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ABSTRACT

The object of this paper is to obtain an expression for the pitch of ¢-congruence.

1. ¢-congruence has been defined and studied by Upadhyay (1953).
Let &' (i=1, 2, 3) be the co-ordinates of a point M on the surface of
reference and X (5 = 1, 2, 3) the direction cosines of a line of a congruence
passing through M. Also let X’ (i = 1, 2, 3) be the direction cosines of a
line of another congruence intersecting the consecutive lines of the given
congruence at a constant angle ¢. Such a congruence is called $-congruence.
The line of striction of a ruled surface of the original congruence will lie on a
surface ; let this surface be taken as a surface of reference of ¢-congruence, and
the original congruence is also known as congruence-A (Upadhyay 1953).

Let a line of ¢-congruence with direction cosines X' (; = 1, 2, 3} intersect
its surface of reference at a point P whose co-ordinates are y' (=12, 3), then,

Y= 2t .. .. .. .. (LD

where ¢ is the distance of the central point of a ruled surface of the original .
congruence from the point M. ', %', X' and X' are functions of u* (& = 1, 2).
Now, X’ can be expressed as (Ranga Chariar 1945)

. d\r .
X = X cos ¢+e’f",\jx—di\5 sin ¢, .. .. .o (1.2)

where do is the small element of length on the spherical representation of the
original congruence and €’* or €;; is the permutation tensor having numerical

value:
(@) + 1 or —1 according as 4jk is an even or odd permutation of 123.

(b) 0 when ¢, j, k are not all different. ~
Again, with the help of (1.1)

Y, =2 A, (1.3)

The pitch of a ray of ¢-congruence can be expressed as (Ram Behari 1946)
P = j;\' . yfadu“.
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With the help of (1.2) and (1.3), the_ above expression takes the form
‘ § ' ijky- dx J i o
= | | X cos p+e¥y X —sin 4 ) . (2, +1X ) du.
. ) N . k
= f{(,\" . ) €08 $+e;ik (z:m X %) sin ¢

1N S
+teijn (’\:a N %) sin <f>} du®,

c .k
= pcos ¢ + fe.-,-k (“’:a N %) sin ¢ du®,

. ¢ AN :
+1 sin (f) fe,‘jk(,\’a X ?l;) du®, .. .. .. = {1.4)

where p is the pitch of the corresponding ray of the original congruence and
the dashes denote differentiation with respect to the spherical representation
do of the congruence — A.

We already know that (Ram Behari and R. S. Mishra 1949)

i A dub .
’ Eijk(x,al\] ﬁ%) =§°,ﬁ-d% .. .. .. (L5)

When 4, j, k are not all different, the equation (1.4) can further be written
as

- . duP
P = pcosp+sing fap—d—; du®
= p cos ¢+sin ¢ f faﬁu’“u’ﬁ do.

=pcos¢+sin¢fddo, . .. .. .. (1.6

where d is the parameter of distribution of a ray of the original congruence and
it is a constant quantity for a ray of the congruence.
In particular when
() ¢ = 0, the equation (1.4) becomes

p=p
Hence we conclude that:

The pitch of ¢-congruence is equal to that of the congruence — .
(ii) ¢ = #/2 and ¢, j, k are not all different, the equation (1.4) reduces to

ﬁ:fdda P ¢ '

IB
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Hence .
When the rays of the ¢-congruence are formed by the lines at right angles to
lines of the original congruence, the pitch of a ray of the $-congruence 1s equal to
[d do. :
2. If, for convenience, the notation of covariant derivative X, of X with
respect to the first fundamental tensor @aﬁ of the spherical representations

' . . d
of ¢-congruence is used instead of 5%; » then the two quadratic forms used by

Kummar (1960) are

Gopdu®duf
and 4
Aapdu®dub ,
where )
Gap=Xo-2p
and

ug =X -9 p-
With the help of the expression for the pitch of a rectilinear congruence ob-

tained by the author (Nigam 1960), we can write a similar expression for the
pitch of a ray of ¢-congruence in the form

N 7,07 B
P = JJ 678“178 ‘*————‘\/GO'(\ﬁ/dg— du“ ’ . v - (20

where § is the discriminant of the fundamental tensor on a ruled surface of
¢-congruence and fiy is given by Upadhyay (19563)

By = Foys COB ¢+tGy5 cos ¢+ pBE'.,l/,u’l/' sin ¢+§5¢u"ﬁ sin ¢+tE'¢au:lf, sing, (2.2)
where S
: Eo:ﬁ = (,\ja /\:'B /\').
Also (Upadhyay 1953),
éaﬁ = (g co8? ¢—Ea5ug sin ¢ cos ¢+ E,, EgsuYu'd sin? ¢
+E,,ﬁu':‘ sin ¢ cos ¢+G,,3u:;u:% sin?g. .. .. .. (23)
Therefore, by virtue of (2.2) and (2.3), the equation (2.1) becomes '

rs ’
ﬁ = —e-'—: {F’ Sin ¢+tG CO8 ¢+17 B 1/;“”11 sin ¢
V7 U s Pty

+fa¢u,"f, sin ¢+tE'¢3u:lf, sin ¢} { (Gaﬁ cos? ¢
K as’uf% sin ¢ cos ¢+ E,, B gsurw'd sin? ¢

S, 7,
+EYB“,'ZL sin ¢ cos ¢+ Grsu:’a"u, p sin® &) dulduP } % .. (2.4)
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In particular, when
(i) ¢ = 0, the equation (2.4) assumes the form

o 78
ﬁ = J. '1673 {“YS"’tG}'a] \/Gaﬂduaduﬁ .. . ‘e (2.5)
(ii) ¢ = =/2, (2.4) reduces to
i o e‘)’& b ” "
p= \-76 (pSEV‘J'u +§3¢u,y+tE¢5u, .y).
JJ
{ (EWE Bau'yu'6+G78u:§uZSB) du"dup } Y2 . .. (2.8)

(iil) If p = cot ¢, equation (2.4) reduces to
=0, .. .. .. .. .o@1
since (Upadhyay 1953) in this case
Grpiu’duP = 0.

Thus from equation (2.7) we conclude that

The pitch of -congruence vanishes when its spherical representations are
minimal lines. ’

3. The functions X’ may also be expressed in terms of the direction
numbers yfa of the tangents to the co-ordinate curves on the surface of reference
s of ¢-congruence through p and the direction cosines # of the normal to the
surface of reference at p. Thus,

U ;5 A B )
When the ¢-congruence is formed by normals to the surface s,7* = 0and
(8.1) yields
AN =gr .. .. .. .. S (3.2)
Scalar multiplication of (3.2) by y',, gives i
Xi y' =0
or

| by o oy
(I\C cos ¢+€1k /\_,X‘J‘f 8In ¢) ’ (w,a+tA:m) = 0’

which after further simplification is written in the form given by Upadhyay
(1953) as :

i} , , ,
pa%;-cos¢=-—dsin¢, e (33)

where d is the parameter of distribution for a ray of the original congruence.
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The expression (3.3) can be written as

du®
pa Ti; = —d tan ¢
or

Py Gu* = —tan ¢ do.
Integrating the above equation we get
p=—tan ¢ [dds. .. - o e (34)

which shows that p is proportional to f ddo, since ¢ is constant.

Now, from (1.7) and (3.4) we observe that

The ratio of the pitch of the ¢-congruence formed by the lines at right angles
to the lines of the original congruence lothe pitch of the original congruence when
the $-congruence is normal to the surface of reference is constant and is numeri-
cally equal to the cotangent of the constant angle ¢.

In conclusion, I express my grateful thanks to Dr. M. D. Upadhyay for
his kind guidance during the preparation of this paper.
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