SCATTERING OF ELECTROMAGNETIC RADIATION BY FREE
ELECTRONS INTO WAVES OF HALF THE INCIDENT
WAVE-LENGTH

by VACHASPATI and SUDARSHAN L. PuNnaNI, Physics Department,
University of Lucknow, Lucknow

(Communicated by R. C. Majumdar, F.N.1.)

(Recetved January 13, 1962)

It is shown on the basis of the classical theory that the electromagnetic
radiation scattered by a free electron would consist of waves not merely of
the same wave-length as the incident light, but also of waves of half the
original wave-length. The cross-section for this process is proportional to the
intensity of the incident beam and is negligible for ordinary terrestrial sources,
but it may be significant in case of scattering from electrons around the
sun or other emitters of intense radiation. The effect will be the more
pronounced the longer the wave-length is.

1. INTRODUCTION

The usual classical theory of the scattering of monochromatic light by
free electrons gives scattered waves which have the same frequency as the
incident beam. We show here that if one solves the electron equations of
motion more accurately, the theory predicts also the existence of higher
integral-multiple frequencies in the scattered radiation.

2. NoraTion

We denote the position of the electron by the four co-ordinates (zp, 23,
24, 23) which we can consider as functions of the proper time 7 :

2\2
d‘r=d20 '\/1_(2?2—2.0) .

Then the equations of motion of the electron with charge ¢ and mass m can be

written as
moy = ev*Fyy , .. .. .. (1)
dzy
where dot denotes differentiation with regard to = and v, = E—f is the
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four-velocity of the particle.* In (1) the external field F,, is to be evaluated
at the position of the particle; in the present case we shall take it to be a plane
light wave:

= fa# cos (kz), ( Sy, 8T€ constants). .. oo (2)

We relate F,, to the electrlc field strength Z = E, cos (kz) and the magnetic
field strength H= H cos (kz) by

(Fm,Foz,Foa):E", (Fzs,F31:F12)=H~ .. .- (3)
In the present case

|E|=1|H|, sothat|E,|=|H,|= K, .. @

*We can introduce a phase term in (2), but it is unnecessary to do so. We
later employ the unit vectors ¢, and g, defined as

0 = EO/E(], 0 = h/ko .. .. . . (5)
It may be remarked that
[Zo, Hol = Egivg. -+ +o en .. (B)

3. SUCCESSIVE APPROXIMATIONS OF THE EQUATIONS OF MoTiOoN

As a result of the action of the external field (2), the electron will perform
oscillatory motion; but we suppose it to be at rest in the mean. We can
take the origin of the co-ordinate system at the mean position 2, of the particle:

$2—0. .. .. .. .. ...
For the particle at rest, the laboratory time z, and the proper time = are the

same; they become different as a result of the motion which the incident
radiation imparts to the electron. Therefore, we can write

20 —T+z (”)

n=]
where the successive terms z’, 2, ... can be considered as giving an ex-
pansion of zy in powers of the magnitude of the external field, #,. A similar
expansion can be made of the special components, Z; but in view of (7),
the zeroeth approximation term is absent. Therefore, we write

@©
2p=7'g0p.+z zﬂ". .. .. .. )

=1

* We use Greek suffixes to run from 0 to 3 and Latin suffixes to run from 1 to 3; our metric
is g0 = 1, g11 = g22 = ¢33 = —1, g"” = Owhen u#». Lower suffixes are used for contravariant
quantities and upper indices for covariant ones; in particular, zg = 2% = ¢, 3 = (2q, 29, 23). Three
dimensional vectors are indicated by arrows. Speed of light is taken as unity except in Art. 7
where it is explicitly introduced. Scalar products, both 4 and 3 dimensional, are denoted by
round brackets,

1B
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When we use (8) in cgs (kz), we get

cos (kz) = AW+ AV 424 .. ‘s oo 9)
where
A® = O™ cos (kgr)+8™ sin (kgr), (n=1,2,3,...),
0O =1, 8O =0,
) =0, §1) = —(kz(l)),

CO = —}(kz V)2, 8@ = —(kz(®), etc.

One would at first thought imagine that, since the expansion (9) is, roughly
speaking, made in powers of (£ %), the successive terms in it will gain in im-
portance with increasing frequency of the incident radiation. This, however,
is not the case. The expansion (9) is actually an expansion in powers of
e/ (mko) and the successive terms become the more significant the smaller the
frequency of the incident radiation is. This can be understood if we realize
that the magnitude of the electron oscillations varies as the square of the
wave-length [cf. (20) and (23)] so that the product (% 2) varies mversely as the
frequency (see also Vachaspati 1963).

On differentiating (8) we find

[e.o)
r#=go,1+zéﬁf’, e‘:y=22ﬁf). R ¢ (1)
n=1

n=1

When (9) and (10) are inserted in (2) and (1), we get the following equations in
the first three orders:

) = efpud ), O ¢ § 1)
5(2) (1) 5D px 4(0)
mE," = efOMA +ez, f#A .. .. .. .. (118)
and
mz efu A(g)-f-ez(lfaA(1)+ez(2)faA(0) . .. (11¢)

4. SoLuUTIONS OF THE EQuaTiONS OF MoTioN

We can easily solve the equations (11a), (11b) and (11¢). The results are
((L(") b%); n =1, 2, 3, are integration constants):
Solution of the first order equation (1la):

zﬂ) = — iz Jou 008 (k07)+ag)r+bﬁ) . .. .o (12)
mk;

Solution of the second order equation (115):

lea')
zf) = 7—:;02 { [ ( e )fOF (l)f:] cos(kyT)

+[( ka(l))vfoﬂ+ (kbm)folj sin (ko) }

2
1 equ foo8in (2kor)Har4bY. .. .. .(13)
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Solution of the third order equation (11c):

2y = {fo,‘[( 3+yc272) ) +7(ka™) (k™)

0

(1)
R 42 (ka )] +f2 [-af)+2ag’ (—IE%——)] } cos (ko7)
0

o i)

0 0

+a$’f:[(kb‘“)+r(kam)]} in ()= 2o ek

+(kbM)] cos (2kyr)+ 2k3 f"‘[ (kat )) a(pl) fg] sin (2kor). .. (14)

5. DETERMINATION OF THE INTEGRATION CONSTANTS

To determine the integration constants a::‘) and b::’) that occur in the
solutions (12), (13) and (14) of the equations of motion, we use first the con-
dition

vt = 1.

In the first three orders this gives (see (10))

=0 .. .. .. . .. (15
2:P = Gozw)y . . L L (s
2= (Gwie). . . . L (150

From these conditions we get the following relations:

From (15a) : al'=0. .. .. .. .. .. ..(l6a)
2E?

From (156): al? = JEm*4 2125' A 1)
4m A

From (15c): a® = @Ug®). .. .. .. .. .. (60

We next suppose that the particle is, in the mean, at rest at the origin and
therefore we use the condition (7), namely # = 0. The time average of the
simple sine and cosine terms is zero. However, in (13) and (14) we encounter
terms like = sin (kgr) and = cos (kor) also, whose process of averaging needs
some discussion.

Let us write

To

r8in (kgr) = U % 7 8in (kgt) dr. . o (17)

Tg=>® 2 [V}
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On partial integration, the term that survives is

Ta 1
—_ [T cos (kor)] | = — - 008 (koTo),
] 1}
which can be put equal to zero because cos (kgry) = 0 for large =,.

Thus

1
2k070

78in (kyr) = 0. .. .. .. .. (18)

This is the mean value of = sin (ky7) which we use. We remark, however, that
the argument leading to this result may not seem entirely convincing. In
fact, if we take different upper and lower limits in the integral in (17), we can
obtain different results. Nevertheless, (18) is the correct mean value to use in
our calculation. Indeed, a deeper analysis reveals (see Vachaspati 1963) that
we can combine different terms in (12), (13) and (14) in such a way that the
arguments of the sines and the cosines everywhere involve k,r where &, differs
from k, by terms of the order of Ej. Then expressions like = sin (kr), which
always occur with factors of the order K2, can be absorbed in cos (k;r). For
example, if we have -

cos (ko-r)-sEg(ko"r) sin (kgr) (s = some constant),
we can write this as cos (k,r), where
ky = ko (14sE5),

and this is true when terms involving the fourth and higher powers of E, are
neglected. Since the time average values of both cos (k,7) and cos (ker)
are zero, it follows that the time average of their difference must also vanish.
This establishes {18). Similar arguments apply to the vanishing of the time
average of 7 cos (kot).

In this way we find that 3 will vanish if

=0 "=0,n=123 .. .. .. (%)

The constants b\ still remain undetermined. They are related to the
choice of the zero of time. The simplest choice is such that they turn out
zero, which can be accomplished by requiring that z, vanishes when = =0.

Thus
=0, =123 .. .. .. (19)

When we use (16a, b, ¢) and (19a, b) in (12), (13) and (14), we get the
following results in the notation of the equations (3)-(6):

2(()” =0, " =koq? cos (o),
55,1) =0, 3" =g sin (ko7),

2(()” = O’ 2(1) == ——(ql/ko)go COoB8 (]001‘). . .o (20)
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2% = 2kogq sin (2kor), 2P = 2hkogany sin (2kgr),
z(()z) = g [1— cos (2ke7)], £8 = — oMo cos (2ko7),
= [g2/(2k0)][2ko7 — sin (2kq7)],
¥ = —[go/@ko) g sin (247). .. .. .. .. (21)
89 =0, 39 = kogs¥olcos (kyr)—kor sin (ko))

. :
263) =0, 3% = ggdoker cos (ko7),

z, =0, 20 = (gs/ko)éo[cos (ko7)+ ko7 sin (ker)], .. (22)
where
2 3
! mhky’ 2 4m2kﬁ $s 4m3k§ '

6. ErecrrICc AND MAGNETIC FIELDS OF THE SCATTERED WAVE

The magnetic radiation field, #*, of a charge in motion is given at any
time-space point (o, #) by the expression

H“=§[x,m, N .

where
= [vo—(33)]"#{ [0 — (BT —[vo— (RDVb }»
r=|2—2], %= (2=3)r,
and the value of z, at which (24) is evaluated is given by
zg = To—T.
The electric radiation field, £, can be obtained from (24) by using the relation
E* =[H", 7.

The electric and the magnetic fields are mutually perpendicular and are per-
pendicular also to the direction of observation, n
When we use the expansions of z,, etc., outlined in Art. 3, we easily get

M= 30
~3o—@iogon 2@iw) iy
—3@ —(RED)E@ _'2(;2%(1)) 4o
[2-(2>...2 #52) —3( nz(l) ]*m

+[2£2>_(;,§(z>)_3 nzu) (A3 ]zu)
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On substituting the explicit expressions (20), (21) and (22) in this, we find
= ﬂko cos (ko’r)'i‘ﬂzko sin (2k0'r)+ll—i3ko cos (3kgT)

+ 7, 7 sin (kor),

where
iy, = —kogi¥ot+kogsl (1—6(i30)2)%— 8(H20)0), .. .. (25a)
Mo, = —2kogaliio+3GE)%), .. .. .. .. .. (25b)
573k0=2’6093[—2(530)50—.(1—(7730)—3(?&50)2)30], - .o (25¢)
By =keggho. -+ o o e . .. (25d)

The time average of the square of the magnetic field in (24) can be ob-
tained on using (18). We find that, up to verms of the order E?,

::572 62 S 2 > = 2

H" =55 {[": My, T+ 7, By, } :
It is to be noticed that the terms involving 3k, are absent. Computing the
values of [%, M,,)? and [#, Mz, 7 from (25¢) and (25b), we get

2 2
e'E
(7, ﬁko:lz = —"729 [sin? & +q5(3 sin? 26—3 cos? « cos §—2 sin? «)]

212

) )
(%, ﬂ%o]z =%qq m20 (9 sin2 20— 24 cos2« cos 644 sin? f),

where
cos o = (7&), cos 8 = (R7g).

The differential cross-section, do, for scattering of the radiation into a

solid angle df? is given by
do

€2 =2
— = N .M
do - 5, 37"
0
and can be written as the sum of two cross-sections, doy, and dos,, which

describe respectively the scattering into waves of the same frequency as the
original radiation and into waves of twice the original frequency:

do _ do’ko do2ko %a
m = m-‘l—’-a—‘g—— s . .o . .. ( )
do V,2\2
TJ.?’;Q o= (:;) [sin2 a4 ¢o(3 8in? 20 —3 cos?a cos §—2sin? )] .. (260)
and
do

2
2k 1 (e_z) ¢o(9 8in2 2a —24 cos? & c0s 644 sin? 6. .. .. (26¢c)
m
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If we have unpolarized incident light, we can take average over the
polarization angle «. Then
cos o — L sin2f, costa-—> §sintf, sin?2«— §(4sin2§—3sintf),

and we find

dako dO‘T 1/e2 2
i0 =E§+§(E) g2(1—3 cos 8+4 cos2 843 cos3 §—9 cost F), .. (27a)
dazko 1/e2\2 - . )
0 =&\, desin 0(17—24 cos 6+27 cos26), .. .. .. (27b)
where
d 2\ 2
%= é(ﬁ-ﬂ) (I4cost8) .. .. .. (27¢)

is the well-known Thomson cross-section and ¢, is defined in (23).
The total cross-sections obtained by integrating the above expressions
over the solid angle are

ak0=(l+7%q) o, .. . . .. (28a)
and

Oy =To @ oo o e .o . (28D)
where '

2 o 2
_ 8 (e _ _ &8
or =g (;';) and ¢g=4dg = m?kg .

. (28¢)

7. NUMERICAL ESTIMATE OF os:, AND DIScUSsION

Let us introduce in our expression the speed of light, ¢, and the incident
energy flux, I,, defined by

_ B

Io — g. .
Then ¢ of (28c) can be written as
. g= QL%
where

2¢2 .

Q=i o oo e e (29)

and
A = 27k, = wave-length of the incident radiation.
Numerically
Q = 0-7x10"" sec®/ (g cm?) (approximately) . .. (30)

and therefore (28b) gives
a,, = 0-6X10"17]gA%0, cm? (approximately). .. . (31
0
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Here I, is to be measured in ergs/(cm?2 sec). We see that the cross-section for
the scattering of light into waves of twice the original frequency is negligibly
small for ordinary terrestrial sources which are not intense enough to make
oor, appreciable. However, it can be significant if one is dealing with radio
waves from astronomical sources where scattering might take place from the
atmosphere surrounding the latter.

8. CoxNcLuDpING REMARKS

We have shown above that the classical electron theory predicts the
excitation of various harmonics in the motion of the electron when electro-
magnetic radiation impinges on it. These excitations can give rise to the
scattering of light into shorter wave-lengths that are integral submultiples of
the incident wave-length (see (26¢), (278), (28b) and (31) for the cross-sections
of the process). The phenomenon is relatively important for large wave-
lengths; therefore we expect that the classical theory is valid for its de-
scription. Although the process is insignificant for ordinary terrestrial sources,
it seems to us that the phenomenon, besides its possible application in
the interpretation of radio waves received from the sun and other stars
(see Art. 7), is also of interest in principle and therefore merits attention.

ACEKNOWLEDGEMENT
One of the authors (S. L. P.) thanks the Government of India for award-
ing him a research scholarship to work for the degree of Ph.D.

REFERENCE
Vachaspati (1963). Proc. nat. Inst. Sci. India, A 29, 138-142;





