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With the help of conformal transformation, two-dimensional incompressible
potential flow around an orifice (a rectangular groove) in a channel having
a sink (or sinks) or no sinks on the bottom surface of the orifice has been
studied. This study is useful for the purpose of retarding boundary layer
growth along side walls of an air-intake by suction through an orifice on it in
order to avoid mass and pressure losses therein.

1. INTRODUCTION

With the increase of flight speed, the performances of engines designed
for high-speed flight depend intimately on the pressure recovery of the air-
intake, and the matching of the air-intake performances to the engine require-
ments is a problem of fundamental importance concerning the propulsion of
the aircraft. In high-speed flight the air-intake has not only the task of
delivering the correct amount of air to the engine but also the energy level of
the internal air must remain as high as possible. This means the pressure
recovery system of the air-intake must be efficient. For this purpose, the
location of the air-intake system on the engine plays an important role and
eventually the boundary layer developed on the engine walls has to be removed
by suction through orifice ahead of the intake in order to avoid mass and
pressure losses. ‘

Under these circumstances, studies of flow around orifices are of interest
for boundary layer removal purposes and especially might be useful to estimate
the desired flow rate through the orifice. Ehrich (1953) has recently dealt
with the injection of fluid from orifices in connection with the penetration and
deflection of jets oblique to-the main stream. Also Okamoto and Mikami
(1956) studied the flow around a two-dimensional orifice utilized for injection
or suction of the fluid in connection with sweat-cooling and boundary-layer
control. Since the flow in the entrance region of the air-intake remains low
subsonic, the present work has been attempted to study at first the incom-
pressible, two-dimensional potential flow around the orifice as that found in a
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rectangular groove in a channel which has a sink (or sinks) or no sink on the
bottom surface.

II. FORMULATION OF THE PROBLEM

The formulation of the present problem falls under the category of those
hydrodynamical problems which are made to depend on the problems of
conformal transformation. The first part of the problem deals with the two-
dimensional (in the z-plane) flow around an orifice (a rectangular groove) in a
channel which has been transformed into the flow over the upper half of the
{-plane with the help of the Schwarz-Christoffel transformation (Betz 1948).
The complete determination of the flow, namely ¢ and ¢ functions, depend upon
the evaluation of the elliptic functions (not wholly reducible to standard
forms) appearing in this particular problem associated with the given con-
figuration of the orifice.

The second part of the problem deals with the above-mentioned flow in
the case where there is a sink (or distributed sinks) on the bottom of the
orifice. The elliptic functions involved in the first case remain the same in
the other cases also. But the stream functions, etc., are correspondingly
changed because of the introduction of the sink (or sinks).

I11. AwaLyTiC DEVELOPMENT
(z) Flow past a groove in a two-dimensional channel

A B, B . F E O D C A, represents the grooved channel in the z-plane.
H and h are the heights of the channel and the groove whose semi-width is b.
The velocity in the channel at infinity is U as indicated in Fig. 1.
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TWO-DIMENSIONAL CHANNEL FLOW AROUND A GROOVE 3

The channel in the z-plane has now been conformally transformed on the
upper half of the {-plane by means of the Schwarz-Christoffel’s transfor-
mation which is given by

dz _

1\ b
7 = A (T4g) @D K= (=3)

_4 1 ji=pg .
—k(§+c)\/m . . .. .. o (3a.1)

where A is a constant; ¢ is a point on the ¢-axis of the {-plane to which
the left-hand extremity of the channel is transformed. The relationship
connecting 4, k (positive and less than unity) and ¢ is to be determined from
the proper boundary condition in the z-plane. Integrating (3a.1) between the
proper limits, we get

semi-width of the groove

LAt 1—k2[2

and
height of the groove

= 1h =

1
il_ J‘/‘ 1 1— kzczd
kJillte)N 102
Now the entire flow in the {-plane could be thought of as that due to a sink at .

(3a.3)

{ = — ¢ and of strength u,, = gﬂﬂ (obtained from the identical flows in the

z- and l-planes) and the complex potential of the corresponding flow will be
given by

. . UH
W=d+ip=—Tlog({+0) .. .. .. (Bad)
where ¢ and ¢ are the velocity and the stream functions of the flow. Since
W |7
dz 3z e - —!({Cf.}d‘z)CZ-c

we get after simplification from (3¢.1) and (32.4),
UHk 1—c2
U= nA \/l—kec‘l

1 [H2k2—7242

L He—p242

or

[+

i

oo e e oo (300)
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where
Hek2—n242
HE—n24z °

22 ==

The complex velocity of the flow is given by

_dW_ Wi
1= == 30 &
_UHE [1=f .
=7 =gz (3a.6)
and the static pressure distribution by
p—p q2

To calculate the velocity and stream functions, we introduce an intermediate
function
w=u+w
defined by
w=2F (, k), where F ({, k) is the elliptic function of the first kind (Betz
1948) and we have
_ snudnvticnudnusnvcn v

t=smw= (1 —sn®v dn2u) (3a.8)
(where sn v . . . etc., stand for sn (v, k)and k' = V1=%2)
= R e¥,
where
R2 = sn2u din2v+cn2u dn2u sn?v cusy
(1—sn2v dn2u)2
and
9 = tan-1 (cn udn uﬂbvcn v)_
snudnv
Further,
— 2 —_— -
log ({+¢) =  log [{ .sm:_udnv c} cn”udzzfuenﬂvcn’v]
(1 —sn2 dn2u) (_l ~ sn2v dnu)?
+i tan-1 [ cnudnusnyonv (32.9)
sn udn v+4c(1—sn2v dnu)
From (3a.4) and (34.9) and separating real and imaginary parts, we have
UH [ { an udn v }2 cn2u dnlu snly E;;’v]
=_"""1o e eRE — - .o .10
¢ 27 & (1—snv ¢n2u)+ {1 =an2y dnu)® (3.10)
and
UH [ snudnusnveny ]
= —— tan™1 — = o (3a.11
v=% an w dn v4o(1 —sn2y dn2u) ( )
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Finally, from (3a.1) after integration,

R nt
i =% [E(k, O+ (—1j 1—;&"_”{1 :;._l__ll {cos (n41)6+i sin (n+1)8}
R™8 o co8 (n+3)8+isin (n43)f, ]
+ops (1-4 6 + ’ G

where E (k, [) is the elliptic integral of the second kind (Betz 1948); and
separating real and imaginary parts,

snwen udn usn® R

A4 o U ,,nlc”
x=—&—[E(amu,L)+ (l—gzzvdnzu) k24 (— 2 +lcos(n+1)

RS R
— ]2 .
8t 3) (1—£k2) cos (n+3)0+40(n+5)

Rn+7 ) Rn+9
e (52 o — ;6 N
2nt7) (5=3k2—kt—Ek )_cos (n+1)0+1152(n+9)

+ (3—2k2—FK%) cos (n+5)0

+ {35 —~2k2— 84

Rn+11

L 2 10kt —6k6 — 51:8
o+2816(n+11)( —35k2 - 10k4—6k6 —5

—4k0%—5k8) cos (n+9)

—7K19)—cos (n4+11)8+ . . . . . } ce e (313

and

A snven vdn vdnu nk"

= fv—E(amv, k' — +(—-1)—

* [ + (1—snv dn2u) (=13 nz:l

Y =
n+1 Rn+3
(n+l)sm(n+1)0+6( s

nt5 Rn+7
—— e (B V2 4\ oy \ e (B =2
4O(n+5)(3 22—k )sm(n+5,0+112(n+7)(a 3k

(1 —k2) sin {(n+3)0

-+

Rn+9

—kt—[®) sin (n+7)0+m
[}

(35—20k2— $k4—4k6
. Rfl+ 11

A (65—35k2—10k4— 6k
3816 11) (00 —3%

~5k8) sin (n4-9)04

—-5k3—-7k1°)sin(n+ll)0+...], O B )

The infinite series in (3¢.12) have been evaluated afterwards and from (3a.11),
(3a.13) and (34.14) the streamlines are drawn (Fig. 5).
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(b) Flow past @ groove in a two-dimensional channel with a sink at the centre
of the groove

The transformations and the expressions for b and h are same as those in

(11La).
The entire flow (Fig. 2) in the {-plane is due to two sinks

UH
Hrand B = -

situated at the origin O and the point —c¢ on the real axis of the {-plane.

p
Aw SAaa, S N N AN 5 \S N B
U :— H H :
- . B
Aw ~ e < N p ;WT EEANN
Ny b
Dl_ b __16 £ o
- Plane l n
#Dl #r : 3
8o (odde D £ i hy
’ \%:/ A T
Fia. 2.
The complex potential of the flow in the -plane is
W = $+ip
UH
= py log §+—ﬂ~ log ({+¢), .. .. .. (3b.1)

where the point ¢ is same as in (3a.5).
The strength of the sink at the origin O can be determined by knowing
the position of the dividing streamline. In case the rear upper edge of the
groove is taken as the stagnation point of the dividing streamline, we find
W {d_W_’l a
dx df | \dz

= (=
Zex ~btih

-
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or
UH

;r—(—&:l—). . (30.2)

Hp=
For the calculation of the potential and the stream functions, we as in (3a)
introduce the intermediate function w = u 4 v = F ({ k) and coupling it
with (35.1) and equating real and imaginary parts, we get

b= UH Io [snzu %Zv+cu2u dn2uy sn’v Eﬁzv]
- 27(e—1) (1 —sn’v dn2u)?
+_.. log P snudnv } cuZu dnu sn’v c_nzv] (35.3)
€ =} T o . JU,
2 V(1 —snv dn?u) (1 —sn"v dn?u)?

and ¢

b= uvd ton l(cnudnugﬁvabv)_l___mn_ ( cnudnusnvon v )
2m(a—1) snoudn v 2 sn w dn v (1 —sn’v dnu)
(3b.4) .

The co-ordinates of any point (r, y) on the streamline are the same as in
(3a) and are given by (3e.13) and (3a.14).
Further, the streamlines can be drawn by using (3b.4), (3¢.13) and (3¢.14)

(see Fig. 6).
Note:

In the case when the sinks (instead of a sink) are distributed on the
floor of the groove as shown in Fig. 3 (from ¢ = — 1 to £ = 1), the strength of

the sink being p per unit length, the entire flow in the {-plane is due to a
sink

UH
Fu=—2-
at the point ¢ = — ¢ on the real axis of the {-plane and the other distributed

from —1 to -1 on the {-axis; and the corresponding complex potential of
the flow is given by

W = ¢+iy
1 -
= *U;q log ({+c)+ f r log (E—¢€,) dé,. .. .. (3b.5)
-1 .

Now assuming the stagnation point at the upper edge of the groove, we find
that
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or
PR SV ... (3b8)
mo—1) lou 14k
B\T—%

and therefore (3b.5) becomes

UH
=g ror——YE [+ Dlog+1D)
m 1+k
m(a—1)log (—1—_7)
—(Z—=Dlogt—=1)—2} .. (3b.7)
y
Ao 2 . By
T | -
A, = - 1 o B
4 J )

K

L [ PIAL nt fenges
Boe \1/(4-:4-) ¢ T N A
“e1gad g T “i n"—‘i ,g

Fia. 3.

from which, after introducing as before the intermediate function w and
separating real and imaginary parts,

4 UH 1 ( snudnv 0)2 enu dn2u snv cnv
= —— {0 ———— =
2 1—sn2y dnu (1—sn2p dn2u)?
UH snudnv < l4snudnov 1 —sn2u dn2y
1+k) l—snudnu l—snudnv 1—sn®y dn2u

277(&— 1) IOg (m

_ cnudri-usnvcnv tan-1 2dnus-11: N . (3b8)
1—sn® dn2u cn u cn v(1—sn%v dnu)
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and

cnudnusnyceny

1+k)[ (1—sn?v dn2u)

" UHta ( cnwdn wsnvenv ) UH
= 2a dn —snlv dn?
snu dn v+4c(1—sn?v dnu) - 1)log(

Iog(1+8nudnv)+(1 snudn v )tan‘l( enudn usnvenv )

l—snudnv 1-—-sn?v dn2u snu dn v+ 1—sn?v dn2u/

+(1_ snwdnv (tan;l( enudnusnvenw ) (3.9)
1—sny dn2u snudnv—14sn2v dn2u) o -

Equation (36.9) with the help of equations (3¢.13) and (3a.14) will determine
the streamlines in the z-plane.

IV. EvarLvartionN

From equation (3a.1), integrating between proper limits,

S NEE
B {+eA T—02
1 1—k2(2
al
T
L(H_f)
‘where k<l and a>1.
Let
¢ 1 1 k2§2'
- J— i
1—2
L(1+%§) -

4 kK k22 k3E3 1—k2L2
=f {1—:+?'F~-'}J1_;2 @

0

& [

(by expanding the integrand in an infinite series since £ < 1, o > 1 and j gj < 1).

Then |
[ =1y~ (k)11+( ) o— (@)313+...+(—1)n (§)1+

(obtained by term-by-term integration),

where
g
- 1—k%2 ,
Io—‘f"'\/1 % di = E(k, {),
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Legendre-Jacobi’s ellipintegral of the second type (Betz 1948), and also
A B (8 D
. 3 ey 4. T B & 4 9
Iy=+5 O+ 0+ Uit o

a convergent power series, where the coefficients 4, B, C, D, E, etc., are given
below as functions of k,

-3

_(32_5_’02_%%*@._5’08)
~\128 32 ) 64 32 128

o (85 _85k® bkt 3k kP z@)
~\256 256 128 128 256 256

Finally we consider the integral

' 1—k"
SR

4
=§".[0——n " C}L_]Iodg

<0

from which I;, I, I, 14, ... Iy ... can be calculated by knowing the value
Of IQ

Calculation of the semi-width of the groove, b:

From (32.2), putting ¢ = % we have

! TR
b=,f;4 1 \/11—k§ i
e

' 0 X

z ,,H ALK =BT D

or

(a—k)
N e R % §
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(obtained by power series expansion and then integrating term by term the

geries), where the coefficients 4,, B,, C,, D, E, F

w By, C D,y B, F,, ete., are given by
An= 3 (ni1)+6(n1+3)+40(5+5)+112;i+7)+1155?i+9)+2816?£+11>%
Ba = '36:nl+3>+20(nl+35+112(3+7)+1152‘-?;:+9) 2816(3:4-”):

o= §40(n1+5)+112(:L+7)+14:4(111+9)+2816(1’?+“)z

Dn= ;uz(;m*288(L+9>+2816<L+15}

k, = 3 1183{;+g;)+2816(2+1'7=

Fa= ma—Zm

Table I gives the values of 4,, B,, C,, D,, etc. (correct to four places of

nr

decimals) for various values of » (from 1 to 6):

TaABLE I

[ An Ba C'n Da Ea Fa

0-5646 0-0560 0-0063 0-0017 0-0016 0-0003
0-3869 0-0461 0-0055 0-00153 0-0015 0-0002
0-2958 0-0391 0-0047 0-0012 0-0010 ......
0-2400 0-0344 0-0041 0-0011 0-0008 ......
0-2024  0-0301 0-0037 0-0010 0-0006 ......
0-1641 ©0-0271 0-0034 0-0009 0-0005 ......

[T UL

In the following Tables II (a) and II (b) are given, for different values of n

and k, the values of X ;2 where

X2 = At e B2 — (ki — Dkt 6 By k48— F k410

TaBLE IT (¢)

n  Xi2=o0.1 Xx2 =02 Xi2—03 Xi2=04 Xi¥iz0s Xi2=0.6

1 0-1769 0-2469 0:2995 0-3420- 0-3785 0-4078
2 0-0382 0-0754 o-1118 0-1472 0-1814 0-2124
3 0-0092 0-4259 00465 0:0705 0-0973 0-1256
4 0-0024 0-0093 0-0206 0-0361 0:0555 0-0785
5 0-0006 0-0093 0-0096 0-0193 0-0321 0-0510
6 0-0002 0-0013 0-0042 0-0098 0-0188 0-0314
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TabLE II (b)

n Xr2ooo02 Xi2-004 Xe2—006 Xr®=008

1 0-0790 0-1124 0-1372 0-1520
2 0-0077 0-0154 0:0231 0-0307
3 0-0017 0-0033 0-0054 0-0078
4 0-0004 0-0008 0-0013 0-0018
52O

The following Table I1I gives for different values of k2 and « values of 7'y,2
where :

n{—1)*"1 X2 2Xge | 3Xgs2
T!Xk2= Zl—-a—"—_rl—-—Xnk}:[—Ez—-— 13_ + 14 -..]
"=

TasBLE IIT

k/‘z 1-0 1:25 1-50 2-00 4-00 6-00

0-02  0-0671 0-0442 0-0313 0-0181 0-0048 0-0021
0-04 0-0833 .0-0592 0-0425 0-245 0-0065 0-0030
0-06  0-1030 0-0694 0-0499 0-0295 0-0080 0-0036
0-08 0-1086 0-0735 0-0626 0-0427 0-0317 0-0039
0-10  0-1203 0-0827 0-0602 0-0362 0-0100 0-0045
020 .0-1405 0-1005 0-0747 0-0470 0-0132 0-0062
0-30  0-2555 0-1145 0-0863 0-0585 0-0156 0-0079
0-40  0-1524 0-1212 0-0922 0-0585 0-0156 0-0079
0-50  0-1218 0-1138 0-0925 0-0805 0-0221 0-0091
0-60  0-0712 0-1176 0-1024 0-0656 0-0229 0-0096

Table IV (shown below) indicates the values of /A for different values of k2
and « calculated from equation (4.1) with the help of the tables (stated above).

TaBLE IV

/
Ic/‘z 1-00 1-25 1:50 200 400 6-00

0-02 1-6081 1-1567 0-9858 0-7591 0-3833 0-2571
0-04  1-3883 1-1217 0-9574 0:7313 0-3770 0-2538
0-06  1:3442 1.1039 0-9354 0-7076 0-3730 0-2511
0-08  1-3166 1-0855 0-9206 0-7072 0-3581 0-2488
010 1-2848 1-602 0943  0-6987 0-3645 0-2469
0:20 17180 0-9777 0-8393 0-6490 0-3645 0-2362
0-30  1-0896 0-9180 0-7918 0-6257 0-3338 0-2288
040  1-0790 0-8642 0.7482 0-5910 0-3200 0-2288
0-50 0-9835 0-8163 0-71566 0-53678 0-3141 0-2141
060 09233 0-7954¢ 0-6959 0-5528 0-3064 0-2091
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Calculation of h:

From (3a.3), putting ¢ =  and integrating with respect to ¥, we get
p A g

1
%
| 1 1=k
T/h= ;J k; 1—{2 dz.
(1+%)

-1
Expanding (1 +%€) into an infinite series (since
that

kf , < 1) and remembering

2
J J : ké dl = i[K(k')~E(k')] where E(k') and K(k')
are Legendre-Jacobi’s elliptic integrals of the second and first kinds with
modulus & = V' 1 — k2 (Betz 1948), we obtain
h E(k')—E(k) 1)k
Af.?“’—"'z e N )

"=

where I, stands for the integral

Lo

; .
= f SN A SIS it o St S /¢
1

(obtained by exl;anding the integrand in a convergent power series). The
coefficients above f;, fs, f's, f4, etc., are given in the following as functions of & :
PO T
= 4 64 256 128
k2 5kt 35k
r={t—1g— 15— 128x16+"']

. 2,84 3k8, 26k8
L= |wtet st mexme T ]
_[3 sk 35k ]
¢ |87 32 128x8

. [, k8, 1588
fi=lgtmtmst ]
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5 . 35k2
fﬁ—[ff—i+l28x8"']

’ ke 58
etc., which are tabulated below (Table V) for different values of k.

TABLE V

k N VP Ja fe fe Ja Je

0-02 0-9950 0-4987 0-3718 0-3097 —0-0104 —0-0000 ........
0-04 0-9899 0-4974 0-3686 0-3079 —0-0201 —0-0002 ........
0-06 0-9848 0-4961 0-3655 0-3043 —0-0302 —0-0005 ........
0-08 0-9797 0-4947 0-4626 0-3014 —0-0405 —0-0008 ........
0-10 0-9700 0-4933 0-3590 0-2987 —0-0507 —0-0013 —0-001

0-20 0-9230 0-4858 0-3423 02815 —0-1025 —0Q-0053 - 0-0005
0-30 0-87560 04775 0-3243 0-2698 —0-1566 —0-0122 —0-0019
0-40 0-8080 0-4675 0-3060 0-2553 —0-2155 —0-0225 ~—0-0046
0-50 0-7260 0-4556 0-2870 0-2400 —0-2690 —0-0364 —0-0094
0-60 0-6260 0-4425 0-2656 0-2226 —0-3300 —0-0545 -—-0-0170

4.0
o:=6.0
A a(-é.o
x= 1.5
3o} A= Lo
2.0
®=2.0-
L @
10 F
ALY
e 0.2 0.3 - 0.4 o5 0.6
PR — k:'
F1a. A

k. .
From the above tables,” Z(—-l)' w711, have been ‘evaluated for different

n=1

values of k, « and n; and from the standard tables (Milne Thompson 1950)
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K(k')—E(k')
«®
values, from equation (4.2) k/A is given below for various values of £ and « :

k/“ 1-00 1-2:

0-02 18327 1.5138 1-2084 1.0117 0-5409 0-5236
0-06 1.3204 1-0015 0-9423 0-7387 0-4010 0-2742
0-10 1-0996 0-9131 0.7873 0-6770 0-3369 0-2310
0-30 06921 0-5319 0-4438 0-3432 0-1871 0-1826
0-40  0-5424 0-4447 0-3620 0-2737 0-1439 0-1015
0-60 0-2980 0-2587 0-2092 0-1518 0-0836 0-0575

corresponding values of [ ] found; and with the help of these

TaBLE VI

1-50 2 4 6

[
[

Finally, we define the quantity,

k= (b/h) = (b/A) + (B/A), which is dependent upon k2 and « and is
shown graphically in Fig. 4, from which for given values of A (i.e. for given
values of b and k), corresponding values of k2 and « can be estimated.

V. NUMERICAL EXAMPLE
Assuming b = 1" (inch), % = 2/3” (inch), U =100 ft/s, and H = 4.25"
(inches),

t ik, ") s “ Lokl itk Libkotkok. Lz
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we find
A= 15, 4 =154, a = 20 and k = 0-2, from the graph in Fig. 4, rela-
tions (4.1) or-(4.2) and the expression for « given by
m2A2— F2k2
o2 o= e
n2AZ—H2 °
and with these values the stream function i has been evaluated in the different
cases which have been shown in Figs. 5 and 6.

e
—

Fie. 6.
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