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ABSTRACT

A class of oxact solutions of the Einstein-Maxwell field equations % vacuo is obtained
for an axially symmetric conformastat metric. It is found that the solution as obtained here is
more general than those obtained by earlier workers. It is further found that in all cases
considered the electromagnetic field turns out to be real.

1. INTRODUCTION

In this paper we consider solutions of the Einstein-Maxwell field equations
wm vacuo, i.e.

(L.1) ¢ = —Sw[—FmFﬁ”-q-}ng“F“ ,
(1.2) Frxﬁ, a+FBa, oz+Faaz, B= 0,

(1.3) (v —gF*£), =0,

for the metric

(1.4) ds? = —e~2(dp?+p*dg®+dz?) +ePdi?,

where Gg is the Einstein tensor, F,g the electromagnetic field tensor and
9ug the metric tensor. A comma followed by a lower suffix denotes partial

differentiation with respect to the corresponding variable. p is a function
of p and # only.

This metric is static and axially symmetric. Also since the spatial
metric is conformally flat, Synge (1960, p. 341) has called it a conformastat
metric. To emphasize the fact that the regions considered do not contain
matter but an electromagnetic field only, he (1960, p. 367) has given the name
‘ Electrovac Universes ’ to the solutions of (1.1), (1.2) and (1.3).

We find that the vanishing of the scalar curvature R is gufficient to
reduce the eigenvalues of the Einstein tensor with respfact to the r.netric
tensor corresponding to (1.4) to the form &, k, —k, —k, which charactenze.an
electromagnetic field. Also since B = 0 turns out to be the Laplace equation

in cylindrical polar co-ordinates, it follows that for every solution of this

equation the metric (1.4) is compatible with a stationary electromagnetic

field.
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The metric (1.4) with ¢ as a function of all the three space variables has
been considered by various workers, an excellent account of which has been
given by Synge (1960, p. 369). As is well known the problem of solving the
Einstein-Maxwell field equations is considerably simplified if use is made of
the 4-potential A, from which Fg are obtained by the relation

€s Fop = Au,p—Ap, a-

The earlier workers made use of (1.5) in place of (1.2) and assumed that the
only non-zero component of the 4-potential is 4,. It follows that the only
non-vanighing components of the electromagnetic field tensor F,g will be
Fi4, Fyy and Fgy. Their golution, therefore, corresponds to an electrie field.
If in their investigation p and consequently A, be treated as functions of
p and z only, the only non-vanishing components of Fog will be F1, and Fgq.

In the present investigation we have worked with the F,g’s directly and
we find that in general four components of Fop, ie. F1g, Fos, F14 and Fyy, are
non-zero. This solution, therefore, takes into acecount the magnetic contri-
bution as well. Also the solution as obtained by previous workers, in so far
as the two-variable case is concerned, follows as a particular case from that
obtained here. ’

It is incidentally found that the empty space-time field equations for the
metric (1.4) demand that g be a constant which without loss of generality may
be taken to be zerg. The space-time, therefore, becomes flat. It follows that
empty non-flat axially symmetric conformastat fields of the form (1.4) do not
exist. It is also found that (1.4) is incompatible with the perfect fluid hypo-
thesis.

2. SoME GENERAL CONSIDERATIONS

The non-vanishing componenfs of the Einstein tensor for the metric (1.4)
are:

G = =6} = — (i)

1
G = e {p+u3),
2.1)
2 .2 2p
Gi = —¢ #(2#11+2F33—“1—F§+—P~1),

3 1 2
Gl = G3 = —2[1»1,136 “)

where the lower suffixes 1 and 3 after p denote a partial differentiation with
respect to p and z respectively. Also p, ¢, z and ¢ correspond respectively
to x1, 2, 23 and z%. A )

It obviously follows from (2.1) that the field equations for empty space-
time demand p = const. which we may take to be zero. Thus the space-time
becomes flat.

2B
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It is easily found that the eigenvalues A, of the Einstein tensor are given
by
A=lp=—A= 62"(#? +F'§) ’

A= —c (2M11+2#33—I‘?—I‘§+2-:3) .
Since two of these are equal and opposite it follows that (1.4) cannot represent

perfect fluid distributions.
In the case of an electromagnetic field

R =0,

which turns out to be

- - 1, .
(2.2) (e7F)1+(e F)33+; () =0,
and consequently the eigenvalues of the Einstein tensor reduce to the form
(2.3) k; k7 —k7 _k’
where
(2.4) k= o% (i +p3) -

The eigenvalues of the Einstein tensor in the form (2.3) characterize an electro-
magnetic field. Equation (2.2) is the Laplace equation in cylindrical polar
co-ordinates. Hence it follows that for every solution of this equation the
metric (1.4) represents a stationary electromagnetic field. A similar conclusion
was reached by earlier workers from different considerations (cf. Synge 1960,

p- 369).
We easily find that = as given by (Blancheton 1959)

o LA v
(2.5) @6 =,
is always positive. It is in fact given by
(2.6) 7 =P (p.?+p§)2 >

where use has been made of (2.2). Thus the electromagnetic field as obtained
here is always real.

3. Tee Fierdp EQuaTiONs AND THEIR SoLuTION

It follows from (2.1) that
Gi+Gi=0

and consequently, in view of (1.1), that

2
(3.1) gigis T, — gty = 0.
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. Since g1, g22, ¢33 are all negative and g4* positive it follows that (3.1) will hold
only if

(3.2) Fgy = Fgy = 0.

From (1.1), (2.1) and (3.2) we find the fo]lbwing four equations ;

Pv F-
(3.3) 928 (Fry— Fog)+9* (Fl,—Fy,) = =,
: pi s
(34) g2 (Ff2+F§3)—g“ (Fi 4) = - 1 ?
‘ By
(8.5) g¥2F g F gy — g4l 1 Fgy = — ‘;—_”3 .
(3.6) F12F14—F23F34 =

For obtaining these equati(;ns use has been made of (2.2). Hence p is supposed
to be known.
From (3.3) and (3.4) we get

2

2 oop2 _ M3
(37) 944F34—'922F12 = 4'—7; 3
F'z
2 2 1
(3.8) gur, —gteFy = .
Eliminating F',, from (3.5) and (3.6) we get
’ . e __o2f? — Haks F_ﬁé
(3.9) PUEL =g =
It follows from (3.8) and (3.9) that
Fu F34
(3.10) — = —— = —=, $aY,
,‘/
where ¢ is a function of p and 2z to be determined.
Hence
af? g
3.11 - Fiy=—— N Foy = ——1b.
( ) ) 14 ’\/477 ‘!‘ 84 \/477 ‘!‘

Similarly we find from (3.5), (3.6) and (3.7) that _
K3 Ky
7, Fog = —2=1,
47 7 2 ? A 4w K
where 7 is another function of p and z to be determined.

Substituting for F4, etc., from (3.11) and (3.12) in (3.5), (3.6), (3.7) and
(3.8) we find that

(3.13) gltgt—gitg? =1.

(3.12) Fip =
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This is a single equation which ¢ and 7 must satisfy.
So far we have not utilized the equations of Maxwell, namely (1.2) and

(1.3). Substituting for the non-vanishing components of Fop from (3.11) and
(3.12) in (1.2) we find that

(3.14) Bam +ugns+ (11 +pgg)n = 0,
and
(3.15) #3!/11“'.“'1‘/13 = O

Substituting for ¢ from (3.13) in (3.15) we get
1
(3.16) P = s~ _fn =0,

Solving for 7, and 75 from (3.14) and (3.16) we find that

1
(3.17) 7y = (—-#1+;)n,

(3.18) . 13 = —Ha,
where use has been made of (2.2). It follows from (3.17) and (3.18) that

log n = —p+log ap,
so that

(3.19) 7 = ape Tk,
where @ is an arbitrary constant. Also from (3.13) and (3.19) we get
(3.20) Y = 4/1—qg2eH,

Hence ¢ and 7 are both known in terms of u. N
The expressions for the non-vanishing Fyg’s can now be wrilten explicitly

from (3.11), (3.12), (3.19) and (3.20) as

a a
- ek, Fog = ——pu ek,
FIZ ’\/4‘” pp3 23 ’\/4‘” 1
)
(3.21) 1—a\? ‘ 1—g2\ ,
F14 = o ,U-leF-, F34 = prp M‘3€ .

Lastly it is easy to verify that the F,g’s as given by (3.21) satisfy (1.3) identi-

cally in view of (2.2). .
Hence the most general solution of (1.1), (1.2) and ( l‘?f) for the metric (1.4)

is given by (3.21) where e satisfies the Laplace equation (2.2). We have

here a class of exact solutions of the Einstein-Maxwell field equations ¢n vacuo.
When @ = 0 the solution obtained by earlier workers follows.
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