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Siddiqi (1948) proved some theorems on the harmonic summability of
Fourier series and its conjugate series. The object of this paper is to extend
his theorems for general Nérlund means. It is well known that the harmonie
summability is a special case of the Norlund summability.

1. Let Za, be a given infinite series with the sequence of partial sums
{s,}. Let {p,} be a sequence of constants, real or complex, and let us write
P, = po+p1+p2+ ... +Pu.

The sequence-to-sequence transformation :

Py <O Posye
(1.1) = Z P = P’ (Pa#0)
v==0 v=0
defines the sequence {t,} of Norlund means (Norlund 1919) of the sequence {3, },
generated by the sequence of coefficients {#,}. The series Za, is said to be

summable (&, p,) to the sum s if lim £, exists and equals s.

n— 00

The conditions for the regularity of the method of summability (N, ,)
defined by (1.1) are

(1.2) lim p,/P, =0,

and

(1.;3) | pe| = O[|P,]], a8 n— 0.
In the special case in which

(1.4) Pe = 1/(n+1),

and, therefore,

(1.5) P, ~logn,asn— 0,

t, reduces to the familiar ‘ harmonic means’ of {4,}, and if it be denoted by ,,
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then Za, is said to be summable by harmonic means, or summable (#),
to the sum ¢ if lim %, = s.

"n— 0

2. Let f(x) be a function integrable (L) and be periodic with period 2.
Let the Fourier series associated with f(z) be

(2.1) $ap+ Z (@, cos nr+b, sin nx),

n=1

then its conjugate series is given by

(2.2) (b, cos nx—a, sin nx).
2,

We write

$(@,t) = ¢(t) = f(z+8)+flx—1)—2f(),

Yz, t) = Y(t) = flx+t)—f(x—t).
3. Iyengar (1943) proved the following theorem :

b)) =o| |
log?

as ¢t - + 0, then the series (2.1) is summable by harmonic means to f(z).
Generalizing the above theorem of Iyengar, Siddigi (1948) proved the

following theorem :
3
Jt¢(u)1du=o L
0 Ing

as t— + 0, then the series (2.1) is summable by the harmonic means to f(z).
He also proved the corresponding theorem for the conjugate series, which

is given below :
f
jw(u)idu =o| -1,
0 log—t

as t —> —+ 0, then the series (2.2) is summable by harmonic means to

1 f "u(t) cot 3t b,
2n 0

and

TrREOREM A. If

Trrorem B. If

Trarorem C. If

at every point at which the above integral exists.
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4. In what follows we prove the following theorems :

chﬁ(u)ldur-o .
0 log—t

as t — -+0 then the series (2.1) is8 summable (N, D,) to f(x), where {D,} is a
non-negative and non-increasing sequence, such that

TeEOREM 1. If

> Pylklogh) = O[P,],

where a i3 a fixed positive integer.

J‘|¢(zl)|dn=o. tl ,
0 logz

as t— -0, then the series (2.2) is summable (N, P,) to

TeEOREM 2. If

1 m™
E;fﬂxﬁ(t)cot ytdt

at every point at which this integral exists, where sequence {P,} is same as in
Theorem 1.
5. We need the following lemmas to prove these theorems:

LemMa 1 (McFadden 1942). If {®,} is a non-negative and non-incieasing
sequence, then for 0 <a<b< 00,0 <t < 7, and for any n and a,

b
l Z ,.pkel'(n -k < P
a

where Pr = P(1)t) and = = [1/t]: A
Lemma 2. If {»,} is a non-negative and non-increasing sequence then
foro<t<n 0<a<b< o, and for any a and b,

| ofan]

sin %t
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Proof
‘ Zpk sin (n—k+4 })¢

sin 42

’sz sin (n—k)t cot 2t+2pk cos (n—k)t 1

z P, cos (n—k)t

< Pj1). cot ¥+P(11), by Lemme 1,
_0 [ (1, 1)]
t

6. Proor orF THEOREM 1.

Zp}‘ sin (n—k)t cot 3t

Let 8,(x) denote the nth partial sum of the series (2.1), then we know that

1{" tsin (n+3)

5, () —f () =5 ) ( sin 1 dt.

Now
1 H
[n == E Z Pké’n—k(»l'),
k=0
therefore
1 "
t,—flr) = 7 z pksn__k(,z:) — f(x)
k=0
1 »n
= F Z _pk [Su- )!(".) _—f(‘/'.)\l
=0 .
1 =Py sin (n—k4 3
=7 /Z,Q— U 4(/) o
=f¢mem
[}
where
1 < sin (n—k+$)¢
7 () = _ AL
At = 9P, z k sin 3¢ )

k=20

In order to prove the theorem we have to show that
f $(t) N,(t) dt = o(1),
(4]

ag n — 0, under the conditions of Theorem 1.
5B
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We set
7 1/n 3 "
f $(t) No(t) dt = [f +f +f ]‘f'(t) N () dt
0 0 Ln 8
= I, + 1,41, say.
Now
Vo) LS, sn (kB
No(f) = 2nP, kzopk . sin §¢
_ol1 s =kt
-0l 2t
= O(?l).
Therefore
1/n
I, = 0[f [6(t) |(n) dt]
Q
= O[(n)P(1'n)],
where
t
D) = | {p(u)]du.
0
Hence
Il = 0(72) [n log ?L]
= ()(]),

by hypothesis.
Also by virtue of Riemann-Lebesgue theorem and the regularity condi-
tions of the method of summation, we have

h=f¢mnmm
)

= O(l).

Lastly, in order to show that I, = o(1), we require a suitable estimate of
the kernel N,(t) in the interval [1/n, 5].
Now

sin (n—k +;})t

Nalty = sin lt

1 o
2aP,

I

sin ( n—-lc+§) t|
T sindt l )
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Applying Lemma 2, we have

Not) = 5P, O[P (tl/t)]

o)
o[fj”lqsan’%plf—”dt]

1 f P(l/t ]
= e =
Integrating by parts, we have

_ I Pamd 1 JS d § P ]
Iz_o[ﬁ{m)-—r }1/"—17«« . ¢(t)0.ﬁ{ ; }dt
_T1 (Pap)\® f ° ‘ (P(l/t)) ]
B O[I?n {O(Mg l/t)lln o 1ymlog 1t dt\ "t ‘dt}

)
3 1 {P(10)
= "“’*"[P fl/nlog 1/t|dt t }‘d‘}'

3 "
i |d P(l/t)} N j 1
fl/“log l/t)dt{ t }dt—— 0[ 8_1xlogx
a 1 1
=0Ua-1wlogw d”]”“ +log «

n 1

= ()(1)+0[f ;Té‘g‘“; ]

_ S §1akP )

- 0(1)+0[Z%W5}

B - P, < (k+ )pe

- 0(1)+0[ ~ k log k] +O[Z klog k+1]
- = 0(1)+O(P,), by hypothesis,

=0(Pn)

therefore

I,

Now

2 (aP@)}

i

2 (P} dw],

dr
where @ == [8 ' +1],

dz{P )}

{
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Hence

12 = 0(1)
This completes the proof of Theorem 1.

7. Proor oF THEOREM 2.

Denoting the nth partial sum of the series (2.2) by §,(2), we have

_ 1 cos 3t —cos (n+$)t
:l?) = 2_.”. fo ‘l‘(t) sin %t dt,
therefore

1 P, _p(2) = :_l_j b(t) Z », co8 3—cos (n—k+,})t
0

" ) 2n P, &~ sin 4t
or
1 "
B DB, _p(T)~ TP, f Z Pp(t) cot Fdt
Pre=0
_ 1 cos (n—k4 )}
- j“ A 2nP, kZU sin ¢ dt
== J $(t) Na(t) df
0
where
' s (n—k+3)t
Nalt) =3 P Z TR
Therefore, we have to show that
[ () N (t) dt = o(1),
v
as n —> 00,

We set

w

1/n b T
f W(8) No(t) dt = U +J +J ]¢(t)lff.(t)dt
0 [} 1/n 8

= L;+Lg+Ls, say.
Since the conjugate function exists, so we have

1/n
él;'rJ\ P(t) cot 3 dt = o(1),

0
as n —» o0,
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Also

cos $t—cos (n—k+4)¢
2nP, & Py s 3

_}}_n i Py S [Slnvt[]
= [ Zpk —k]

7l E=0
= 0n), for o<t
Therefore

P(t) N, (t) dt

W) Sy, 08 (ki g

sin 4t

sin §¢

1/ "
_ - $(t) cos Jt—cos (n—k+43)
T J 27 P, kzo P dt

1/n
27rP Z ij Y(t) cob 3¢ di

k=0

=0[ j [9(0)] dt]+o(1)

Also by virtue of Riemann-Lebesgue theorem and the regularity condi-
tions of the method of summation, we have

Ls=f"t/'(t)2'\7 1) dt

277P

cos n—k+,}
gin ;t
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By similar process as in Lemma 2, we can also show that

3

[ i
cos (n—k+3)t| [P/t
},.Zupk sin 3t "0[ il
therefore .
)
L, = (t) Na{t)dt
lin

= o(1), as » — o0, as in Theorem 1.

This completes the proof of Theorem 2.

1 . . . .
8. The sequence { T % 1s non-negative and non-increasing and also
n

i Py =0 = log k
Eloghk ok log k

>4

a

=0

= O[P,],

all the conditions of Theorems 1 and 2 are satisfied; hence Theorems B and C
follow.
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