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The equations of motion of an electron in an external monochromatic radia-
tion field are solved exactly. The solutions are quite elegant and involve only
the first two harmonics of the incident frequency. The results of Vachaspati
and Punhani (1963) are firmly established.

INTRODUCTION

In the preceding paper Vachaspati and Punhani (1963) applied a perturba-
tion procedure to solve the equations of motion of an electron in.an external
radiation field. It was found that the successive approximations become the
more important the smaller the frequency of the incident wave. This was
rather contrary to expectation, because we imagined that the usual Thomson
cross-section wag valid for small frequencies and any corrections to it should
be of importance when the frequency became large. Also, the authors had to
use some time-averages whose correctness could be suspect. To settle these
doubts, it was considered worth while to find exact solutions of the equations
of motion; they are given below. The notation is that of the preceding paper
(Vachaspati and Punhani 1963).

SoruTioN oF THE EQUuATIONS OF MoTION

To solve the equations,
mbﬂ = “aFZ’
with
> 2 o
F# = f,; cos (kz),

we first remark that only the three spatial equations,

mv=elnB+[5 H}, .0 .. .. ..

are independent; the fourth one, .
moy = (3E) .. . . e (2)
can be obtained from (1) by multiplying it scalarly with % and using the relation
v“v”=v§-'v'2=1. .. e e .o (3)
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Therefore we need not worry about solving (2).

We have three mutually perpendicular vectors at our disposal: (i) the
electric vector g, or the unit vector ég = EO/EO, (ii) the propagation vector %,
or the unit vector %, = f/ko, and (iii) the magnetic vector H, or the unit
vector [By, €5]. We can therefore write

Z = zi%0+2el 50, 2ol +2470 . . - 4)
where 2;, 2,, z3 are the co-ordinates of the particle in this reference system and
are functions of the proper time, r.

We can differentiate (4) and obtain the velocity 3 and the acceleration 3 ;
vo and 9y can then be obtained on using (3) and the relation
" (v6) = wovo— (%) = 0.

When these expressions are substituted in (1), we get the following equations:

miy = el v/ 143 — 23 cos (ko(z~23)), N )
2, =0, .. .. .. .. .. .. .. (6)

and
m23 = eEOél cos (k0(20—23)). .. .. .. .. (7)

(6) shows that, if we suppose the particle to be at rest in the mean, we
can, by a suitable adjustment of the co-ordinate origin, take

22=0.

We expect that the particle will perform oscillatory motion of the same
broad kind as the incident radiation. Let us therefore make the ansatz

Zp—<2g =(1T+b s .o .. .. (8)

where aand b are some constants which will be adjusted below.
The ansatz (8) gives

Vo = 53+a.
Substituting this in (3), we find
atzg=VI143® . . . (9
or .
. 1.
z3=-2—(;(zf+1—a2). . .. .. .. {10)

Using (9) in (5), we get

m'z'l = ean co8 (ko(a-r+b))
from which follow

. ey .
z =7Tl:, sin (ko(ar+b))+Cy e b}
and _
2= — eEzo cos (kolar+b))+Cir+Cq .. . - (12)
mk.a

0
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where C; and C, are integration constants.
When (11) is used in (10), we obtain

e2E" +’01eE0

. 1 2
azg = Q (1 -—a2+C’1)+4m2k2 mko
0

sin (ko{ar+b))

e2E’§

—_ cos (2kg(ar+4b
4m2k(2] ( 0( 7+b))

so that
1 2 eZEﬁ CleEo
= Cat— [1—q2 -
23 (3+2a(1 a +Cl+2m2k§ T mkgazcos(kq(a-r+b))
ezEg .
_8m2k3azsm (2ko(arb)). . .. .. .. .. (13)

o

It can be easily checked that (12) and (13) satisfy (7).
Hence (4) becomes

E = 30 4(— EE; cOs (ko(a‘r+b))+011’+02
( mkya
L [ 0By ' "'ZE(? .
+n0 1-—- ;L;c—g; Ccos (kn(af+b))— 8m2kga2 S1n (2k0(a1'+b))
Csti [ 1—azc? #Ey (14)
+ 3 2a a+ 1+2m2k(2) Tl e . . .e ..

Notice that, as expected, there is no displacement of the particle along the
direction of the magnetic field.

If we require that the time average value of 2 is zero (i.e. the particle
oscillates about the origin), we can put

Cl=02=03=0

and
1—a24C24 “Ey 0
B 2m2k§_
or
\/1+ eZE(Z]
a = .
2m2k,
Defining
’ e’E’g .
kg = ko Af 1+ .. Ve .. .. (15)

2m2k§ ’
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we can now rewrite (14) as

2
0

> - eEo ’ 4 - 82E . 4 ’
kyz = —-eo,’-;k—(,] cos (k,r+b )—noéTn——gk;z sin (2k;7+420"),
(b = keb). .. . . . .. (16)
(16) and (8) together give
eZEg : 4 1 4 1
kozg =.— gr—ngc? sin (2k07+2b )+’E07+6 . .. .. (A7)

We can put b’ = k¢b = 0 by requiring that z, vanishes when r = 0. It
is interesting that only the first two harmonics enter into the motion of the
electron.

Discussion

‘When the exact solutions (16) and (17) are expanded in powers of the
strength, Eo, of the external field, we get agreement with the results of the
preceding paper, equations (20), (21) and (22). However, if we keep ks
intact throughout all calculations, we do not get any terms like 7 sin (ko) or
7 ¢0s (kor) which appeared in the work of the preceding paper. Indeed, if we
€2E§
2mek’
[see (15)] and this smacks of some restriction on the instant r, namely that +

2me2k’
should not bé much larger than 2E20' This restriction is quite unphysical
€L ;
and therefore hard to justify. On the other hand, if we keep k(;r intact in

expand sin (k{;'r) in powers of Ky, we do so in terms of the parameter T

the arguments of the sines and the cosines everywhere, no question of any
restriction on 7 arises.

One might think that a term like cos (k:)'r) in (16) implies that the fre-
quency of the corresponding scattered radiation would get altered from £, to
k,. This, however, is not true. The reason is that the frequency that an
observer measures is the one that is coupled to the laboratory time, z;, and
not the one that is coupled to the proper time of the electron. If we take the

time average of (17), we see that
k[;'r = koZg.

Therefore the frequency of the radiation will not get altered to k, but will
remain ko. Of course, if one does not take the time average of the equation
(17) but prefers to use that equation as it is, one sees that one would observe
some fluctuation of the frequency and therefore a broadening of the spectral
line.
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CoNcLUSION

.The exact solution of the electron equations of motion turns out to be
quite elegant [see (16) and (17)] and resolves all the possible doubtful points of
the preceding paper (Vachaspati and Punhani 1963). Consequently the
results of that paper are now firmly established.
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Note added in proof. Professor P. A, M. Dirac has pointed out that the
scattering with doubling of the frequency was worked out by Neugebauer
by perturbation method (Z. f. Phys., 155, 380, 1959). The problem of the
exact solution of the equations of motion of an electron in a given field of
radiation (neglecting radiation damping) was worked out by Professor Dirac
himself some time ago. One need not restrict the incident radiation to be
monochromatic or plane polarized. One requires only that it shall all be
moving in the same direction. The general solution, according to quantum
theory taking electron spin into account, is given in his paper, Comm. Dublin
Institute A, No. 3, p. 19, eqn. (3.8), 1946. The result of the present paper
that the motion involves terms with double the frequency but no higher
harmonics corresponds in the quantum theory to the wave function contain-
ing a factor X where X involves terms quadratic in the incident field but no
higher powers.

I am grateful to Professor C. M¢ller-for making Professor Dirac’s remarks
available to me and thank both of them for their interest in this work.





