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The Einstein-Maxwell field equations in vacuo have been reduced to a system
of equations one of which is the 2-dimensional wave equation in curved space-
time. When certain simplifying assumptions are made a class of exact
solutions representing plane electromagnetic waves in vacuo is obtained.

1. INTRODUCTION
Majumdar (1947) has discussed the static Riemannian metric
(1.1) ds? = g, da'de’ + g, 012,
(,j=1,2,3; «pf=123,4)

gug being functions of 2’ only. He has shown that under certain conditions
the Einstein-Maxwell field equations in vacuo can be reduced to a single
equation which is the Euclidean Laplace equation. Following a similar
procedure we have succeeded in reducing these equations to a system of
equations one of which is the Riemannian wave equation. The problem is of
mathematical interest and the physical significance of certain assumptions
made about the metric is not immediately clear. However, this provides us a
method for obtaining some exact solutions of the field equations.
We consider the metric

(1.2) ds? = d32+gq(dad)2,
where
(1.3) d32 = gijdzidzj,

and g.g are functions of z* only. In the subsequent investigation Latin

indices run over the values 1, 2 and 4 whereas Greek indices take the values
1, 2, 3and 4.
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We agsume that only one component, 4, of the 4-potential A, is non-
zero. Also for convenience we put

.
14 Ag = -~—F=—"
( ) 3 ’\/87T
It is first shown that the most general functional relation which can exist
between the component g,; of the metric tensor and ¢ is of the form

(1.5) g3s = —a—ByY+4y2,

«, B being arbitrary constants and « being positive.

The relation (1.5) between ¢35 and ¢ is assumed to hold throughout this
paper. This reduces the Einstein-Maxwell field equations in vacuo to a
system of seven second order partial differential equations. At this stage we
consider a metric d*s2, with the metric potentials *gij, which is conformal to (1.3)
and express the field equations in terms of the corresponding quantities
couched in terms of *glj. It is found that a change of variable reduces one of
these equations to the 2-dimensional wave equation in curved space-time.
The other six equations are also considerably siniplified.

The problem of obtaining exact solutions of these equations seems to be a
difficult task. When certain simplifying assumptions are made it is found
that the 2-dimensional wave equation in curved space-time leads to the follow-
ing two alternatives:

(i) If the arbitrary constants which appear in a certain parameter » are
restricted to satisfy a particular relation a class of exact solutions of the
Einstein-Maxwell field equations representing plane electromagnetic waves in
vacuo is obtained.

(ii) The other alternative leads to flat space-time which is devoid of
physical significance.

2. TuE Fu~NcrionaAr RELATION BETWEEN g33 AND THE 4-POTENTIAL

We consider the Einstein-Maxwell field equations in vacuo in the form

(2.1) RE = —8nEE,

(2.2) Ef= — F, FPotigfr E*,
(2.3) Fup= Ay g—Apa,

(2.4) (V—gF*¥) g=0,

where RE is the Ricei tensor, Eg the electromagnetic energy tensor, Fog the
electromagnetic field tensor and A4, the 4-potential. A comma followed by
a lower suffix denotes a partial differenciation with respect to the corres-
ponding variable. The charge-current density has been put equal to zero.
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It follows from (1.4) and (2.3) that the non-vanishing covariant compo-
nents of Fyp are given by

Yi
2.5 Foy= ——,
(2.5) 3 '\/81‘)’
whereas the non-vanishing contravariant components are:
. 1
2.6 F¥ = — e 83007
(2.6) V8 99
Here and in what follows
!ﬁ %
‘/’ 'rI’U a P23 etc.
Similar notation will be used for other scalars which may appear later.

We consider ¢ also as a function of «* only. The suffixes «, B, y,...
wherever they stand for partial differentiation are, therefore, replaced by 1, 7,
k, ... In what follows this change will be affected without explanation.

From (2.4) and (2.6) it follows that

(2.7) (V=g g337y,), = 0.
The field equations are, therefore, constituted by (2.1) and (2.7) where Ef
and F,g are given by (2.2) and (2.5) respectively.

In order to obtain the most general functional relation between g¢;; and
we require the expressions for R;; and ;. The expression for R, reduces to

o . ) 9 — 3
(2~8) R33 = %é}} (91]933,]‘)'*‘%97]5]33,7' E‘E‘. log V"'g —%93390933, 5933'}'-
If we put
1

; = —p g% —
(2.9) foy = —t, gP=~-,
the expression for Rs3 given by (2.8) becomes

o, . 0 :
(2.10) Rgg = —1} 3’;,—(9”” ) — 39, Py log \/"'J-I- = ”? &
From (2.2) and (2.5) we get

1 .

(2.11) By = = gm0, -

Hence from (2.1), (2.10) and (2.11) we get the equation

(212 o () +g, o log /=g =g = gy g
We now assume that v is a function of ¢ which implies that the level
surfaces of v and ¥ coincide. Then
(v =vY,
[0y = 0Pt vy,
where an overhead dash denotes an ordinary differentiation with respect to ¢.

(2.13)
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From (2.7) and (2.12) we get, in view of (2.9) and (2.13), the following two
équations

°o , . ,— v —
(2.14) 530V =g8) =~ 4V ~g 4.
[ v'2 —
(2.15) 3 (gtj'\/"g ‘/’J) = oy (1_' E,U—+'U”) gij\/“.fl b,
In order that (2.14) and (2.15) hold simultaneously we must have
(2.16) 241 = 0.
The most general solution of (2.17) is given by
(2.17) v = o+t Bf—}
where « and B are arbitrary constants. Since ¢33 = —¢ the desired relation

between ¢33 and  follows.
As the 4-potential vanishes at infinity and g;; is Galilean there, « must be
positive.
3. Repvceriox or THE FieELD EqQuaTioxs

The non-vanishing components of the Ricci tensor, other than Rg;, for
the metric (1.2) are given by

(3.1) Ry= ?ﬂ%f" - % ri-rk a—Ehw VRS ol i
We define the determinant of g;;, for the metric (1.3), by

(3.2) J=ig;.

Then obviously

(3.3) g=19.8!=—7,

in view of (2.9). Since g is negative and v positive it follows that g is positive.
From (2.9), (3.1) and (3.3) we get

(3.4) Ryj=Ry+33 = "0 _ e

Here and in what follows a bar over a symbol implies that the quantity is
defined with respect to the V3 given by (1.3). In (3.4) we have made use of
the fact that

3
(3.5) rAre = rir+

ic” o

vty
4p2
We now assume that

(3.6) {

80 that (1.3) is conformal to another Vg, viz.
(1.3a) 452 = ¢2od *s2.

1 = 0. = e2W¥g..
v = ez‘”, Qi =gy = ¢ G5+

qij = g'J = e~ -2w *qu



108 MARKANDEYA MISRA

where
(1.3b) d *s2 = *gduida.
In what follows an asterisk over a symbol implies that the quantity is defined
with respect to (1.3b).
Using the well-known results for two V3’s in conformal correspondence
(Eisenhart 1926, p. 89), viz.
(3.7) T = 4 8w+ 8 w,—*g, *g™" w,,
(3.8) Rij = *Ry+*w, j—ww+*gi; [* A gw+* A1),
where *w, denotes the second covariant derivative of @ with respect to

(1.36) and *A,® and *A,w are Beltrami’s differential parameters of the first
and second orders respectively, we find from (3.4) that

(3.9) Ry = *R;i+42w,w;+*gi; * A qw.

Also the non-vanishing components of the electromagnetic energy tensor,
other than K3, are given by

(3.10) —8nE; = —e® i+ i ¥ ¥ Ao
which, in view of (2.18), reduces to
(3.11) —8nEi; = 4e72(B—¢) 72 [—wiw;+§ *gi * A yw].

Finally from (2.1), (3.9) and (3.11), we get
(3.12) *Rij = —*g. * A2w—-2wiw].—46‘2“’(ﬁ—<//)'2wiwj
+282(B—if)"2*g, ¥ A, .
It can also easily be shown that the expressions for R4; and Fag as given
by (2.10) and (2.11), in view of (2.17) and (3.8), reduce to

(3.13) Ry = ¢=4 [*g"jwij+wj%§+*9”wj% log \/;5] ,
(3.14) —8mliyy = 20™5(B—1)"2 *yiw;uwj,

where *g is defined by

(3.15) *g=|*g,|-

Using certain well-known results (3.13) can be written as
(3.16) Rgy = e~ 4% A,

Also (3.14) is equivalent to

(3.17) —87Egq = 2e~59(B—)"2 * A jw.

From (2.1), (3.16) and (3.17) we get
(3.18) *Asw = 2e"29(B—)"2 ¥ Ao,
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Equation (3.12) in view of (3.18) reduces to
(3.19) *Rij = —2(2a+B%)(B—¢) 2ww;.

In the static case studied by Majumdar (1947) *R,; turns out to be zero
identically. Since for a V3 the vanishing of R,; implies the vanishing of
R,;; in his case the metric (1.3b) happens to be flat. Also the Einstein-
Maxwell field equations in vacuo reduce to a single equation, viz. the Euclidean
Laplace equation. Therefore, in his case, the solution of the Einstein-Maxwell
field equations in vacuo can be expressed in terms of the well-known solutions
of the Laplace equation.

In the present investigation *R,; does not vanish identically. If, how-
ever, we want it to vanish the following three cases arise:

(i) 20+pB%2 = 0. Since « is positive and B must be real this possibility is
ruled out.

(ii) @, = 0. It means that @ is a constant which we may without loss of
generality take to be zero. The metric (1.2) then becomes flat. Obviously
this case also is of no interest.

(ili) 2¢+4-p2 =0, w;=0. It is also of no interest in view of (i) and (ii)
above.

When *E,; is not zero we have the seven equations (3.18) and (3.19) from
which the *g,’s and @ are to be determined. It is found to be simpler to
make use of another unknown A instead of ¢ which is defined by

2) ap

3.20 A - ,

1320 Vel Previmry

1.e.

(3.21) b = B+41/2«+4p2 tanh A
From (2.17), (3.6) and (3.21) we get

(3.22) 2% = («+}B%)1 cosh? ).

Using (3.21) and (3.22) in (3.18) and (3.19) we get the following seven equations
for determining A and *g,;

(3.23) *gi*) =0,
(3.24) *Ry = —2\,.
Here *A, ,; means the second covariant derivative of A with respect to (1.3b).

It follows from (3.23) that A satisfies the 2-dimensional wave equation in
curved space-time.

4. SorLuTioNs oF THE FiELD EQUATIONS

The problem of obtaining a general solution of (3.23) and (3.24) is a
-difficult task. Here we make certain simplifying assumptions and obtain the
corresponding exact solutions.
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Since (1.3b) is a V3 we can choose the co-ordinate system in such a way
that

(4.1) *g, =0, i3],
(Eisenhart 1926, p. 43). We now assume for simplicity that (1.3b) is con-
formally flat. Then

(4.2) *gij — 62077ij’ *gij - 6—20771'1"
where o is a function of #* only to be determined and 1,; have the Galilean
values (—1, —1, +1), the other components, viz. 7; (¢ #j), vanishing
identically.

In view of (4.2) equations (3.23) and (3.24) reduce to

i km

(43) n ][/\,;j—)&oj-ajf’,-'l"hj’) A];Um] = 0’
(4.4) O'ij"'o','aj'i' ’7¢j’7km(°km+"k"m) = —_2/\1‘/\]"

In order to simplify these further we make the additional assumption that A
and o are both functions of v where

(4.5) u = o,
«; being arbitrary constants. We then have

Ai = “,-/.\; Aij = “,-“j;\',
(4.6) {

o, = ocia, Uij = aiaja,

where an overhead dot denotes an ordinary differentiation with respect to u.

From (4.3) and (4.4), in view of (4.6), we get, after some rearrangement of
the dummy indices, the following equations

(4.7) nia(3+Ae) =0,

(4.8) %%5(0 — 52 +24%) +04( + o) s,y = 0.
Equation (4.7) leads to the following three cases:

(4.9) ) =0,

(4.10) (i) RA+Are=0,

(4.11) (i)  nlae =0, \+io =0.

Case (1). Equation (4.7) is identically satisfied and equation (4.8) reduces
to

(4.12) 6—o2+232 = 0,
sinoce
(4.13) a; 7 0.

The vanishing of o, will lead us to flat space-time. It may be noted
here that (4.8) represents six equations. But the assumption (4.9) reduces
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(4.8) to a single equation, viz. (4¢.12). The substitution

(4.14) o= —log$,
reduces (4.12) to
(4.15) $—2326 = 0.

This is a single equation for determining the two unknowns A and ¢, or, A and
o. In order to determine A and ¢ uniquely it is, therefore, necessary to
assume an auxiliary relation involving A and ¢é. For every choice of this
relation we shall get the corresponding solution.

Here we try to solve (4.15) on the assumption that one of A and ¢ is a
known function of u. If we treat A as the known function, (4.15) is a second
order linear differential equation for determining 6. In general it cannot
be solved. A simple solution is, however, provided by the assumption

(4.16) )\ = const,

If we treat ¢ as the known function, (4.15) reduces to a first order linear
differential equation in A whose solution can be written as:

(4.17) A= J[Q—lggg—?;]}du+const.

In (4.14) and (4.17) we have a parametric representation for ¢ and A in
terms of the parameter ¢. Since ¢ remains arbitrary we have here a class of
exact solutions of the Einstein-Maxwell field equations in vacuo.

It can easily be seen that the above solution satisfies the conditions
(4.18) FugF =0,

(4.19) Foug*F*¢ =0,
which characterize a null electromagnetic field. The solution, therefore,
represents a class of null electromagnetic fields in vacuo.

The condition for the hypersurfaces
(4.20) # = const.,
to" be null surfaces is precisely (4.9). Hence 4 = const. are null surfaces.
Since at any instant of time these are planes it follows that the solution
represents a class of plane electromagnetic waves in vacuo. _

Case (i1). Let us now consider the next possibility of satisfying (4.7) by
assuming that A and o satisfv (4.10) and
(421) nijac;acj ;é 0.

If we multiply (4.8) by 7 and contract ! with ¢ and n with j we get the
equation

(4.22) 790;005(G ~ 6% 202) - (& -+ b2}y i T tuctm, = 0,

which in view of (4.21) yields the equation

(4.23) 254624+7 = 0.
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(4.8) represents six equations out of which, by contraction, we have obtained
the single equation (4.23). A and ¢ which will be obtained from (4.10) and
(4.23) must, therefore, satisfy (4.8) as well.

Integrating (4.10) we get
(4.24) A=ae",
where a is an arbitrary constant. Substituting for A from (4.24) in (4.23)
we get
(4.25) 26 4024qa2e20 = (),

which can also be written as:

a2 3 at -3
(4.26) %Ee2+z-.e 2 =0.
If, in (4.26), we put
a
(4.27) Z =y,
we get
2
(4.28) gy =0,
which on integration yields
. a?\?
(4.29) y= (b'l'zl;g) >
b being another arbitrary constant. On further integration we get
(2bu+c)2—al
e
(4.30) Y T s

which, in view of (4.27), leads to
o (2bu+-c)2—q?
(4.31) o0 =
¢ being an additional arbitrary constant.
- From (4.24) and (4.31) we get on integration
2butc—a
A= log [2bu+c+a
Thus o and A are known explicitly as functions of ». Substituting for o«
and A from (4.31) and (4.32) in (4.8) we get

(4.32) ] + const.

(4.33) - a0 —n n"Ma; = 0.
Since =0 (¢#4) we find from (4.33) that
(4.34) %o =0, i%j.

This shows that at least two o’s must vanish. For definiteness let us
assume that
(4.35) Qg == ¢4 = O.
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Then (4.34) is identically satisfied and (4.33) reduces to

(4.36) (3)2 = 0.

Thus «; also vanishes. This leads us to the conclusion that
(4.37) u =0,

and consequently

(4.38) A=0, o=0.

The space-time, therefore, becomes flat.

Case (11¢). We have now to consider the equations (4.8) and (4.11) for
determining A and o. This case may be considered as a particular case of (i)
with the auxiliary relation given by the second equation in (4.11). Thus we
have to solve (4.10) and (4.12) for A and o.

Equation (4.10) admits the first integral given by (4.24). Eliminating
A between (4.12) and (4.24) we get

(4.39) 0— 624202720 = ).
If we put

(4.40) =y,
equation (4.40) becomes

(4.41) y—2a%y3 = 0,

which on integration leads to the elliptic integral

dy
4.42 % = | ——=——=—+const.
(4.42) f T
b being an arbitrary constant. The solution can, therefore, be expressed in
terms of elliptic functions.
In the simpler case when b == 0 we are led to the solution

e’ = c~au,
{4.43) A = const, —log (c—au),
¢ being another arbitrary constant.

The solutions in this case as well correspond to plane electromagnetic
waves in vacuo.
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