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ABSTRACT

Optimum trajectories of a rocket for maximum range and minimum time of flight have been
obtained by using the method of calculus of variation. The equations determining the optimum
trajectories have been established for the general case and exact solutions of Euler-Lagrange
equations have been obtained for a fow simpler cases for time minimization.

1. INTRODUCTION

In recent years, variational techniques have been extensively applied to
optimization problems in rocket ballistics. The approach adopted in most of
the literature on such types of problems is based largely on Mayer-type for-
mulation. This approach can, however, be modified to lead to a simple
numerical scheming by coupling the dynamical equations of motion along and
normal to the path and thereby effecting reduction in the number of Lagrange
multipliers. Recently this simpler formulation has been successfully em-
ployed by Theodorson (1959) to determine the minimum-time path to climb
for an aeroplane. In this paper, optimum trajectories of a rocket for maxi-
mum range and minimum time have been found basing the analysis on this
modified approach. The equations determining the optimum trajectory have
been established for the general case and some exact solutions of Euler-
Lagrange equations have been obtained for a few simpler cases for time
minimization.

2. DyNaMICAL EQUuAaTIONS oF MoTioN aAND KiNEMATIC RELATIONS

The equations of motion of a rocket taking into account gravity variation
and aerodynamic forces are :

v _ T cos a— (i)z in 8= D(h, v) (1

m = myg Bih 5 , .. .. .. )
de : R \? my? o
my o = T gin a—myg (R+h) cos 04 L(k, v) + BEh cos 8 o (2
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and the kinematic relations are

dx R
a=.R—_l_-—hvcos0 .. .. o3

?g=vsh10 .. . .. .. R Y]
where
T = rocket thrust.
v = velocity of the rocket.
m = instantaneous mass of the rocket.
o = angle between thrust vector and velocity vector.
8 = angle between velocity vector and the local horizontal.
R = earth’s radius.
g = value of gravity at the surface of earth.
h = altitude from the surface of earth.
% == curvilinear co-ordinate measured along the surface of earth.
In this paper, the quantities with subscript 0 and f refer to their values

at the initial and terminal points of the path. The dot and dash denote
differentiation with respect to time ¢ and altitude % respectively.

3. RaANGE MAXIMIZATION

In this section we derive a set of simnultaneous differential equations of
the trajectory along which the range measured on the surface of the earth is

maximum. From equation (3), the integral to be extremized subject to (1),

(2) and (4) as constraints is
i

Tp—2xp = ———v cos 8 .dt. .. - .. (b
" B+
The dynamical equations (1) and (2) can be coupled by eliminating «
thereby giving a relation in v and 6 and their time derivatives. Introducing
the Lagrange multipliers A; and A, (unspecified functions of time), the problem
reduces to extremizing the integral

-

'f .

J F(v,9,8,0,n hdt . - .. (6)
)

where
R s . .
F= jrA 008 f+2A;(h—v sin 0)+)«2[mv9—T sin « |
R \? my? cos 0
+mg(m) COSB_W—L]'. . (7)

in which a is to be regarded as a function of v, 9, 8 and h as given by equation
(1).
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The Euler-Lagrange equations are

1(211’)_?_{’_.0
dt \ ov o
2(3_11’)_211’_0
dt \ 56 90 —
4 (R _9F_,
dt ajb) o

891

(8)

(9)

(10)

Carrying out the partial differentiation of F with respect to v, 9, 4, 6, k, i
and using the fact that « as given by equation (1) is a function of », #, 6 and &

the above equations become

where

A +BiAg+Y1 =0
todo+Bode+7y =0
/‘1\+,33/\2+73 =0

ay =meota, op=mv.

. . oD 2my oL
= 5 _ 3 2 g — — /. —
B = m cot a—ma cosec? & mBy ™ cob a+R 7 cos 60+ 3

. . omw? R \? .
Bo = mw+mi~— B4 gin §—mg (m) (cot & cos §—sin ).

2 . 2
B (cot « sin §4cos 8)— Y cos O— S?—12(3013 .

Bs =2mg m (R+h) oh

. R . . ‘ R
¥y = Ay sin §— msm 8 =70+ A;8in 8, Vo= — ~R+—hsm 4.

' R R .
Yo = Ayv cos f— T sin 0 = Voo +Avcos 8, Voo = — mvv sin 8,

R
Yy =5 vcos f.

ERI

(11)
(12)
(13)

Eliminating A, between equations (11) and (12) and also between equations
(12) and (13), we get

and

biA;+bod; +bg = 0

a1d1+agd; +azd +a, =0

in which the coefficients a’s and b’s are given by

by = (&2 sin 8—o0 cos 0)/ (182 —uofB).

ba = o () (B 008 0—f i e

(14)

(13)



892 M. N. RAO & K. N. MEHTA : OPTIMUM TRAJECTORIES

b = a (ag¥i0—21Y0p
37 A\ ayBy—ugf,

) —(B1Y20—BgY10)/ (2182 —%2B;).
B

Gy =0y, Gy= Bz*““zF .
3

a3 = —fgv cos 0, g = aV3+PsY; —Bs'yzo—dg'yag—a.
3

Eliminating A, between equations (14) and (15), we get
(@oby—agh,)(baby —babs) — (@4bs —asbs) (b1bo+ bg_blbz)
ay(bybe+ b5 —b1be) —b1(azbe—agh,)

d [ bi(agbs—azhs) —ay(bobs—bobs) ]

8t | 4, (byby+bE—byhs) —by (azbe —aghy)

(16)

The set of simultaneous non-linear differential equations (1), (2), (4) and (16)

“can be integrated numerically with the aid of initial conditions on v, » and 6
and their time derivatives to yield v, A and 8 as functions of time for the
maximum-range trajectory.

4. TmvE MINIMIZATION

In this section, the analysis has been carried out to determine the opti-
mum path along which the time of transfer is minimum. In this case we have
to extremize the integral -

e '
tf—to=J — .. .. . .. (17)

subject to the dynamical relations (1) and (2) as constraints. Introducing
the Lagrange multiplier A the problem reduces to minimizing the integral

hy

Flo,v',0,8)dh .. .. .. .. (18)
he :
where

F=

2
+A [mm)’ sin 8T cos a4-mg (EI_E'_—’;) sin 84 D(h, v)] .. (19

in which « is to be regarded as function of », k, 8 and 8" as given by equa-
tion (2).

Carrying out the partial differentiation of F' with respect to v, ¢/, # and ¢’
and using the fact that « is regarded as function of v, b, 8 and 6’ as given by
equation (2), the corresponding Euler-Lagrange equations

d (aF\ oF
ﬁ( )__.=o e e (20)

vsin @

%) W
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d (oF oF

3—5(567)—"6—0"—'-‘0 .o .e .. .o (21)
become

LA +mA+n, =0 .. .. .. .. (22)

l2A'+m2A+n2 =0 .. .. . .. (23)
where

Iy =mvsin 0, I, =mv? tan « sin 0.

my = [(my sin ) —mv' sin 8- %%) —tan o (2 mwub’ sin §— % cos 0— %H .

2
My == [(mv2 tan « sin 8)' —mov’ cos §—mg (;ﬁ) cos 8

. . .
—tan a {mvz 0 cos 0—myg (R—_R;_—h) sin 0+% sin 0}] .
n = 1 __ cos ¥
1= sing’ = psinz0°

Eliminating A between the equations (22) and (23), we get

MmNy —mahy _ a (nllz—-nzll) ’ (24)
Lime—lgm;  dh \img—lgmy) ©  *°
With the aid of prescribed initial conditions on v, v’, # and ¢’ and the
set of non-linear differential equations (1), (2) and (24) can be integrated
numerically to yield the minimum-time trajectory.
The approach adopted in this paper simplifies the programming as the
differential equations to be integrated numerically are fewer than in Mayer
type formulation.

5. A Few SIMPLE CASES FOR TIME MINIMIZATION

Case 1. Constant gravity, flat earth and no aerodynamic forces.
The kinematic relations and the dynamical equations for rocket flight,
in this case, become

dx dh . ox
Et—-—vcose,?t—-vsmﬁ. .. .. .. (25)
dv ) . .

m — == T cos a=—mg sin 6. . . .. (26)
dt

mvg—?=Tsinm-—mgcosO. .. .. .. {27

Introducing » as the independent variable and transforming the de-

pendent variables v and 8 by
r=12 s=cosf .. .. .. .. (28}
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the dynamical equations reduce to

m T cos a
r — .. .. .. .. (29
= Vi g (29)
mrs’ = mgs—1T gin « . .. . .. (30)

and, accordingly, the integral to be minimized is

ks
f F(r,r',s,¢)dk
2

where

il

1 m T cos «
F — A | = - e 4mg] . . .. 31
ver=halE Vi 4 ey
Carrying out the partial differentiation of F with respect to r, s and
their derivatives with respect to and treating « as a function of », s and s’ as
given by (30) the Euler-Lagrange equations become

2ms’ tan « 1
A ! — —=10. .. .. - .. ..o (32
+(m + V=5 )A+ =5 (32)
mr tan & Y d (mr tan a) Ts cos a mg tan oc] - 8 _
VI=s2 [dh (\/1-—32 (1—s2) \/1—32 Vr(1—s2)t
(33)
Eliminating A between these two differential equations, we get
s '+ 2ms’ tam a) _ 1 {i 'mr tan oc)_ Ts cos «
\/}(1—82)*( 4/1—st A/ r(1—s2) dh(\/l—-a‘? (1—s2)
mg tan « d[l{ m tan o ms }]
F = A5 |- = _— = oo (34
x/l—sz} Vr(l=s2)  V/r(l—s)t o

where
A=m {i (mr tan o:) Ts cos « L7 tan a} _mrtana (m’+ 2ms’ tan oc)
dh \ A/T—s2 1—s2)t \/1—32 V1-sz\ V1=g
in which «, as given by (30), is to be replaced by -

tan-1 [ m(gs—rs’) ]
VT2—m2gs—rs')2]

Elimination of « between the dynamical equations (29) and (30) yields

'<1—s2)(i+9)2+<gs—rs')2=@—2 - 35)
. oL

The simultaneous, non-linear differential equations (34) and (35) can be solved
with the aid of initial conditions to obtain v and @ as functions of % for the
optimum trajectory.



OF A ROOKET FOR MAXIMUM RANGE AND MINIMUM TIME

Case 2. o = 0 and acceleration due to thrust is constant (717; = k)

In this case the dynamical equations reduce to
" k
\/ 1—gs2 g

rs’ =gs .

=

o}

and the corresponding Euler-Lagrange equations are
1
o=
M r=1.
Eliminating A between (38) and (39), we get
r = 2k .
VI—s

’

895

(36)

(37)

(38)

(39)

(40)

From equations (37) and (40), the equation determining s is found out to be

88" = §'2 (1— ——2k ) .
V' 1—s2

With the substitution

&' = u, so that s”=u(—l—1—l' ,
ds
the above differential equation becomes

(oL
ds (5 9 sv/1—s2/ "

The solution of (42) subject to the initial conditions

0=00,u=u0= —sineo(g—%)g_o
=Y

is

v e S8 ] ( tan §4sec 8 )2"13
~ "0 Gos 8, \ tan Gy +sec 6,
whence
dé . wu tan 6+4sec 8 \ 2%z
dh " costp " (tan 0, +sec 00)
and hence

kfg ] 2k _
b = 9 €08 8o [1_ (tan 0o+sec 00) ] __cos oof tant ! (E.*.,
Ug 4 2

2k tan 6+sec 0 % J g,

using (37) and (44), the expression for v is given by

> = ,\/g cos B, (ta.n 0,4+ sec Bo)m
- g tan 0Fsec /) °

(41)

(42)

) de (45)

(46)
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From the kinematic relations, we have
dx

E=00t0

so that

2kfg @
T—Ty = — 005 b (tan 0y+sec 90) f tanzklg(z+g) db. e (47)
0 o

Also from the kinematic relations, we have

a0 _ sin @ a0
@~ "
and hence, on using (44) and (46),

_, 1 [gcos b (sec Bo+tan Bo)k/g '
! to——k\/ ug |\ sec 6+tan 0 i S - (48)

Jase 3. Drag form = ce? and acceleration due to thrust is constant.
The dynamical equations are ‘

dv . . kl 2 (
m;i—t—T--mg sin 0—-311 .. .. .. (49)
mvzﬁ=—mgcos0 .. .. .. .. .. (50)
and the kinematic relations are
dx dh )
a—t—-vcos 0,E=vsm0.
. k
Introducing the deceleration coefficient ¢ =z and transforming the vari-

2m
ables as in case (2), the dynamical equations become

r’ k—cr

= . .o .o .. 5].
5 e g (51)
rs’ =gs, .. .. .. .. . .o (D2)

The integral to be minimized is

by
f Fdh

ko

where F is now given by

1 r k—cr
Fe ——— — o .. .. (5
Vs [2 \/1—sz+g] (53)

The Euler-Lagrange equations are
2 1
A— A =0
/1352 + rA/r(1—s2)
Me—er)A/7 = 1. .. .. .. (58)

(54)
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Eliminating A between the above two equations

3er—k s Ze n 1 —0
2r(k—cr)2 \/l—sz(k—cr) r4/1—s2 B

Elimination of r between (52) and (56) yields

(56)

g(3cgs-—ks’)(s'2—ss”)\/l—32—-4cyss'(lc.s’—cgs)+25’(ks'—cgs)2 =0... (57)

Applying the transformation
s’ = u so that v = zilzz—b

ds
the above equation reduces to the form

(ufu' = foudtfau+f, .. .. .. .. (88)

where f’s are functions of the new independent variables alone and are given
by

f1= —3cgs/k f =1 2k
1 ) AL 2 s gSf\/]_ _82 .
2¢ 3¢g 6gsc2
o g J

=\/1—82_7~‘—’ f4=_k\/1—sz.

The equation (58) is a first order non-linear equation of Abel’s type.
In the absence of drag (¢ = 0), the above Abel’s equations reduces to
wsequation (41) obtained in case (2).
Case 4.

I'—D L
——— = constant, ¢, and — = constant, i,
mg myg

The dynamical equations of rocket flight, under the above assumptions,
call be written as

dv . ~
¥ g(pq,—sin 6). .. .. .. .. (589)
ae

v = glpo—cos 6). .. .. .. .. (60)

With the transformation used earlier, these become

LAY L S
2*9(\/1—32 1) N (- 8
rs' = g(s—py) .. . .. .. .. {62)
and the integral to be minimized is
by
f Fdh
kg
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where
1 r' [
v 50 (i) %)
In this case, the Euler-Lagrange equations are
1
r'\/r(l—sz) (64)
pAgVr=1. .. .. .. .. (65)

Eliminating A between the above two equations and using the dynamical
equation (62), we get

(s=—pg)s” = 8’2 (1— '\/21#-132)' .. .. .. .. (66)

Using the substitution s’ = u and the initial condition u = uy, 6 = 6, the
first integral of the above differential equation is

_ . ,d0 _ cos 00—y ~2u,($ - o)
°= —smﬁa—l—z_ o —os 00__”'26 1 o .. .. (67)

2 - Fat1 0)
= tan—?! T2 tan Z|.
¢ .\/#g_l (\/,,,2._1 2

From (67), the altitude is given by

where

g .
Bty = 205 G0 hiz f S0 oug—dgg .. .. (68)
Uy g, Me—00S 0 )
From the dynamical equation (62) and (67), the expression for velocity v is
v= \/M o 1($—do). .. .. .. (69)
Yo

Using the kinematic relations along with (67) and (69) the range and time
corresponding to a point ‘6’ on the minimum-time trajectory are given,
respectively, by the integrals -

]
PR CLL Sl 0059 om@—dgp. .. .. (70)
0 Uy g, Ha—008
(1]
—————— —o)
b = cos 00_“2 ef"l(¢ ¢0 da.
0 gug %o pe—cos 0
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