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The problem of bore resistance for the general form-function z = {(y), re-
taining the covolume correction term, is discussed and the theory is applied
to the case of hepta-tubular powders. Further, the conditions for the occur-
rence of maximum pressure are derived.

1. INTRODUCTION

The problem of bore resistance has been discussed by a number of
authors, e.g. Corner, Tawakley and Kapur. Corner (1949) used his weighting-
factor method and Tawakley (1956) applied this method to the case of com-
posite charges with quadratic form-function z = (1—f)(1-46f), while in
another paper Tawakley (1957) used the same form-function and included the
covolume correction term. Kapur (1957) extended the method by taking a
general form-function z = ¢(f), but neglected the covolume correction term.

In this paper we have studied the problem of bore resistance of guns
using the general form-function z = {(y), taking into consideration the co-
volume correction term, and have applied the results to the case of hepta-
tubular powders, where the form-function z = {(y) = (1—y)(@a—by—cy?)
holds- good for the first phase of combustion. As this form-function holds
good for the tubular, cord, sphere and some other propellants in general use,
for particular values of the constants a, b, ¢, it includes the cases of these
propellants also. We have further found out the condition for the occurrence
of maximum pressure.

2. PrNcreaL NOTATIONS

The following notations have been used here:
p1 = Effective mass of the projectile accounting for its rotational
inertia.
o = Cross-section of the arm taking into consideration the rifling.
p = Mean pressure under which the powder burns.
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C* = Internal volume of the gun up to the base of the projectile at
any instant 2.
(' = Internal volume at the instant when ¢ = 0.
& = Weight of the charge.

1 .
5= Specific volume of the gases.

z == Fraction of the charge burnt at the instant ¢.

y = Fraction of the initial thickness (web-size) of the powder re-
maining at the instant f; i.e. the distance receded by the
burning surface is (1—y) times the initial thickness.

D" = Web-size.

A = Vivacity of the powder.

B’ = Linear velocity of the combustion of the powder under the
unit pressure.

1 = Covolume of the gases.

x = Shot-travel at any instant ¢.

v’ = Velocity of the projectile.

7 = Value of n (ratio of the specific heats) adjusted to allow for the
heat loss to the barrel.

T, = Temperature in degrees absolute at which the gases are evolved.

T = Temperature of the gases at any instant.

R’ = Gas constant.

f = Force constant of the powder = R'T,.

yo = Fraction of the initial thickness (web-size) remaining at the
instant when bore resistance occurs.

zo = Fraction of the charge burnt at the instant when bore resis-
tance occurs.

Ppe = Mean pressure under which the powder burns at the instant
when bore resistance occurs.
x, = Value of x, the shot-travel when bore resistance OCCurs.
opo Az = Standard bore resistance, constant over a shot-travel Ax near
the point zp and zero at all other shot positions.

3. Basic EQUuATIONS OF INTERNAL BALLISTICS
The fundamental equations of Internal Ballistics with bore resistance are

Energy equation:

. N\
z(T,,-T)="—R7[(m+‘—§)'12—+apoA.c] R

@

where # is the value of n (ratio of the specific heats) adjusted to allow for
the heat loss to the barrel and v’ is the velocity of the projectile.
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Equation of state of the gas:

@
- m+s
p[0’+ax— w(ls—z) —-.c?n;z] = @zR'T f_) (2)
m+o
3
Equation of combustion:
! d ’
DE%=—Bp O £
Equation of inertia:
@\ dv’

where p; is the effective mass of the projectile accounting for its rotational
inertia.
Form-function: -

If v, and v, denote the velocities just before and after the action of bore
resistance, we have the kinetic energy of the charge and the projectile,
(i) just before the resistance

1 D\ -
= § (F’] +%’) 1)02
and (ii) just after the resistance
1 @\ 5 :
= 5 l"1+‘§ vy =0P, Az
So that we have

1 @\ - 1 @\
é (F«1+'§') U12 = —2- (F1+§) voz—opo Az, . .o (6)

4. SoLuTioN OF EQUATIONS -

Equation (2) can be written as

A=) -

(P’-l +§) &R'T C'—

|
&

2 =

(M

>l &1 o &

with

(7TA)
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Therefore from (1), we have

|
=]
™

@
P(P’1+—) - | O
(DZR’TO = -—-——73-— (0'—— L_l_)) —
g

o\ v'2
+(ﬂ—-1)(#1+‘—") 22-+(ﬁ—1)0p0 Arx.

Q
I

o] Bif ool &

3
Since B'Ty = f
@ , @
D) g |
Joz = C -5 — —Bz |p

& @

("1’“5) K
+7l%.1 (#1+£§—) v'24(R—1)op, Az. .. .. . (8

From the equations (3) and (4), we get on integration

oD’

v'= (vi)o"'———a (Yo—¥) 9)
B (f‘1+§)
and
s D’
v0=—°——w_—(1-—yo). 4 )
B (P‘rf‘&’)

Also from (6), we get

o = o ZR AT (1)
P'1+§

where the suffix, 0, denotes the values of the variables at the point where the
bore resistance acts,

= 20pg Az \} oD'(1—y) (1—yy)D'e

S )

Also from (3), we get

(12)

D

B dr’

Now we make the following substitutions in order to make the variable
quantities dimensionless :

(13)

(14)
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oD’ ('ul-*-‘—;)
v = vyl - ’U’ (15)
f‘” @
(“1+§)
P = — - P (16)
fw @
(“1*5)
, (1+5»_)
m=2D% 0 3 (7
ryfap @
R =P O (18)

The quantities ¥, » and P correspond to the shot-travel, velocity and
pressure respectively, while M is the dimensionless central ballistic parameter
and B a dimensionless constant corresponding to the bore resistance. Then
the equations (8), (12), (10) and (13) can be written as:

z=P(Y——Bz)+%(ﬁ;11)r2+(ﬁ—l)R 9

v=v0[1-2ffl}*+M(1—y)—M(1—yo) o)
z

vo= M(=y)) .. e e e

P=—v%. e

Up to this point, the equations have been exact. Now we keep only the
first order terms in R as done by Corner (1950). Equation (20) then becomes
with the help of (21)

v=Ml-y)— (23)
—Y
s0 that the equation (19) becomes with the help of (23), (22) and (5)
(#—Y) - ]dY_ [ R ]
1— - e =[Y— e M(1—
[( y)Z+(1_y0) (r—1)R Zy [Y—B{(y)] =%, Ml-y| .. (24
or
¥ _ y_ B {1 ova- _%o:_:y_}_ ﬂ_l]
=B (- 2o A
with

Z(1~y) = {y)—3M(m—1)1—y)2. .. .. .. (25A)
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The equation (25) can be further written as:

dry_ y_ R 1 MHr—)(yo—y)| M
e e A 7 S 1
= —B{'(y). (26)
The integrating factor
I B 1 M(n—=1)(yo—y) | .M]) -
H = _ _—— .. 7
“P( L[bwﬁ2u—w+ T—yz | Z))% -~ &
or
log H = [¢(y) —¢()]—RPW)—-Py)] .. .. .. (28)
with
Mf 7% . .. .. (28A)
1 ¥ c
W(y)=l~_y°”‘kz( M~ 1).[ 221—y } .. (28B)

where [ is a suitable constant less than unity.
Therefore the solution of (26) is given as

[{Y—Biw)}H] = —BJ U'(y). Hdy
1

= —Bj U(y) exp [{d(x)—¢ (1)} —R{¥(y)—P(yo) } 1 dy
1

or
[Y—Bly)lH=1-—BI, .. .. .. .. .. .. .. (29)
with

y
I,=f Uiy exp[{dy)—d)} —R{Py)—Plyo) }1dy. (294)
1

1-BI,
- X Y 30
Y—Bly = T (30)
When we neglect the covolume correction term, i.e. if we put B = 0,
we can get the equation (16) of Kapur (1957) while if we take the form-
function z = {(y) = (1—y)(1+0y), the equation (29) can be reduced to equa-

tion (20) of Tawakley (1957). Also if the form-function is taken as
z= (1-y)(1+6y)

and the covolume correction term neglected, we can get the equation (109)
of Corner (1950) after some simplification. Again from (22), (24) and (23),
we get

[(1-y)z+"1’°—y(ﬁ——l)1i’]

—Yo

F= [F=BlL)]
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Therefore from (30) and (31), we have

[(1—y)z+-'l’°—"—-'l(ﬁ—1)R]H
~—¥Yo
1—BI,

P= (32)
The equations (29), (23) and (31) give Y, » and P respectively in terms of
y and hence the shot-travel, velocity and pressure at any instant after the
bore resistance can be obtained.
Now from (19) and (23) on retaining the terms of first order, we have

=P(Y—Bz)+%(ﬁ—l)(l—y) — (i 1)R-‘l/° y“(’) oL (33)
so that ’

[c(y — M (R—1)(1—y)°+(a—1)R LY ]
P 1=% (34)
[Y—Bly)] o

Differentiating (34) and using (24), we get

dpP n—
[¥—Blw)P g, = {Y—B{(y)} {C’(y)+M(ﬁ—1)(1—y)— lntgl; R}

[ .
i =%

F{Y—Bl(y {-———-—M( —y)}-l

N € 1)
1~pZ+LY -1 J

5. MaximuM PRESSURE

. . P
At the point of maximum pressure dﬁ& = 0.

Therefore with the help of (35), we have

) _ n—1
[:(y>+M<n—1>( e ]
=[z<y)—%M<a-1>(1—y>’+< 1R LY ]
%
R 1 M(E—1)(y%—y) _g]_ BL'(y) ]
"[[1~yo{zu—y>+ A=y 22 } z)"7=Bm) - ®Y
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Hence the pressure would be maximum when

4 = _ n—1
)+ ME—1)1—y)— —yuR M
Z(y)—%M(ﬁ—l)(l_y)z_;_(i_%@:‘_w
—%o
. R 1 _LM(ﬁ—l)(yo__y):I B Z/(y) _
l—yo[z(l—y)T (1—y)Z2 + Y—BL(y) 0. .. (37

Suppose y = ¥, is the solution of the equation (37). Then the maximum
pressure P, will be given by (34) on putting y = y,,.
6. A¥TER ALL-BURNT
Now after all-burnt, z = 1, and we have
P(Y—B)"=constant .. .. .. .. (38)
P(Y—-By' =Py Y,—By .. .. .. .. (39)

where the suffix B corresponds to the position of all-burnt. From (19) we
have the motion after all-burnt as:

02 = [1—P(¥Y —B)— (i —1)R]2£ N T1)
P (Y, —By
2 L5 _) —2MR. .. .. (41)
n—1 (Y—B)%-1
Therefore if suffix M denotes the values of the variables at the muzzle,
we have
. P (Y —B)"
SRS 0 PO G ) PSY5S L)
n—1 (yM__B)n-1

7. APPLICATIONS TO HEPTA-TUBULAR POWDERS

First phase of combustion.

Here we have

Z=L+Ly—cy® .. .. .. .. (43
with )

L=a—}a=)M .. .. .. .. (434

Liy=}a—1)M—b. .. .. .. .. (43B)

Therefore from (28A), we haver

) = Mf L+L1y-cy2

or

Yy 44
) = f ety (kz—cy) )
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with
kiks = L .. .. .. .. .. .. (44A)
—Ck1+kz=L1 . P e * . . . (44B)
M ity kz-c?/o]
= e ] P . .. ..
) ko +-cky ¢ [kl +yo ko—cy (45)
Also

J'y dy _J" dy
2 L(=y) ), (ki y)(ke—cy)(1—y)

1

=1lo [(kl'f‘?/) (LHhy) (Rgteky) (kz—Ck) (¢=kg) (kg teky)
&1 \k,k, Fg—cy

1
1k (]+k1)(k2-r)
(T

and

f” Wo=y) 4 _ [" (Yo—y) 4y
» Z31—y) oy (k1 +y)2(kg—cy)2(1—y)

= R = e a—
=8 BTk \r—a) \I=y bty btk

1 1) ]
+ K, (_kz—cy—w—kz—ck) .. .. .. (47)
with
I yol kot 20+ 3ck, } + { 2ck3 +cky— ke } s
o (chy + kg)3(1+ )2 e (4T
Cc
B = ok obr i o—ry ) [yo(202 —c2hky—3cks)+ 2y —cky+2k;] .. (47B)
- U~yo)
By = (ky ¥ 1)2(kg—c)2 .. .. .. .. .. (47C)
- Yotk
Be=fe @iy o 4D)
= eyo—ke)
Bsm ey e 4TE)
So that
—_ 1 4
. o k1+y)(l+k1)(k2+ck1) (kz—ck)m
Ply) = T [loD (Ic1+lc o

1\ GTRIG D ity (kg—ck) "2 (1—k\ 3
- 1)(kz-¢ - 1t 2 — -
x(l—-y) +HU & 1)[log{(k1+k) (kz-cy) (l—y) }

3B
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k—y c(k—~y)
T
4 {(ky +y)(ky +k) S (ko —cy){kg—ck)

= Jog (1Y kz-Ck) 1—k)"s (k—y) (lc—-y)
—log(kl'l‘k) (k2~03/ 1-.7/) +y kity +Ns ky—cy (48)

with
1 | 1
= M@E-DE| .. .. (48A
M= 1=y, [T m e T HE=D 1] (484)
1 [ c
N, = i1 .. .. (48B
Ve = Ty o=ty oy T X )Ez] (48B)
1 | 1
N, = M#E~DE . .. (48C
2= Ty [T gy T =) 3] (48C)
L1 M(ﬁ—l)E4] 48D
Ny= l_yo[ ey . . . .. (48D)
N C [M(ﬁ-l)Es]
o5 l—yo kz—ck )
Also

__M (ky+y)kg—c) [ { ki+y (’lz'-('yo) (1 yo) 3}‘
1OgH—-kfa+Ckllog(kz"c.il)(l'l"v'x) R log (\1+!/0») kg—cy 11—y

N k+ki Yo—y , n ko—ke 3/0"9] .. .. .. .. (49)

ity bty Pko—cyo ka—cyl’

M . . —RY
_ ko—c k1+1)k2+ck1(k1+y‘)-Ré\l(k2_Cy0) R.\z(l__yo) RN,
Tk ky—cy ky+yo. ko—cy -y
Ny(ktky) go=y _pr ka=ke -'/o—y) L (60)
X exp(—R m “ki+y A lz—Cyo ko—cy

Hence

Hence the equation (30) becomes
' M

ke—c kity )k;+‘k1(k1+!/ ) ~RY (kg—cyo) ~RYe
147 ka—cy k4o ko—cy

1—yo) *'s Ny(k+k1) Ni(ky—ke) ]}
X ( iy ) (exP { —Elgo—y) [(k1+y0)(k1+y)+(k2~0y0)(k2"'0y)

= 1-BI, SO (31 0

[Y—B(l—y)(a—by—Cyz)](

with N
RN
Y ks—c ki+y Fteky k1+y) !

Iy= f [[3""2“2" 2oy ‘““’”[ﬁk kzl—cy] (k1+?/o

1
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kz—cyo)_RNz(l "?/0)-RN3 i [ Ny(k+ky)
x | =210 L . —R(yo— —_—
(lcz-—cy 1—y exP o= (k1 +yo)(k1 +v)

164

Ny(ko—kc) ]]
(g ctfo) (Fa—cy) } dy. .. (B4

Second phase of combustion.

_ 3(m+1)2{ 1 m+l } A { _m+l )
7 = 8m(m2—7) pm  4mp cos w Hlw)—3M(R—1))1 m——3(1— see w)s
{I—Zi;(l—seCw)}
= Z*(w), say, (52)
and
_ 1 3(m+1)2 5 1 m4l }
Zl-y) =1 8a(mz—=7) +pm dmp cos H(w)
_%M(ﬁ—l){1—z—"%(1—sec w)}~
or Z(l—y) = Z**(w), say. (53)
Therefore from (28A) and (28B), we have
—u j Ly f e
— 1. .m+1
¢ fo Z*(w) m sec w tan w . dw
= ¢(0)—¢*(w) (54)
where _
1 m+l
¥ (w) = .[0 m —, sec w tan w . dw (54A)
and

1 =0 gy (¢ 1 m+l }
g’(y): [{f Z(l—_y—)—fom-msecwtanw.dw

1-‘.'/0 E

: oy L
M(f—1 0(yo-—y)dy__ {y') m—3 ! Secw)}
+MA=11 1 ey 25 @) Z (@)

k 0

><m+1 sec w tan w.dw}]
m—3 .
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1 §f° dy *(yo—y) dy
= +M(i—1 ALAUNEE St }
1—-yp [1 pZ(1—=y) ( ) w Z3(1—y)

w
1 1
_mt {J sec w tan w . do

m—3 || Z**a)

+ Z*(@) 2% (02) sec w tan w . dw]»J

=P0)—P*w) .. .. . . S . .. (53)
where

m+1 1
l.F’*(w)“m 3§J 7% (o )sethancu.dw

m+1 ]
po— (1—sec w)

+ Z*(0) 2% ()

v o

"“’g'yo“

.secwtanw.dwz .. .. (d5A)

Therefore in this case equation (2 ) becomes
log H(y) = [$(0) —¢*(w) —$(1)] —B[F(0) —F*(w) —¥P(y)]
= log H*(w), say. .. o . .. (56)

Hence after the rupture of the grains, the solution of (26) is given by:

[z Y —-B [1___(_721'1)_ { 1+_1_ ____"il__l}](w)] }H*(w)]w

8u(mE—7) | ' pm  4pm cos @) 0

= ijw [(4 m4-4— ”:')+1) H' (o) C(?Sg et —-—(m+l)H(w)J

o 32mmp(m2—T) S w sin w

x exp [{$.0)—¢*(w) —$(1) } =B{¥(0)—=¥*(w) ~P(30) } ]

x "L wtan w. do. .. .. . .. . .. (57)
m—3
Also the pressure P and velocity » are given by
%yo— :nni_; {1—sec w) %
Z¥* (w) + : (A—1)R

P= T Yo . (58)

_ 3(m+1 1 mt §

[Y B[l_ 8m(m2—1) {1"7{,3 dmp cos w H(“’)H

. m+l } R 59

v-—Mll ——3(1—sec<u) T—ye’ (59)
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Hence w varies from 0° to 42° 25', the latter value corresponding to the
all-burnt position. The integrals occurring in the above equations for the
second phase of combustion can only be evaluated by numerical methods.

Conditions for maximum pressure.
Initially when z = {(y) == 0, we have

y=1, Y=1, {'(y) =b+c—a
and '

) —dME—-1(1—y2 _ .

Z=Ilmy—->1
l—y

Therefore from (35), we have |
(i}——)) = h+c—a. . .. .. (60)
dy/y=1

As initially P increases and y decreases, (%) is negative, we should
\ y=1

therefore have :
btc—a < 0. O (1))
Also at all-burnt, we have

Y=Yy 2=U9 =1 (=0, Y=Yp say*
and
1—M(i—1)(1-y,,)?

1 —ym':n
Therefore from (35), we have
dpP R
Y—B2(—) = Y——B[Mizl— )= ] .. (62
[Yp—DB] ay)yy, (Yp—B) (1 =¥ in) g (62)
The maximum pressure will occur before all-burnt
if
w)
- >0
(dy Y=Ymin
ie.if
R< M=y, A=Y .. -« .. .. (83)
and the maximum pressure will occur at all-burnt
if
w)
5= <0
, (dy Y= 9Ymin
ie. if
BR>M1l—y_ )1—=%) .. .. .. .. (64)

* The value of Y g is given by (57) when w = 42° 25/,
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Also at the rupture, we have
y=0, z2={0)=aqa, [(0)=—(atb)
Y=Y, say* and Z=qa—iM(n—1).

Therefore from (35), we have

P . &R
[¥,—Bal? ( dy)y=0 =[¥,~Ba] [—(a+b)+Mn-— 1—y0]
—Bla+b) [a—%M(ﬁ—1)+1;”_°y0 (ﬁ-—l)R] (65)
Thus
P
(), 2"
if

[#(Y ,—Ba)+ B(a+b)ys(i—1)]

1—y,
$ (Y,—Ba){ Mii—(a+b)} — Bla+b){a— i M(n—1)}.

Thus the maximum pressure will occur before rupture, at rupture or after

rupture according as

[ —Ba){Mi—(a+b)}— B(a+b) {a—an 1) }] —Yo)

[#(Y ,— Ba)+B(a+b)(n—1)y,]

Velocity.

At the point of rupture we have
z=a, y=0, P=P, and Y =7,

so that equation (23) gives

v, =M— E .
1—yo
Again at all-burnt, we have
=1, y=y,.. Y=YB and P=P
and from (23), we have
=M(1-y,.)— =
Algo from (33), we have
(ﬁ—l)R(y()_ymin)

= Py(¥,—B)+iM(i—1)(1—y,,,)— I—yo

(66)

(67)

* The value of Yy can be obtained from (29), when y = 0.
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so that from (42) and (69), we have

2M ) @—1)R(yy~y,,.
v = = [1— {1—%M(n—-l)(l—ymm)2+ 11.;0 )f
— R )R-l
x{%ﬁ} ——R(ﬁ-—-l)]. R 1)
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