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ABSTRAOCT

The distribution of stresses and displacements in a semi.infinite transversely isotropic solid
have been obtained when a prescribed flux of heat is applied across the upper surface of a circular
crack or when the temperature at the surface of the crack is prescribed. It is found that the
normal and shear stresses do not vanish for all values of co-ordinates as in the case of isotropie
material.

1. INTRODUOTION

In the theory of fracture the distribution of stress in the neighbourhood
of Griffith crack in an elastic body is of much importance. The problem of
calculating the thermal stresses around a crack in an elastic isotropic body has
been considered by Sneddon and Olesiak (1960). In this paper the author
assumed that the thermal disturbances are constant with respect to the time
and the thermal conditions on the upper surface of the crack are identical with
those on the lower surface.

In this paper the solution of the statical equations of thermo-elasticity ina
semi-infinite transversely isotropic solid has been obtained, and then the
distribution of stresses and displacements have been determined when a
prescribed flux of heat is applied across the upper surface of the crack.

Finally the distribution of stress produced by prescribing the temperature
at the surface of the erack has been considered and the equivalent flux function
necessary to produce this prescribed temperature has been calculated.

2. SOLUTIONS OF THE EQUATIONS oF THERMO-ELASTICITY

We shall consider the temperature and displacement fields in a tr&n‘s—
versely isotropic solid which is conducting heat. In the problems which we
shall consider it will be assumed that the axis of z is the axis of elastic sym-
metry and the position of a typical point of the solid may then be expressed in
terms of cylindrical co-ordinates (r, 4, 2). For symmetrical deformation of
the solid the displacement vector of such a point may be taken to have com-
ponents (%, 0, w) in this co-ordinate system, and the non-vanishing com-
ponents of stress tensor will be #, g3, & and 7.
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In a transversely isotropic material with the z-axis as the axis of elastic
symmetry the stress-strain relations in problems of thermal stresses are:

= ey oty tee,—o0 T )
B8 = cpf, oyt ey, ~0 T 1)
22 = c g€, T egg) FCysty— %, T |
7= sl J

where ¢;;, ¢;3, etc., are elastic constants, 7' is change in temperature of the
solid from a state of zero stress and strain and «,, «, are the coefficients of
linear expansion of the solid in this co-ordinate system.

The strain components in terms of displacements are

o = 0w
n S T =T
. _Ou 0w

rz a + 81 }

and the equations of equilibrium reduce to

3)

Substituting the values of the stress components in the two equations of (3)
and using relations (2) we get

*u 18 a‘zu' ERY oT :
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If the temperature distribution is steady and there is no thermal source inside
the solid, the temperature T satisfies the equation

T 19T 1 T
02 r or. 52 0:2
where s is a constant depending on the ratio of the coefficients of thermal
conductivity of the solid.
To find a particular solution of (4) we assume

? w=a2 (s

where ¢ is Ai stress function to be determined and A;, A; are constants to be
adjusted.

=0 B

u_'Al



914 P. CHOUDHURY : THERMAL STRESS. AROUND A CRACK IN A

Substituting these expressions in the equations (4) and integrating with
respect to r and z respectively we obtain

0 10
11A1 (aﬁ"‘ a¢) +[A1044+A2(613+c¢4 ] aﬁ = ¢1T

(7)
224 10
[caade+21(c13+cq4)] (a;}:+ ¢)+ 332 aﬁ T ‘
This system of equations can be satisfied by taking
0%, 104 1 0% 19%
aT2+T a’r+82 92 s = =0 a,nd 8255 T . ‘. .. (8)

and adjusting the constants A,, A; with the help of the equatlons
Ai(s%044—C11)+Ag5%(Cr1gF 0ag) = 8%y ) (9)
—M(C154Caa)F Aolggs®—cg) = stz I a ;
Since T satisfies the equation (5), the two equations of (8) have a common
solution. Solving the equations (9) we get the values of A; and A, as
s4{a1(ca35% — C4q) —28%(c13+C44)]

Z
€11644+82(—€11C33+ €15+ 2013044 )+ %3504y

A1=

10
A s4as(crg+Cqq)Fas(s2cyy—0ry)] (10)

2 . H
11644+ 52 —C11Cag g+ 201564, ) +5%05304, |

3. SOLUTION FOR A SEMI-INFINITE SOLID

In the case of a semi-infinite solid z > 0 assumed free from disturbance at
infinity, we are interested in solutions of the equations (8) which tend to
Zero as z —> oo, 80 that the appropriate solutions of equations (8) are

¢=f ad{a)e”** Jo(ar) da .. .. ..o (1)
G

where A(x) is an arbitrary function of «.
The function 7' is therefore given by

T=J. aaA(aie*“s'Jo(gr) dax. .. .. o (12)
0 . .

The function A(«) is determined from the boundary conditions of the tem-
" perature field. o

The relation (11) represents-a particular solution of the general equations
(1). The corresponding displacements and stresses can now be calculated
from (6) and (1)

uyp= —M f a2 A(a)e” " T (o) dc
0

., 7 ’ (13)
Wy = ——-Azj‘ a2sA(afe” ™ Jglar) du- jk
0
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72 = (M +A2)f adsA(x)e™ ™ Jy(ar) da
0

® (14)
82 = (033’\282—“2—013/\1)‘[ «34 (x)e "% Jo(ar) da ;'
0 /

4. COMPLEMENTARY SOLUTION

~ In a transversely isotropic solid the solutions of the general equations are
obtained from the stress functions ¢, and ¢, given by (cf. Elliott 1949)

2 02
(Vf+”1a—zz) ¢, =0, (V?-ﬁ-vz 52—2) $p=0 = .. (15)
where .
. 9% 10
Vi=artre
and the equation for v with roots vy, v, is
11C4av3+[015(2e44+C13) —C11633]v 3644 = 0 .. .. (16)

Since the stresses and displacements are to vanish at large distances the
solution of (15) may be taken as

¢C=f a[Al “‘/“/V1+A ozz/q/vz] Jolar) dx . .. (17)

0

where 4, and 4, are certain functions of « to be determined from the boundary
conditions.
The stresses and displacements are therefore given by

Ug = (855—811) P f “2(-41 -eivhy +Age al/vy!)h(“"‘) dx

we = ._f [ Al e~a.z,/s/l’1 {v1844+( - ?ﬂgﬁ—) (512—-811)}+ (18)
13

— 811583

+ AE. ta‘mh/v2 {"26‘444‘ (P'— M) (512511 }] Jo(r) da

2
Vo 813811533

® .- $13(818—5
7 .=f " [Ale /A%, {"r— 13(812=511) }_+
0

2
813—8116‘33 ‘

+¢12e‘°"""/-;= {Vz— «913(312-311)}] Jolar) da

)
813511938

. f:o as[ Alr e—tll/&/;'l {v 813(812—'6‘11)l +
S PR LV 1T dy—uises §

(19)

A, ;u/x/v", {v . 313(312-8111” Ty(ar) da

2" 2
813 811%s8
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where v;, v, are the roots of

2 2 2
(313"311333)"2—[2313 ($12=811) —$11544] vtsp—8 = 0

_ 513(2813+544) —3855(811 +612)

2
8137511533

and 8,4, 8;9, etc., are the elastic moduli.

The sum of the displacements and the stresses obtained from the relations
(13), (14), (18) and (19) gives the complete solution.

To determine the constants 4; and 4, we shall have to make use of the
boundary conditions. The boundary condition

B=0onz=0

therefore implies the relation as obtained from (14) and (19)

: A
VI—P1)+ ‘——2:'

A
Vn Vv
A2= ’\/Vz [

P1~vy

(ve—P1)+cgg(A1 FAc)sd (@) =

"Pl)+044(/\1+/\2)8A(°‘)] . . {20)

‘\/"1

813(812"‘-511)

81 1833

where

So we have the expressions

ke 4]
u= f az.[(sm—smpme‘“”’”‘ ~AA(we "+
: 0

-+

P\/;z(é’]z"su) {A1(V1:P1)
Pi—ve V1

W= — f o2 [AgsA(a)e‘mz+
0

+egq(h +/\2)8A(°l)} edul‘/v;] Ji(ar) de

A4, . -&ify/ vy
'\/Vl

1 V1844 +P(812—811) = P18} +

-y,

Py=—vs

e

Ay(v1—py)

'\/”1

{(ve—P1)sa+P(812—=511) } X{

+cag(A1+Ag)s4(a) }]

X Jo(aT) da

T = f 734(a)e” T o(ar) du .. . . .. .. (21
<0

for the components of the displacement vector and the temperature. We note.
that, for this solution, when z = 0
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>0

o

a3 [Al("l"pl) (1'— \/:f) -.l-A(oc) {033'\282;'“2~013/\1—

0

—\/'—;1044(A1+A2)8}]J0(0Lr) do.. .. .. .. (22)

The determination of the unknown constants 4, and A(x) can be done
only if we further specify the mechanical and thermal conditions on the surface
of the solid.

If the plane boundary is free from applied stress, then 7 = £ = 0 on
that plane so that we must take

Vo

AilPr=n) ( 1= \/_) = d(@)fegahyst—az—cighy =V vieg(M +Ao)s].  (23)

v/

Substituting the values of A4,, the appropriate solution is therefore given by
the equations (21).

The function 4(x«) is determined by the thermal conditions. If onz = 0
it is prescribed that 7' = T F(r) then A(a) is given by

x

Ala) = Tof PSP Tolar)dr. .. .. .. (24)
0
With this value of A(x), the complete solution is obtained from relations (21).
This is therefore the axially symmetrical solution of the problem for a
transversely isotropic solid. The solution of the problem for an isotropic
solid has been considered by Sternberg and Macdowell (1957) and by Sneddon
and Lockett (1960) and their conclusion is that £ = 7 = 0 for all values of r
and z. But in the problem under consideration we find that 2z and 7 are not
zero for all values of r and .

-

5. PrESCRIBED FLUX oF HEAT ACROSS THE SURFACE OF
A PENNY-SHAPED CRACK

We write the solution in a dimensionless form. Putting
k1A(e) = ad(aa), kod;(a) = ag(aa)

where a is some typical length and changing to a new variable of int‘.egration.
N = aa we find that the solution on the surface z = 0 may be written in the
form

Ters fo nSb(a)olEn) dn

oT_ . &
9z ket

J. i) o(én) dn R )
0
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x

2= ] P+ dr

¥

w= klklza“z fo 72 kaks(n) +kikgb(n)Wo(én) dn, .. (26)
where

§=£, (== e

ki = caghes?—ay—cygA) — '\/'71044(/\1+/\2)3

st 70 [844+P s“] Vs f—tn) .. (28)

1 4 —Pl

4---'\/"1 ’\/1

Let a penny-shaped crack, occupying a circular area r < a in the plane
z = 0, be opened out by the application of heat to its surface and deformed by

the application of an axially symmetrical pressure defined by %2 = —f,; (2)

when z = 0. We shall assume that the flux of heat across the upper surface
of the crack is exactly the same as that across the lower surface. So the
boundary surface z = 0 is subjected to the boundary conditions:

aT _ (r 9
5= ;,), 0Lr<n . .. o129
or .

5 =0 r>a .. .. .. .. (30)
w=0, r>a .. .. .. .. (3D
77 = —f1 (2)1 0€r<a (32)

From equations (29) and (30) and the relation (25) we find on applying the
Hankel Inversion theorem that the function ¢(7) is given by

kla

7%(n) = ——f £Q( )Jo(fn) ¢

95(17) = e mfz( ,) . .. .. ~ (33)
where

Y 31
felm) = f £Q(€) ol§m) dE. ce e (34)
- 0
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Substituting from equations (32) and (33) into equation (26) we find that
whenz=10,0<¢<1,

j 3%(n)Jo(én) dn = —a3f,(§) +j kit (n)Jo(€n) dn
[i]

So
f nWa(no(fn)dn = G(¢), 0<é<]1 ., N £:53)
0
where
$a(n) = n%(n) :
G(¢) ——'aaf f)+ j Sem)Jo(én) & B .. (36)
From the equations (26) and (33) and condition (31) we get
f o) dn =g(¢), €>1 .. .. .. (37)
0
where
2"3“
g(f) f f2 77)Jo §‘f] . . .. (38)

The function ¢,(n) must therefore satlsfy the dual integral equations given by
(35) and (38).

The solution of these dual integral equations is known to be (Tranter
1951)

¢1(ﬂ)=H(n)+(%1m)*’-t’L(t)Ji(in)flt . . . .. (39)
Yoo
where
H(n)=9(l)J1(n)+nJ. Eg(&)Jo(én)dE .. .- .- .. (40)
1
L(t)=(2,l"")JA E[G@)—J. nH(n)Jo(fn)dn](ﬂ—ﬁ)’*d& .. (41)
0 0

So the two unknown functions ¢(7) and ¢(n) are determined from the equa-
tions (33) and (39). The complete solution is therefore obtained from the
relations (21) and (22).

6. PRESCRIBED TEMPERATURE AT THE SURFACES OF THE CRACK

We shall discuss the case in which the circular crack is opened out by the
application of a prescribed temperature to its flat surfaces. In this case the
boundary conditions will be

T=-ﬂdg,o<r<a

T
—a-;___() r>a .. .. .. oo (42)
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w =0, r>a

fl(g); 0<r<a ce e . (48)

5]
II

in which 7, is a constant and F(r/a) is a given function of r/a.
We obtain from equations (21) and (27)

x

1
T = ~ 5, n3¢(n)e“"5J9(§n) dn .. . L (44)
and .
o7 1 (¥
e mfo réme” Wo(fn)dn. .. .. .. (45)

For this solution of equations (5) we have therefore

Q) = f (ol dy, 0 < E< 1, .. .. .. (46)
0
where

$1ln) = 7 agn 84(n)

From the boundary conditions (42) we find that ¢,(7) is the solution of
the dual integral equations

f $y(n)Tolén)dn =ToF(§), 0< é< 1 .. . .47y
0 -
{ ndmJolén)dn =0, >1 .. .. .. .. (48)
<o
The solution of these equations is known to be (Sneddon 1951)

1 1
$i(n) = _?Z_O cos . \?f(—y; 2T° f '\/(l—yz f uF(yu) sin (nu) du. (49)
Substituting from equations (49) into equation (46) we get the expression for
Q(¢) which is the flux of heat across the surfaces of the crack. Having
obtained the flux funection Q(¢) we can now proceed as in §56 and arrive at the
solution.

8. SpPECIAL CASE

In this section we consider a simple case in which the boundary conditions
are given by the following equations:

T=-Ts, 0<K<r<a, z=0

oT.

=0 r>a, =0y e
w =0, r>a, 2=0

2 =20, 0K r<a, z2=0
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In this case F(r/a) = 1 and from relation (49) we get

2T, si
¢1(n)=7°--s-li;-’1 R (-1
and

Q© =222 | sinnaoitn an
0

52
2T"(l £ 1f0<§<1 (52)
=0 ifé>1
So from the equations (34) we get
_ 2T, :
Jo(én) d fo<é<l
f Visg'® (én) d¢, i 3
=0, if £>1
so that
200 siny
faln) = i if0<é<
=0, if §>1 (53)
The function ((£) is determined from relation (36) as
. 2Ty k
Gig = 2o bt f Sm”Jo@n)
, 4
=£°€£. R €573
The dual integral equations determining #;(%) reduce to
” Toksat
f na(m)Jolén)dn = =225, 0 <E<1
0
f famdolfn)dn =0, £>1.
0
The solution of these equations is known to be (Sneddon 1951)
1 ¢
_2 . x Tokyat
%(n)-—;josm(qt)dtfo TE—a% s dec
2Tokyat | .
=——8—;—;7-1§‘—1—(s1n17—n cos 7). .. .. .. .. (55)

So from the equation (26) the normal component of stress on the surface
z = 0 is given by
® .,
7= 2T°k‘af (F—nﬂ —cos n) Jolén)dny, €>1
s o ] )
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= 2R [ o sentn, 0< <1

§ 0
so that
2T ko 1 1
ﬁ:—Llsin‘l (—)—————————-], >1
or R y] R
=0, 0<é<]. .. .. .. .. . .. (56)
The variation of — %7 __ 5 for a set of values of £ on the surface z = 0 is
“ ‘0 1@
shown in Table 1.
TaBLg L
. sT .
Values of T 2
£ 00 04 10 1.2 1.5 - 20 25 30 35 40 50 60 80 100

s
"QTZI(;&Z 0-0 0:0 oo 0-524 0-163 0-053 0-024 0-014 0-008 0-005 0-002 0-001 0-0006 0-0001
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