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A theorem on the generalized Hankel transform (Roop Narain 1959),
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where G denotes a Meijer’s function, has been proved. A function which is
self-reciprocal for this transform has also been obtained.

1. INTRODUCTION
If
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where J, (Z) is an ordinary Bessel function of the first kind, then we call f(z)
the Hankel transform of order v of the function g(z), and further it is inter-
esting to note that the kernel of the transform, viz. JzJ,(z), renders it
self-reciprocal.

There is, however, a class of functions, known as Fourier kernels, which
under appropriate conditions are capable of giving rise to the repeated inte-
grals of the form :
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By the application of Mellin’s inversion formula we formally obtain that, if
k(s) is the Mellin transform of the function K(x), then
F(s)k(1—s) = 1
and, a Fourier kernel would be, in some sense, of the form
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where k(s) satisfies the functional relation given above.
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Working on these principles Roop Narain proved that the function
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mvolving as many as (p-g) parameters plays the role of a Fourier kernel.
He (Roop Narain 1959) has further suggested
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as a possible generalization of the Hankel transform (1), which comes as a
particular case of (3) when p =0, ¢ =1, b; = }+ g (so that 3 —b; = }— ;) ,
because of the identity (Erdélyi ef «l. 1953, p. 221)
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2. THEOREM

Let us now investigate the form of the function f(x) which satisties the
integral equation V

2 e, G k=G, . 3 —d,
Gor (W oo Gpr 3701 ,) Yy, .. (%)
\/ J‘ %% T A T fndy

Or in other words, the function f(x) is self-reciprocal in the generalized Hankel
transform.
The following are the results which will be found useful at a later stage:

(i) Mellin’s Formula: The well-known formula of Mellin states that
if
*F(s):—-J @~ 1f () do ce e (A
0
then
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Conditions of the validity of this formula were given by Béchuner and Pollard

(Fox 1935).
(i) The infinite integral (Erdélyi ef «l. 1954, p. 337)
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* If f(z) in (A) is not continuous, it must be replaced by § [ fiz-+0)+f(z-- 0)]in (B}
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Having known these, let us assume that m(s) is the Mellin transform of
J(x), then
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Or, changing the order of integration which may be assumed to be justitied,

we have
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and then using the result § 2 (ii) we have that
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i.c. to say
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The inversion in the order of integration in (6) can easily be justified by the
de la Vallée Poussin’s theorem, if the integral involved in (4) is absolutely
convergent and the Mellin transform of | f(z)| exists.

If it now be supposed that
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we obtain a functional relation

0(s) = B(1 —s) N )
8B



A THEOREM ON GENERALIZED HANKEL TRANSFORM 117

and, then, by Mellin’s inversion formula
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where §(s) satisfies the functional relation (9), i.e. #(s) is an even function of
(s—3%). Thus we have proved that if f(x) is self-reciprocal for the transform
defined by (3), it must be of the form given by (10).

3. ILLUSTRATION

Using § 2 (ii), we obtain that the Mellin transform of
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Hence by Mellin’s inversion formula we have
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Replacing x by 12, and ¢ by s we have
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(lomparing (10) with the integral representation (12) above it is easy to infer
that the function will be self-reciprocal for the generalized Hankel transform if
¥ (s) satisfies the functional relation

(s} = Y(1—s)
that is, if
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The foregoing equality is possible only when
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Hence the function
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is self-reciprocal for the Hankel transform in its generalized fornmi, provided
that
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As a particular case, when p =0, ¢ = 1, b; = i+% we obtain that the
funetion
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belongs to the class B, that is, it is its own Hankel transform of order » (cf.
Joop Narain 1956-57, p. 286).

In conclusion T should like to record my debt of gratitude to Prof. C. B.
Rathie for his kind guidance.
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