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ABSTRACT

Two-dimensional, steady-state, incompressible hydromagnetic flow through a rectangular
channel with two equally porous walls in the presence of uniform transverse magnetic field has
been investigated. Perturbation solution has been obtained for small values of the cross Rey-
nolds number. Exact solution of the equations has also been obtained for the case when the flow
-depends only on the distance from the axis of the channel. It is observed that the porosity
of the walls is capable of introducing a single point of inflexion in the velocity profile.

I. INTRODUCTION

Recently Berman (1953, 1958) has studied the effect of suction and
injection on the fluid flow through channels of various geometries in the
absence of magnetic field. Perturbation method has been used to obtain the
solution of the flow equations for small values of the cross Reynolds number.
In some cases (Berman 1958), exact solutions have also been obtained. In
the absence of suction or injection, exact solutions of the equations of hydro-
magnetics for the flow between two parallel planes, in a circular pipe and
annulus, are available (Hartmann 1937, Pai 1954 and Globe 1959). We
propose to study the effect of wall porosity on hydromagnetic flows through
channels of various geometries.

In the present paper, steady laminar flow of an electrically conducting
fluid through a rectangular channel with porous walls has been discussed.
The external magnetic field has been taken to be uniform and transverse to
the principal flow direction. Perturbation solution has been obtained for
small values of the cross Reynolds number. The equations of hydromagnetics
have been solved exactly for the case when the flow depends only on the
distance from the axis of the channel. The existence of the points of inflexion
has also been discussed.

II. FORMULATION OF THE PROBLEM

We consider a channel of rectangular cross-section with one side, repre-
senting the distance 25 between the porous walls, much smaller compared
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to the other. This helps in treating the problem as two-dimensional. Both
channel walls are taken to have equal porosity. Cartesian co-ordinates have
been used with the origin midway between the porous walls, x-axis in the
divection of the principal low and y-axis normal to the porous walls. Uniform
external magnetic field ., is present in the y-direction The following flow
conditions are imposed :—
(a) The velocity field vector V=V, ), V), 0]
and the magnetic field vector & = [N, (z, y), &,(z, y), 0).
(6) Lorentz force is the only body force acting on the fluid.
(c) The velocity of the fluid leaving the walls of the channel is independent
of the position.
(d) The electrical conductivity o of the fluid is large enough so as to neglect
displacement currents.
(¢) No free charges are present and the external electric field is zero.

Under the above stated assumptions, the equations of hydromagnetics
reduce to

0 0
5;:.11,+5?1.Vy=0 .. .. . ‘e . .. .o (l)

] ]
ax.H,-I-ayHy 0 (2)

0y, 2) e —d (242 o, ()
(V: é—t“-I-Vij) V.= r ax-I-V 6x2+8y2 .V.—H, %% X (3
0y, 2) vy w2 (B 2 v, (B )
(VI%-I- Vy ‘a‘g) g = ; a—y+v ax2+ay2 Vy+HI oz ay ( )
oH, 0H, =
V,Hy—VyH,,:VH. ('—a;:"z——a:’;') .. .. .. . ({))
where
H
H= = [H,(z, y), Hy(‘% ), 0]

A/ dp
; : 1 . .. .
has the dimensions of velocity, and ¥, = Tro 8 the magnetic viscosity.

p, p and v are the pressure, density and kinematic viscosity of the fluid.
We introduce the functions ¢ and ¢ such that

o _ 9

Ve=gy VT T (6)
¢ 0

H"=-a—?;’ H’——aa:

The equations (1) and (2) are automatically satisfied and the equations
(3)~(B) reduce to
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The equations (7)-(9) are the fundamental equations of the problem for
the three unknown p, ¢ and é. These equations are difficult to be solved in
complete generality. The boundary conditions, however, suggest a form for
the functions ¥ and ¢ which is discussed in the next section.

III. Bounpary CoNDITIONS AND Basic EQuaTiONSs

If v, be the constant velocity of suction (or injection) at the two porous
walls, the boundary conditions satisfied by the velocity components ¥V, and
V, are

Vo.(x, £8)=0 .. .. .. .. (10)
Vo, +8) =vy, V(x, =8)=—vy .. .. .. o (1
V,(x,0)=0 R 0 1))
ov, _
[ay]y=0"0‘ O ¢ 1)

The last two conditions follow from the symmetry of the flow. In the
case of equal injection at the two plates, v, is replaced by —u,.
Also the transverse component of the magnetic field is continuous across
the boundaries
H, (z,£8)=H, .. .. . .. (14)
One has to be careful in considering the continuity of H,. Since there is
suction at the walls in the presence of the magnetic field, there is a possibility
of induced field being present outside the channel. But in the present prob-
lem, the external magnetic field and the suction velocity are in the same
direction and therefore there will be no induced field outside the channel.
Under the present boundary conditions, a suitable choice for the functions
Y and ¢ is
3@, ) = (88(0)—avo) . f(£) N ¢ 1)
$(z, y) = (Ba(0)—ave) .« . B(E) .. .. .. (16)
where a = %{”is a non-dimensional parameter characteristic of the conditions
]
imposed on the flow from outside, #(0) is the average axial component of

velocity at x =0 and ¢ =% is a non-dimensional distance parameter.
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From the relations (6) and (10)~ (13) one observes that f is an odd function
of ¢, The effective boundary conditions then become

fO)=fQ1)=F0)=0, f1) =1
(1) =1, h(—=1) = 1. }

Making use of the relations (15) and (16), the equations (7 )-(9) simplify to

(17)

10 ~ v ’

5 5193: = (u(O)— :gvo) . [%" (f'z—ff”)+-3-2.f"'+a2.389 . hh”] ..* (18)

1 @ v \

,E'é%:'s%q "—— ff (u(O—Svo) .%2.7»'7»” L (19)
0.—__(@:(0)_3;@0) [(f’h—fh a@0+°‘ H h”] S (20)

In these equations, dashes denote differentiation with respect to £ Eli-
minating p between the equations (18) and (19) and re-arranging (20), one
obtains

[ +RUfE—ff) —a2(B2—hb")] =k .. .. .. (21)
R(fW—fR)=h" .. .. .. .. (@2

where R =8—z—° is the cross Reynolds number and e= — (e= 110-¢ for
Ve

mercury under ordinary conditions) is a non-dimensional parameter character-
istic of the fluid.
k occurring in equation (21) is a constant of integration yet to be

' determined.

The simultaneous, non-linear differential equations (21) and (22) together
with the six boundary conditions (17) comprise the basic equations of the
problem.

IV. PERTURBATION SOLUTION

The equations (21) and (22) may also be written as

<R RA ()= = o) o3)
=3 =¥

where Hartma,nn number M = 4/a2eR? = \/Ez has been introduced.

We now consider perturbation about e which is very small for most of
the fluids used in hydromagnetic experiments. The functions f, & and the
constant k& can then be expressed as expansions in positive powers of e:

O = 5@+ O+ +HEOF )
h(€) = ho(&)Fehy(E)F . .. Fe*h (&) ... { .. .o (24)
k= k0+€k1+ S G"ku-*- e )
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Here f,’s and %,’s are independent of ¢ and k_’s are constants.
Substituting for f, » and k in (23) and equating coefficients of equal powers
of ¢, we obtain the following set of equations:

Zero Order:
M 2—hp)=0 .. .. .. .. (25)
=0
First Order:
Bf+R(f2—f o)~ M2(2h b, ~h b —hgh) =koR .. .. (26)

R(foh(;_f(;ho) = h;
Second Order:

Rf)'+R2fof,~Fof —Fof) —Mz(h;2+2}zfl)h'1"hoh;—h1h;_h2h;) =kR (27)
R(fohll-’-flh(,)_f(;hl—fl’ho) = h;
The boundary conditions (17) reduce to
fal0) = F1(1) = f.(0) = 0 for all n )

f0(1)=1sfn(1)=0forn>1J. R 1)
hol£1) =1, h(£]1)=0forn >1 )

From the equations (25), we get hy = 1 and consequently (26) and (27)
simplify to
£y = M2f A R(fE=fof )=k .. .. .. .. (29)
—Rfy =h] .. .. .. .. (290)
and
2

i 4 7 7 7 h ’ /
fi _M2f1+R(2fof1_f0f1_f0f1)_Mz(]% _foh1+2foh1) =k .. (30a)

R(fhi=fhy—f) =h, .. (30b)

From the above equations, the characteristic nature of the hydromagnetic
flow is quite clear. Though the induced magnetic field H_ is very small, of
the order of ¢, the velocity field is affected significantly.

The equation (29a) determining f, differs from Berman’s (1953) equation
only in the presence of the term — M2f,. Though, following the analysis given
below, determination of f; from (30a) is not very difficult, but since its contri-
bution to f is very small, we shall confine ourselves to f, alone. The solution
of the non-linear differential equation (29a) presents similar difficulties as
Berman’s equation. We shall solve (29) for small values of R so that f, and
ko can be expressed as ‘ »

Jol€) = fool€) +forl )R+ foa(§)R2+ ... ve o ee (31)
ko = koo+koy B+kopR24- . ..
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where f,’s are independent of R and k,,’s are constants.
The series solution about R is given by

(y __ sinh M{— M¢ cosh M+ [M(6 tanh M — M) sinh M¢

® 7 - 8.cosh M 40% cosh M
__ M{ sinh M¢—Tcosh M¢ 704+5M tanh? M r - (32)
462  cosh M i 108 ] B+ }

M3 M2
ky) =+ g - [160+(9M ~4 tanh M) tanh2 M1R.

where
0 = tanh ¥ - M,

h(i) = 14-€B([fol; —[fo]} where [f;]; denotes the value of the integral of f; at

It cah be seen, though through a tedious process that for M — 0, (32)
reduces to Berman’s solution. For large values of M (M > 5, tanh M ~ 1)
k%) approximates to ,

Qo MB L ME11-6H)

o =it aicaE B o . (39)

As M increases, the coefficient of R approaches asymptotically to 1°5.
Thus as in Berman’s case, it is desirable to consider second order solution for
fo. The expression for fo, comes out to be very lengthy to be given here.
But for the sake of clarity of argument, we give here the expression for &
for large values of M.

@ e B gy B2 (58 4o 19 4 59,395, 1
ko M= - =M+ 55 (9g M- o M= THegrtamm (34)

The coefficient of R? in the above expression approaches asymptotically
to 055 as M is made to increase indefinitely. For discussing the qualitative
agpects of the flow, we shall use the first order solution.

The explicit expressions for the components of the velocity and the
magnetic field are obtained from (6) on using the relations (15) and (16) and

 substituting the values of f and & and their derivatives as given by (32).

V. Pressvre DISTRIBUTION

The pressure distribution in the channel is readily obtained on integrating
the equations (18) and (19), yielding

plz, §) = p(0, 0)— g vof2+ g; (:mz(O)— g%xZ)(kﬂth'Z)_

P oo (PO O)= b csaO)(HO-E20). .. (35)
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Using the values of f and % from the equations (32), one can complete the
evaluation of the pressure distribution,

The pressure-drop in the principal flow direction, in non-dimensional form,
is given by '

PO, )—plx.§) 2 « (1 £ g)(k+a2lik'2) .. (38)

T.ea20) N3V TEN

where the entrance Reynolds number ¥, = has been introduced.

84(0)

From (36), it is clear that the axial pressure variation is non-uniform
across a cross-section of the channel. This non-uniformity arises due to the
presence of magnetic field. But this non-uniformity is quite negligible as
could easily be seen. Substituting the value of 4’2 in (36) and retaining only
first order terms in the expansion of » about ¢, one gets

p0, §)—p@,§) 2 =z ( | R «x M’e » _
1pa2(0) = NRg'S'(l é-m-a) (lH_T'h])' o {37)

The first integral of (295) shows that
B = —Rf, e (38

The constant of integration will be zero because %, has to vanish at £ = £ 1.
Thus using (38), the axial pressure drop can be written as

p0, & —~p(z, 8 2 x ([ | B =z 2 p2 .
= s (T S) (b+M%ERF). .. (39)
Hence one observes that variation of axial pressure drop is quite insignificant.

For considerations of flow reversal, the term involving e may be neglected.
Thus the values of R for which flow could be reversed are given by

k=0. . . .. . .. {40)

Taking, only first order solution, the values of R for different values of M are
given by
4M 62

k= (46 —5M) tanh® M —150"

(41)

The equation (41) is shown graphically in the figure. Since the solution
obtained here is valid only for small values of R, the figure shows that flow
reversal will occur only for small values of M. In the absence of magnetic
field, relation (41) gives R = 1-3, which agrees with the value obtained by
Berman (1958) under the restriction of the problem,

When the fluid is being withdrawn through the boundary, the flow
region will be restricted to a finite length of the channel. It can easily be
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shown from the equation of continuity (1) that the range for the allowable

x
values for 5 is

x NRz
0<§<—E~.

CROSS FLOW REYNOLDS NUMBER R

i

HARTMANN NUMBER M

VI. Frow INDEPENDENT OF PrRINCIPAL FLOW DIRECTION*

In the preceding analysis we observe that we are not able to obtain the
solution in a closed form because of the non-linearity of the basic differential
equations (23). But if the flow is independent of z-direction, the equations
can be solved in a closed form which enables us to have more insight into the
problem. Under this assumption, equations (1) and (2) give

V,=Constant = vy .. .. .. .. (42
H, = Constant = Hy .. .. .. .. (43)

(42) shows that there is suction at one wall and equal injection at the
other. The equations of hydromagnetics are correspondingly modified to

* This special case has also been treated recently in a Russian communication [Dzhor-
benadze, N. P., and Sharikadze, D. V. Soviet Physiecs DOKLADY, Vol. 5, No. 4 (1961)].
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Ve _19p, &V, dH,

1 dp dH,
P tH =0 )
Vo Ho—toH,+E, = —v, . %0 (46)

dy
where the electric field Z, is assumed to be constant.

Equation (44) shows that g—f: can at most be a function of y, but differen-
tiation of (45) with respect to z gives '

22p

=0 (47)

0
This shows that -a-g cannot even be a function of ¥; hence it is constant,
say —P, so that

o _
o=-P. co e e (48)

P remains undetermined in the course of the following analysis and
has to be prescribed in advance. This, in fact, is essential because the dissipa-
tive terms are present. Steady flow can be possible if and only if equivalent
energy is supplied to the system from external sources. Here P serves that
purpose. It modifies the equation (44) to

av, dV dH,

Prg dy d 2 +PH0 dy (49)
Elimination of ¥, from the equations (46) and (49) gives
2
d3H, o, d2H, dH, PH, _ .
dy3 - ;‘(l+e)' dyz -;":1( - ) dy pwH =0. v (")O)

Integrating the equation (45) and making use of equation (48), we get
pHipH: = —P,. .. .. .. .. (D)

Thus knowledge of H, from (50) determines V, from (46) and p from (51).
The boundary conditions to be satisfied are
V.=0 at y=48)
Hy=0 at y=o£8)
Second condition follows as the surface currents are absent at the plates which
have been taken as non-conducting.

We notice that the differential equation (50) bemg of the third order,
three boundary eonditions are sufficient to determine the arbitrary constants.

(52)



FLOW IN A RECTANGULAR CHANNEL WITH POROUS WALLS 8565

But since four boundary conditions are to be satisfied, £, cannot remain
arbitrary. The solution in the non-dimensional form is given by

{m, sinh m, { (Be—ms)(cosh mgy—cosh mgt)— Re (sinh mof — £ sinh mg)+my sinh mof }
e sinh mg { (Be—m, )(cosh m, —cosh m,£)— Re (sinh m ¢ — ¢ sinh m, )+ m, sinh m,£} ]
- my(Re—ms). (cosh mg—1) sinh m, —mg(Re—m,) (cosh m;~1) sinh m,

, (53)
[m, sinh m,{(cosh m,—cosh m,¢)— (sinh myf — £ sinh m,)

—mg sinh my{ (cosh m; —cosh m,¢)—(sinh m,& —¢ sinh ;) } ]
my(Re—my)(cosh mg—1) sinh my —me{Re—m,)(cosh m;—1) sinh m, M

Ry
0

(54)

B = UdHo - m, sinh m(my cosh mg—sinh my)—1, sinh my(m, cosh m; —sinh m;)
2= F0R0 oy (Re—myg)(cosh mg— 1) sinh #ig ~mg(Re~m;)(cosh m;—1) sinh m,

(55)
__ P32 [m,(Re—my)(cosh my—1) sinh m;—mg(Re—m,)(cosh m;—1) sinh m,] )
0= pv mymgy(my —ms) sinh m; sinh m,
(56)
where
~_ Vs H,
U=+~ and H;=+%.
o T Hy
Cross Reynold Number
B Y0
14
Magnetic Reynold Number
R, = %‘—’? , Ug 1s the velocity at £ = 0 and
E TP dute 5
my, my =7y . (14€)£ v/ (1—€2 +4ale|. .. .. (87)
In absence of suction (vy = 0),
my=M, my=—M
and equations (53)-(56) reduce to
- cosh M —cosh M¢ (58)
cosh M —1
g = Ry sinh M¢—¢ sinh M (59)
T M- cosh M—1
7 = UyH, sinh M—M cosh M N . . (60)
=M cosh M—1
and
P82 cosh M—1 . .. . .. (61)

Vo= Memb M
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which correspond to Hartmann’s solution, Here M is the Hartmann’s
Number. '

From (58), it is clear that Hartmann’s solution does not contain any
point of inflexion on the velocity profile while equation (53) shows that suction
or injection is capable of introducing a single point of inflexion in the velocity
profile and it is given by '

(62)

f = . (mg—Re)mz sinh ml]
T my=—my  © | (m;—Re)m; sinh my]

If one of the plates (say £ = 1) be moving with uniform velocity U in
the z-direction, the boundary conditions are

V.=U at £ = +1 (63)
Vo=10 at{= —1 (64)
H, =0 at £ = 41, if the plates are non-conducting .. (65)
H, =0 at-¢{ = —1, if the plates are conducting (66)

Conditions (65) and (66) follow from the fact that in the case of conducting
plates, surface currents will be set up on the moving plate and hence H, will
no longer be continuous across that plate. In the case of non-conducting
plates, no such possibility is there. One more point is to be noted here. If
the plates are conducting, one has only three boundary conditions. Therefore,
we shall have no relation determining E, and so it will be perfectly arbitrary.
Explicit solutions for these two cases can be obtained easily; they are too
lengthy to be given here. '
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