'

w = azf
Substituting this in (20) we have

R, = %’g‘? ff()\'+f)y'd/\'dy’ffydx\dyf J;[k(l‘-'—#)]
. )

WAHHE. .. e .. .. (25)

% cosh k(d—f+2A) cosh k(d—f+A')1 ~tanh kd) kdk.
The integral in p and p’ here may be taken separately as

f pdp’ f ud o [k(p'— ) Jdp.

This integral vanishes since the integrand here changes sign as p and p are
interchanged and the integration is taken twice over the same range. Hence
B, vanishes. It may be noted that this argument depends only on &'/du’
being proportional to p'. ,



OF A SHIP MOVING IN A CIRCULAR PATH 831

7. ANALYSIS OF Rj
Considering B3 as given by (21) we write

cosh k(d—f+2) cosh k(d—f+A’) sech? kd = cosh pyk cosh gok sech? kd,

(1 +6'2pok)(l+e‘2qok)
AFe oo

= g +A-2f)
where
po=d=~—f+2A, go=d—f+A".

Since X' 4-A—2f < 0 for our range of integration, the presence of the factor
exp [k(XN'+A—2f)] indicates that only small values of £ (waves of larger
wave lengths) would make significant contribution to the result. Then correct
up to the order of k4, we can write

Jolkd,) = 11k,
= 1—}k2[2h2 4 p2 w2 —2{(h2+pp’) cos Q(t—7)
—h(p'—p) sin Q(t—1) }] by (22)
in which the only significant term is
$k2up’ cos 2(t—r7),

when we reject terms which are even either in p or in p” for such terms as in
Bhattacharya (1961) already quoted contribute nothing to the final result.
Substituting for Jy(ka,) in (21) we get

gpf2 o' ov t
Ry=—7= B dXdu ppn—h—) drdp cos Q(t—r)dr
n ou Ou 0

X f cosh k(d—f+A) cosh k(d—f+X") sech® kd
0

x cos [(t—7)(gk tanh kd)*k°dk. .. .. .. .. (26)
We write
Pi(k) = f f ,Lgicosh kd—f+Ndrdy, .. .. .. 27
Py(k) = f f #(#-—h—aa-i) cosh k(d—f+\)dxdp. .. (28)
Then

i3 o

Ry = — 9_%? cos Q(t—7)dr f P, (k) Py(k) sech®d cos [ (t—7)(gk tanh ked) ¥k %dk.
0 0 @9)
Taking the r-integral separately, we have

t
J. cos £2(t—7) cos [ (t~7)(gk tanh kd)f]dr
0
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4
= f cos 2t cos [(gk tanh kd)¥]dt
0o .

H
= f cos £t cos [\/gd . kt]d
0

replacing tanh kd by kd which is small,
11
=} f {cos (k4/gd+Q)t +cos (k\/gd—R2)t} dt
0

-3 [sin (k\_/_ﬁ+9)t L 5in (k\/ﬁ—g)t]

: k\/gd+Q ky/ gd—Q

(/21 Q) pilbn/ga-Q)
k\/g_d+!2+k\/ﬁ—-g]

i (k—ko)e bkl (1 Lk, )ei edlk~Rolt

= real part of —%¢ [

= real part of —

24/gd K~k
where
ky = Q[ gd.
Substituting in (29) and taking sech? kd =~ 1
we get
__igpk, f‘” (b —Tog)e/ Bk k)t (7 4 ;) oiv/Ealk-+Rot .
F= ], PR FT R & —E) Fk

Integrating along the contour shown in Fig. 4

o Ko »
Fic, 4.
the above integral is
i@ Py(ko) Py(ko)k)
®© _ :3dk
-Hf Py (ik)Py(ik) { (k+iko)e v e8k=ikok 1 (f —iko)e = sd(k+ikoks } k]; ol
0 %o

The latter term — O0ast-— o and represents the transient part of the
resistance.

Considering the steady part only we have the resistance
R = —%ng;Pl(ko)Pz(ko). .. .- ‘e (30)



OF A SHIP MOVING IN A CIRCULAR PATH 833

8. A ParTIcULAR CASE

We consider the particular case of a ship surface given by (24). As the
result in (30) already contains k; we neglect ko and all higher powers of k, in
evaluating P, (ko) and P,(k,). Consequently from (28) and (29) these approxi-
mate values are found to be :

Py(ko) == —4alf, Pyko) = §03f(1+hlfa?).
Then from (30) we get
R= §“E—l - f204(1 4 hifa2).

If Ry be the corresponding resistance in deep water as obtained in Bhatta-
charya (1961) then

Ry = l‘ffﬁ—l F208(1+hlfa2),
Then

R g \

ET s @@ . . . @D
where

0y = gh/2rds, L 3

Equation (32) establishes the existence of a critical angular velocity depending
on the depth such that the shallow water resistance exceeds or falls short of
the corresponding deep water resistance according as the angular velocity of
the ship is less or greater than the critical angular velocity £2,. '

This result is analogous to a similar result established by Havelock
(1922) for the rectilinear motion of a ship.
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